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[% gwpopulation.ipynb
This directory holds the tutorial notebooks:
' .gitlab-ci.yml
++ README.md » age_survey.ipynb — Part 1: the phone-survey toy example (biased vs. selection-corrected inference).
' = gwpopulation.ipynb — Part 2: population inference on GWTC-3 with GWPopulation .

bios.pdf
Running on Google Colab (recommended)

Colab has no direct integration with git.ligo.org (it does have integration with github), so you open these notebooks by uploading them:
1. Download the notebook. Open the .ipynb in the git.ligo.org file view and click Download, or clone the repo and grab the file:
git clone <git.ligo.org repo URL>

2. Upload to Colab. Go to colab.research.google.com and choose File = Upload notebook, then select the .ipynb you downloaded.

[=] Provide feedback
3. Run all cells. The first cell installs the required packages automatically — ne local setup needed.
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@  ||GWN Pl Summer School — BBH population inference tutorial, Part 1
<> . S . . .
Measuring a city's age distribution
®,
= e We want the age distribution of a city, modelled as a Gaussian (i, 0). Due to budget constraints, the only way we can achieve this is
o) by calling a limited number of landline phones on weekday working hours.
LS
o NOTE: | have used a generative Al model (Anthropic Claude) to streamline and document this notebook.
| »
[
@ ! pip install numpy scipy matplotlib corner emcee tqdm
v Requirement already satisfied: numpy in /home/aditya/miniconda3/envs/virtual/lib/python3.1@/site-packages (1.26.0)
Requirement already satisfied: scipy in /home/aditya/miniconda3/envs/virtual/lib/python3.10/site-packages (1.13.1)
Requirement already satisfied: matplotlib in /home/aditya/miniconda3/envs/virtual/lib/python3.10/site-packages (3.7.3)
Requirement already satisfied: corner in /home/aditya/miniconda3/envs/virtual/lib/python3.10/site-packages (2.2.2)
Requirement already satisfied: emcee in /home/aditya/miniconda3/envs/virtual/lib/python3.1@/site-packages (3.1.4)
Requirement already satisfied: tqdm in /home/aditya/miniconda3/envs/virtual/lib/python3.10/site-packages (4.66.1)
Requirement already satisfied: contourpy>=1.0.1 in /home/aditya/miniconda3/envs/virtual/lib/python3.1@/site-packages (from matplotlib) (1.1.1)
Requirement already satisfied: cycler>=0.10 in /home/aditya/miniconda3/envs/virtual/lib/python3.10/site-packages (from matpletlib) (@.12.1)
Requirement already satisfied: fonttools>=4.22.0 in /home/aditya/miniconda3/envs/virtual/lib/python3.10/site—packages (from matplotlib) (4.43.1)
Requirement already satisfied: kiwisolver>=1.0.1 in /home/aditya/miniconda3/envs/virtual/lib/python3.10/site-packages (from matplotlib) (1.4.5)
Requirement already satisfied: packaging>=208.@ in /home/aditya/miniconda3/envs/virtual/lib/python3.10/site-packages (from matplotlib) (24.2)
Requirement already satisfied: pillow==6.2.0 in /home/aditya/miniconda3/envs/virtual/lib/python3.1@/site-packages (from matplotlib) (10.1.0)
Requirement already satisfied: pyparsing>=2.3.1 in /home/aditya/miniconda3/envs/virtual/lib/python3.1@/site-packages (from matplotlib) (3.1.1)
Requirement already satisfied: python-dateutil>=2.7 in /home/aditya/miniconda3/envs/virtual/lib/python3.1@/site-packages (from matplotlib) (2.8.2)
Requirement already satisfied: six>=1.5 in /home/aditya/miniconda3/envs/virtual/lib/python3.10/site-packages (from python-dateutil==2.7->matplotlib) (1
{3} Variables [Z Terminal 0
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@ Measuring a city's age distribution
<> We want the age distribution of a city, modelled as a Gaussian O (i, o). Due to budget constraints, the only way we can achieve this is
o~ by calling a limited number of landline phones on weekday working hours.
- NOTE: | have used a generative Al model (Anthropic Claude) to streamline and document this notebook.
e g IR 4 L
\/111155 © ! pip install numpy scipy matplotlib corner emcee tqdm I
O
v Requirement already satisfied: numpy in /usr/local/lib/python3.12/dist-packages (2.0.2)
@ Requirement already satisfied: scipy in /usr/local/lib/python3.12/dist-packages (1.16.3)
Requirement already satisfied: matplotlib in /usr/local/lib/python3.12/dist-packages (3.10.0)
Collecting corner
Downloading corner-2.3.0-py3-none-any.whl.metadata (2.3 kB)
Collecting emcee
Downloading emcee-3.1.6-py2.py3-none-any.whl.metadata (3.@ kB)
Requirement already satisfied: tqdm in /usr/local/lib/python3.12/dist-packages (4.67.3)
Requirement already satisfied: contourpy=>=1.8.1 in /usr/local/lib/python3.12/dist-packages (from matplotlib) (1.3.3)
Requirement already satisfied: cycler>=0.10 in /usr/local/lib/python3.12/dist-packages (from matplotlib) (@.12.1)
Requirement already satisfied: fonttools>=4.22.9 in /usr/local/lib/python3.12/dist-packages (from matplotlib) (4.63.0)
Requirement already satisfied: kiwisolver>=1.3.1 in /usr/local/lib/python3.12/dist-packages (from matplotlib) (1.5.0)
Requirement already satisfied: packaging>=20.@ in /usr/local/lib/python3.12/dist-packages (from matplotlib) (26.2)
Requirement already satisfied: pillow>=8 in /usr/local/lib/python3.12/dist-packages (from matplotlib) (11.3.0)
Requirement already satisfied: pyparsing>=2.3.1 in /usr/local/lib/python3.12/dist-packages (from matplotlib) (3.3.2)
Requirement already satisfied: python-dateutil>=2.7 in /usr/local/lib/python3.12/dist-packages (from matplotlib) (2.9.0.post@)
Requirement already satisfied: six>=1.5 in /usr/local/lib/python3.12/dist-packages (from python-dateutil>=2.7->matplotlib) (1.17.0)
Downloading corner-2.3.0-py3-none-any.whl (16 kB)
NDownlnadina emrep=3.1.R=nv?.nv3i-nane=anv.whl (47 kR)
{3} Variables [ Terminal 0 v 2:03PM E Python3
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P [ o MU_TRUE, SIGMA_TRUE = 38.0, 16.0 # true population: mean & std of ages ™ J 7 |
= A_MIN, A_MAX = 0.0, 100.0
@ def pi_pop(a, mu, sigma):
# True population density: a Gaussian TRUNCATED to  [A_MIN, A_MAX].
<> lo, hi = (A_MIN - mu) / sigma, (A_MAX - mu) / sigma
return stats.trluncnorm.pdf(a, lo, hi, loc=mu, scale=sigma)
[ ]
Q def p_det(a):
# Landline-answering probability: logistic ramp rising with age.
(o) # ~0 below ~50, ~0.9 plateau for retirees; small floor so nobody is impossible
return 9.02 + 0.88 / (1.0 + np.exp(-(a - 60.0) / 6.0))
© 4
ages = np.linspace(A_MIN, A_MAX, 500)
@ fig, ax = plt.subplots(1, 2, figsize=(10, 3.6))
ax[@].plot(ages, pi_poplages, MU_TRUE, SIGMA_TRUE))
ax[@].set(title="True population $\pi_{pop}(a)$", xlabel="age", ylabel="density")
ax[1].plot(ages, p_det(ages), color="C3")
ax[1].set(title="Selection function $p_{det}(a)$", xlabel="age",
ylabel="P(answers landline)", ylim=(@, 1))
plt.tight_layout()
W was
True population mpop(a) Selection function pget(a)
1.0 q
0.025
0.8
0.020 <
=
-
{3} Variables [Z Terminal @ v 2204PM B Python3
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= Draw a large true population, and then keep each person with probability pyei(a) (a coin flip per person). > 4 Z2 W

Since we can only contact a limited number of landlines, reduce this set to a realistic number.

© N_CITY = 200_000

< true_ages = rng.normal(MU_TRUE, SIGMA_TRUE, N_CITY)

& true_ages = true_ages[(true_ages >= A _MIN) & (true_ages <= A_MAX)]

©

- Ll
keep = rng.random(true_ages.size) < p_det(true_ages)

(o=r] answered = true_ages [keep]

0 # Keep a realistic catalogue size
N_CAT = 400
obs_ages = rng.choice(answered, size=min(N_CAT, answered.size), replace=False)

@ N_obs = obs_ages.size
xi_emp = keep.mean()
print(f"True city sample: {true_ages.size:,} people, mean age {true_ages.mean():.1f}")
print(f"Detectable fraction (empirical): {xi_emp:.3f}")
print(f"Catalogue we analyse: {N_obs:,} calls, mean age {obs_ages.mean():.1f}")

v -« True city sample: 198,194 people, mean age 38.4
Detectable fraction (empirical): @.133
Catalogue we analyse: 40@ calls, mean age 57.5
L1 bins = np.linspace(A_MIN, A_MAX, 60)

plt.figure(figsize=(7, 4))
plt.hist(true_ages, bins=bins, density=True, alpha=0.5, label="true population")
plt.hist({answered, bins=bins, density=True, alpha=80.5,

{3 variables [(3J Terminal / v 2:05PM 2 Python3

= FY
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DU / ¥ V.2
v 0.000
@ T T L T L} T 00 T L] T T T T
0 20 40 60 80 100 0 20 40 60 80 100
' age age
® ™~ v 7 :
v | 2. Simulate the biased survey
(O]
0 Draw a large true population¥ and then keep each person with probability pyec(@) (a coin flip per person).
Since we can only contact a limited number of landlines, reduce this set to a realistic number.
3 N_CITY = 200_000
true_ages = rng.normal(MU_TRUE, SIGMA_TRUE, N_CITY)
true_ages = true_ages|[(true_ages >= A_MIN) & (true_ages <= A_MAX)]
keep = rng.random(true_ages.size) < p_det(true_ages)
answered = true_ages [keep]
# Keep a realistic catalogue size
N_CAT = 400
obs_ages = rng.choice(answered, size=min(N_CAT, answered.size), replace=False)
N_obs = obs_ages.size
xi_emp = keep.mean()
print(f"True city sample: {true_ages,size:,} people, mean age {true_ages.mean():.1f}")
{3} Variables [ Terminal @ v/ 2205PM E Python3
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= ik o # Keep a realistic catalogue size ORI S 1) B
N_CAT = 400
@ obs_ages = rng.choicel(answered, size=min(N_CAT, answered.size), replace=False)
N_obs = obs_ages.size
<> xi_emp = keep.mean()
print(f"True city sample: {true_ages.size:,} people, mean age {true_ages.mean():.1f}")
‘2@" print(f"Detectable fraction (empirical): {xi_emp:.3f}")
= print(f"“Catalbgue we analyse: {N_obs:,} calls, mean age {obs_ages.mean():.1f}")
e v s True city sample: 198,194 people, mean age 38.4
Detectable fraction (empirical): @.133
(] Catalogue we analyse: 400 calls, mean age 57.5
. v
[
@ bins = np.linspace(A_MIN, A_MAX, 60)
plt.figure(figsize=(7, 4))
plt.hist(true_ages, bins=bins, density=True, alpha=0.5, label="true population")
plt.hist(answered, bins=bins, density=True, alpha=0.5,
label="everyone who answered")
plt.axvline(MU_TRUE, color="C@", ls="--", label=f"true mean = {MU_TRUE:.@f}")
plt.axvline(answered.mean(), color="C1", ls="--",
label=f"answered mean = {answered.mean():.0@f}")
plt.xlabel("age"); plt.ylabel("density"); plt.legend()
plt.title("The survey oversamples the elderly")
plt.tight_layout()
v
The survey oversamples the elderly
I F
0.035 { i true population
{3} Variables [Z Terminal @ v/ 2205PM & Python3
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— [51 o plt.title("The survey oversamples the elderly")
= vos plt.tight_layout()
v
@ The survey oversamples the elderly
4 I 7
2 0.035 1 true population
1
o) ! everyone who answered
J I
D] 0.030
: === true mean = 38
(O] 1 =
0.025 - : answered mean = 56
I
O - -
£ 0.0201 :
i
=] g -
T 0.015 A :
i
i
0.010 - :
i
0.005 A 1
1
1
0.000 r T — T r T
0 20 40 60 80 100

age

N2 W
j

(The observed histogram is shifted right by ~15-20 years. If we naively fit a Gaussian to it, that shift becomes our answer. Let's do both fits

Ry
{3} Variables [Z Terminal 4 v 2:08PM B Python3
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O The observed histogram is shifted right by ~15-20 years. If we naively fit a Gaussian to it, that shift becomes our answer. Let's do both fits
properly and compare posteriors.
[ ]
L,
v | 3. Two likelihoods
c
o For a proposed A = (u,0):
Naive (biased): treat every observed age as a fair draw — the likelihood is a product of the population density over the events,
& Dlaive = H ﬂ'pnp(ai I A).
i
Selection-corrected (unbiased): divide by the detectable fraction £ once per event,
n i ﬂ’pﬂ'lp(a!— | A)
Oeorr = Wa f(/\) = j":‘po}.v(a I A) Paer(@) da.
The only difference is the §(A)N"'“ in the denominator — the detectable fraction of a proposed city, a clean 1-D integral we evaluate
numerically. (In code we work with In O for numerical stability: the product becomes a sum of logs and the division becomes —N ,ps In &.)
\ A
il # Fixed grid for the selection integral —- fast and vectorised over the age axis.
_a_grid = np.linspace(A_MIN, A_MAX, 1000)
_pdet_grid = p_det(_a_grid)
{3} Variables [Z Terminal @ v 2:08PM E Python3
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<>
:@: The observed histogram is shifted right by ~15-20 years. If we naively fit a Gaussian to it, that shift becomes our answer. Let's do both fits
properly and compare posteriors.
o)
o ~ 3.Two likelihoods
=] For a proposed A = (u,0):
Naive (biased): treat every observed age as a fair draw — the likelihood is a product of the population density over the events,
Onaive = H npop(ai I A).
[N i
Selection-corrected (unbiased): divide by the detectable fraction £ once per event,
].—Ij :'Tpop(ai | A)
Oeorr = W, &(A) = Toop(@ | A) pyer(a) da.
The only difference is the £(A)Ne in the denominator — the detectable fraction of a proposed city, a clean 1-D integral we evaluate
numerically. (In code we work with In O for numerical stability: the product becomes a sum of logs and the division becomes —N g In £.)
[53] # Fixed grid for the selection integral —— fast and vectorised over the age axis.
LA A Aarid — An Tinrnacal A MTRI A MAV 1AM )
{3} Variables [Z Terminal g v 212PM 5 Python3
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— [71 o mu, sigma = theta
= v Os if MU_LO < mu < MU_HI and SIG_LO < sigma < SIG_HI:
return 0.0
@ return -np.inf
<> def log_post_naive(theta, data):
1p = log_prior(theta)
P(QI' return 1p + log_like_naive(xtheta, data) if np.isfinite(lp) else -np.inf
def log_post_corr(theta, data):
ez lp = log_prior(theta)
return 1p + log_like_corr(xtheta, data) if np.isfinite(1lp) else -np.inf
O
B v 4. Sample both posteriors with emcee

Two parameters here, but we use an MCMC sampler ( emcee ) because it's exactly the tool you'll use for real population inference — the

toy and the real analysis then share the same machinery. Flat priors on u € [20,70], o € [5, 30]. We run the same sampler twice: once

with the naive log-posterior, once with the selection-corrected one.

N~ Vv 7 o .

-
© |import emcee

def run_sampler(log_post, data, nwalkers=20, nsteps=800, burn=200, seed=0):
# 2 params + a sharp posterior => this converges fast; no need for long runs.
ndim = 2
r = np.random.default_rng(seed)
# start walkers in a small ball inside the prior
p@ = np.column_stack( [r.uniform(35, 45, nwalkers),

{3} Variables [Z Terminal v 214PM B Python3
= Y
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o= 18] > sambler.run_mcmc(p@, nstepsl, progress=True)
- s return sampler.get_chain(discard=burn, flat=True)
@ chain_naive = run_sampler(log_post_naive, obs_ages, seed=1)
chain_corr = run_sampler(log_post_corr, obs_ages, seed=2)
<>
v o+ 100% || 500/800 [00:05<00:00, 150.17it/s]
S 100% | | 500/800 [00:09<00:00, 85.83it/s]
[91 7 F
o 5 def summarize(chain, name):

mu_med, sg_med = np.median(chain, axis=90)

mu_sd, sg_sd = np.std(chain, axis=0)

(i print(f"{name:>10}: mu = {mu_med:5.1f} +/- {mu_sd:.1f}, "
f'sigma = {sg_med:5.1f} +/- {sg_sd:.1f}")

print(f"{'TRUTH':>108}: mu = {MU_TRUE:5.1f}, sigma = {SIGMA_TRUE:5.1f}\n")
summarize(chain_naive, "naive")
summarize(chain_corr, "corrected")

M TRUTH: mu = 38.0, sigma = 16.0
naive: mu = 57.5 +/- 0.7, sigma = 14.6 +/- 0.5
corrected: mu = 37.8 +/- 1.6, sigma = 16.9 +/- 0.7

W
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[ :
© |import corner
# shared axis range so both posteriors line up (their means are far apart)
rng_box = [(34, 60), (11, 19)]
kw = dict(labels=[r"$\mu$", r"$\sigmas$"], range=rng_box,
levels=(@.6827. ©8.9545). olot datapoints=False)

{3} Variables [Z Terminal
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o [1e] . fig = corner.corner(chain_corr, color="C@", truths=[MU_TRUE, SIGMA_TRUE],
= o truth_color="k", show_titles=True, skkw)
corner.corner(chain_naive, fig=fig, color="C1", *xkw) # overlay naive
@ fig.suptitle("blue = selection-corrected, orange = naive (biased), "
"black lines = truth", y=1.02)
<>
~ s
[ ]
L,
(o)
O

{3} Variables [3 Terminal Executing (4s) = Python3
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= 6. Try it yourself
» Make the selection function stronger (shift the ramp to age 70, or lower the floor). How much more biased does the naive fit get?

O Does the correction still recover the truth?
« Shrink the catalogue ( obs_ages [:200] ). The corrected posterior stays centred on the truth but gets wider — bias vs. variance.

:O;: « Change MU_TRUE to make a genuinely young city. The detekctable fraction & drops sharply — this is the regime where ignoring
selection is most catastrophic.
O
(]
B
{3} Variables [Z Terminal 5 v 215PM 5 Python3
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—— PixeLPor, GWTC-5.0
—— DrravrT BBH, GWTC-4.
—— DErFAULT BBH, GWTC-5.0

10! 10?
ml[M@]

Figure 2. The distribution of the primary mass of the BBH population (left), and the mass ratio distribution (right). The solid lines show
the median merger-rate density for each model, with the shaded bands depicting the 90% credible regions. The solid black lines show the
90% credible bounds for the strongly-parameterized model from GWTC-4.0. The hatched grey areas behind the dot-dashed lines—in this and
all subsequent figures—correspond to regions at the edges of the parameter space with < 1% of BBH parameter estimation samples equally
weighted across all detections. This is intended as a heuristic proxy for parts of parameter space where the models may not be actively
constrained by the data, and where modeling and prior choices may become particularly important. See Sec. 3 for more details.
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—— PixXeLPopr, gwTc-5.0

—— DEerAuLT BBH, gwTC-5.0
— DEerAauLT BBH, gwTc-4.0
-=== SFR, Arbitrary norm

10}

0.0 02 04 06 08 1.0

4

Figure 5. The BBH redshift distribution (left), and the inferred value of the redshift spectral index &, assuming p(z) o (1 + z)* (right). The

1.2

dashed blue lines in the left panel show the redshift evolution of the SFR (arbitrary normalisation)

pare its inferences for the peak (continuum) to those of the
weakly-parametrized models within (outside) the [8, 15] Mg
primary-mass range.

The IsoLaTED PEAK model finds some preference for merg-
ers in the ~10 M, peak having unequal masses, measuring
q = O.SOfg:g based on posterior-predictive from the Gaus-
sian peak component (red distribution in the top-left panel
of Fig. 6). However, unlike in GWTC-4.0, this preference
does not markedly distinguish the peak from the rest of the
population: posterior-predictive draws from the continuum

nAa+24 s £ EERN | R | AR W

g = 1 for the peak and 0.77}2 for the continuum. This means
that, while PixeLPop allows the ~10 M, peak to favor g = 0.8
over g = 1 by as much as ~7 : 1, the ratio could be as low as
~1 : 5, so a preference for uneven masses in the peak is not
required.

The other flexible model, BinneEp GAussian Process, finds
a similar result (top-right panel of Fig. 6). The merger-rate
density at ¢ = 0.8 is found to be 1.3>7 times the value at
g = 1 for the peak (red) and 1.0*)5 for the continuum (blue).
At 90% credibility, thus, the preference for ¢ = 0.8 over
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Q Search or go to... 125 @8 i‘sﬂ

Chad Hanna / igwn-summer-school

t2 Files ¥ main v igwn-summer-school / tutorials / population / gwpopulation.ipynb [

Q, Search files (*.vue, %rb...)

1 gwpopulation.ipynb Findfie  slame ([T

~ [E37 tutorials

> [3calibration #-k Add Population tutorial
Aditya Vijaykumar authored 3 hours ago

9883307 IO History
> Bacbe
» B3 computing £ Code owners Assign users and groups as approvers for specific file changes. Learn more. Manage branch rules
E detchar
£ parameter_estimation [ gwpopulation.ipynb 34.08 Kig Code B &

E population
» README.md Population Inference on GWTC-3

@rEd®Bea9f

[ age_survey.ipynb NOTE: This tutorial is the same as the original GWPopulation tutorial with a few added tweaks. Thanks to Colm Talbot and the

’ lation ibvnb package developers for continuing to maintain such a great package!
5 gwpopulation.ipyn

The third gravitational-wave transient catalog GWTC-3 includes all compact binary coalescences observed during Advanced
LIGO/Virgo's first three oberving runs.

iy .gitlab-ci.yml

++ README.md

- GWPopulation builds upon Bilby (arXiv:1811.02042) to provide simple, modular, user-friendly, population inference.
bios.pd

There are many implemented models and an example of defining custom models is included below. In this example we use:

= A mass distribution in primary mass and mass ratio from Talbot & Thrane (2018) (arXiv:1801:02699). This is equivalent to
the PowerLaw + Peak model used in LVK analyses without the low-mass smoothing for computational efficiency.

» Half-Gaussian + isotropic spin tilt distribution from Talbot & Thrane (2017) (arXiv:1704.08370).

+ Spin magnitude distribution: here we use a custom truncated-Gaussian model (swapping out the Beta distribution from
Wysocki+ (2018) (arXiv:1805:06442)).

« Redshift evolution model as in Fishbach+ (2018) (arXiv:1805.10270).

Provide feedback
[=) Provide feedbac Setup
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Q Commands + Code ~ + Text > Runall ~ Connect T4 ~ A
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@ - |Population Inference on GWTC-3

<> NOTE: This tutorial is the same as the original GWPopulation tutorial with a few added tweaks. Thanks to Colm Talbot and the package
o developers for continuing to maintain such a great package!
®
= e The third gravitational-wave transient catalog GWTC-3 includes all compact binary coalescences observed during Advanced LIGO/Virgo's
o= first three oberving runs.
0 GWPopulation builds upon Bilby (arXiv:1811.02042) to provide simple, modular, user-friendly, population inference.
There are many implemented models and an example of defining custom models is included below. In this example we use:
=z + A mass distribution in primary mass and mass r*atio from Talbot & Thrane (2018) (arXiv:1801:02699). This is equivalent to the

PowerLaw + Peak model used in LVK analyses without the low-mass smoothing for computational efficiency.
« Half-Gaussian + isotropic spin tilt distribution from Talbot & Thrane (2017) (arXiv:1704.08370).
« Spin magnitude distribution: here we use a custom truncated-Gaussian model (swapping out the Beta distribution from Wysocki+

(2018) (arXiv:1805:06442)).
= Redshift evolution model as in Fishbach+ (2018) (arXiv:1805.10270).

Setup
If you're using colab.research.google.com you will want to choose a GPU-accelerated runtime (I'm going to use a T4 GPU).

"runtime"->"change runtime type"->"Hardware accelerator = GPU"

Note

{3} Variables [Z Terminal @
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{3} Variables
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Download data

We need to download the data for the events and simmulated "injections” used to characterize the detection sensitivity.

Event posteriors
We're using the posteriors from the GWTC-3 data release in a pre-processed format.

The choice of events in this file was not very careful and should only be considered gualitatively correct.

The data file can be found here. The original data can be found at zenodo:5546663 and zenodo:6513631 along with citation information.

Sensitivity injections
Again | have pre-processed the full injection set using gwpopulation—-pipe to reduce the filesize. The original data is available at

zenodo:7890398 along with citation information.

{:é:} !gdown https://drive.google.com/uc?id=16gStLIjt65gWBkw—-gNOVUGNbZ89q8CLF
© !gdown https://drive.google.com/uc?id=10pevUCM3V2-D-bROFEMACTISX_9RzeM6
1

Imports

Import the packages required for the script. We also set the backend for array operations to jax which allows us to take advantage of
just-in-time (jit) compilation in addition to GPU-parallelisation when available.

B2 Terminal @“

03 2. Share

Connecting to T4 (Python 3)
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(@3 # mass

priors
priors "beta"] = Uniform(minimum=-4, maximum=12, latex_label="$\\betas")
priors["mmin Uniform(minimum=2, maximum=2.5, latex_label="$m_{\\min}$")

["alpha"] = Uniform(minimum=-2, maximum=4, latex_label="$\\alphas$")
(
[
priors["mmax"] = Uniform(minimum=80, maximum=10@, latex_label="$m_{\\max}s$")
[
[
(
[

"

priors["lam"] = Uniform(minimum=0, maximum=1, latex_label="$\\lambda_{m}$")
priors["mpp"] = Uniform(minimum=16, maximum=50, latex_label="$\\mu_{m}$")
priors["sigpp"] = Uniform(minimum=1, maximum=1@, latex_label="$\\sigma_{m}s$")
priors[“gaussian_mass_maximum"] = 100

# spin magnitude (truncated Gaussian, iid over both black holes)

priors("amax"] =1

priors["mu_chi"] = Uniform(minimum=0, maximum=1, latex_label="$\\mu_{\\chi}$")
priors["sigma_chi"] = Uniform(minimum=0.05, maximum=1, latex_label="$\\sigma_{\\chi}$")
# spin orientation (Default tilt model)

priors["xi_spin"] = Uniform(minimum=08, maximum=1, latex_label="$\\xi%")
priors["sigma_spin"] = Uniform(minimum=0.3, maximum=4, latex_label="$\\sigmas")

priors["lamb"] = Uniform(minimum=-1, maximum=1@, latex_label="$\\lambda_{z}$")

Just-in-time compile

We JIT compile the likelihood object before starting the sampler. This is done using the
gwpopulation.experimental. jax.JittedLikelihood class.

We then time the original likelihood object and the JIT-ed version. Note that we do two evaluations for each object as the first evaluation
must compile the likelihood and so takes longer. (In addition to the JIT compilation, JAX compiles GPU functionality at the first
evaluation, but this is less extreme than the full JIT compilation.)

(2 Terminal @

O % v m

B @

~ Executing (4s)

o
. Share @ &

# Ask Gemini
~
v

All Bookmarks

RAM
Disk

9 T4 (Python 3)
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= M iors = PriorDict()
= - priors = PriorDic
@ # mass
priors["alpha"] = Uniform(minimum=-2, maximum=4, latex_label="$\\alphas")
<> priors[“beta"] = Uniform(minimum=-4, maximum=12, latex_label="$\\betas$")
priors("mmin"] = Uniform(minimum=2, maximum=2.5, latex_label="$m_{\\min}$")
i priors["mmax"] = Uniform(minimum=80, maximum=100, latex_label="$m_{\\max}3$")
®, priors["lam"] = Uniform(minimum=0, maximum=1, latex_label="$\\lambda_{m}$")
priors["mpp"] = Uniform(minimum=16, maximum=5@, latex_label="$\\mu_{m}$")
fo=r) priors[“sigpp"] = Uniform(minimum=1, maximum=1@, latex_label="$\\sigma_{m}$")
priors[“gaussian_mass_maximum"] = 100
B # spin magnitude (truncated Gaussian, iid over both black holes)
priors["amax"] = 1
priors["mu_chi"] = Uniform(minimum=0, maximum=1, latex_label="$\\mu_{\\chi}$")
= priors[“sigma_chi"] = Uniform(minimum=0.05, maximum=1, latex_label="$\\sigma_{\\chi}$")
# spin orientation (Default tilt model)
priors["xi_spin"] = Uniform(minimum=8, maximum=1, latex_label="$\\xi%")
priors["sigma_spin"] = Uniform(minimum=0.3, maximum=4, latex_label="$\\sigma$")
priors["lamb"] = Uniform(minimum=-1, maximum=1@, latex_label="$\\lambda_{z}$")
v Just-in-time compile
We JIT compile the likelihood object before starting the sampler. This is done using the
gwpopulation.experimental. jax.JittedLikelihood class.
We then time the original likelihood object and the JIT-ed version. Note that we do two evaluations for each object as the first evaluation
{3} Vvariables [3 Terminal @ ( 2:58PM G T4 (Python 3)
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demonstration.
= = IR S T I S

[4] ) .
R kv © posteriors = pd.read_pickle("gtc-3-samples.pkl")
del posteriors[15]
del posteriors[38]
<>
posteriors[@] # example of what's in the file
[ ]
)
ki mass_1 mass_ratio a_l a_2 cos_tilt_1 cos_tilt_2 redshift prior @
e 50071 33.136361 0.947207 0.404503 0.497368 0.969833 -0.830245 0.134033 0.454601
|':| 81420 35.521402 0.76‘1971 0.292579 0.049531 -0.762859 -0.239064 0.095303 0.247454
@ 3832 36.359435 0.840993 0.626148 0.749870 0.012735 0.220519  0.111405 0.345586
114471 33.348556 0.972678 0.062689 0.117746 -0.253675 0.549356 0.109960 0.308843
46641 34.242166 0.825938 0.476832 0.154817 -0.441843 -0.915523 0.075218 0.148797
75074 33.474866 0.973315 0.695592 0.090727 0.196613 0.497039 0.131470 0.442006
72399 35.257598 0.867935 0.291883 0.069884 -0.515272 0.329685 0.063814 0.110345
58264 33.276222 0.943216 0.111093 0.032642 -0.023936 -0.880299 0.088038 0.197934
48402 33.784014 0.849338 0.569377 0.615687 -0.064213 -0.598698 0.066827 0.115946
127537 36.879618 0.836356 0.826267 0.042920 0.115525 -0.835264 0.086457 0.211599
6913 rows x B columns
{3} Variables [Z Terminal @ v 3:00PM & T4 (Python 3)
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o Replaces the default Beta magnitude model: each of a_1, a_2 is drawn from a

Gaussian of mean "‘mu_chi’® and width ““sigma_chi’ ", truncated to [@, amax].

wun

return truncnorm(
dataset(["a_1"], mu=mu_chi, sigma=sigma_chi, high=amax, low=0

) * truncnorm(
dataset["a_2"], mu=mu_chi, sigma=sigma_chi, high=amax, low=0

)

model = Model(

model_functions=|
gwpop.models.mass. two_component_primary_mass_ratio,
iid_spin_magnitude_gaussian,
gwpop.models.spin.iid_spin_orientation_gaussian_isotropid.

gwpop.models. redshift.PowerLawRedshift(cosmo_model="Planck15"),
]J
cache=False, I
)

vt = gwpop.vt.ResamplingVT(model=model, data=injections, n_events=len(posteriors))

likelihood = gwpop.hyperpe.HyperparameterLikelihood(
posteriors=posteriors,
hyper_prior=model,
selection_function=vt,
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161 uel L1iu_spin_magniiude_ydussidiiladidselr, mu_cni=v.s, sSiymd_Cni=v.Z, dildx=l1).: +
= - o ""UTID truncated-Gaussian spin magnitude for both black holes. OB
@ Replaces the default Beta magnitude model: each of a_1, a_2 is drawn from a
Gaussian of mean " “mu_chi’® and width "“sigma_chi’", truncated to [@, amax].
<« return truncnorm(
s dataset(["a_1"], mu=mu_chi, sigma=sigma_chi, high=amax, low=0
@, ) % truncnorm(
dataset(["a_2"], mu=mu_chi, sigma=sigma_chi, high=amax, low=@
co )
() model = Model(
model_functions=[
@ gwpop.models.mass.two_component_primary_mass_ratio,
iid_spin_magnitude_gaussian,
gwpop.models.spin.iid_spin_orientation_gaussian_isotropic,
gwpop.models. redshift.PowerLawRedshift(cosmo_model="Planckl5"),
1
Iy
cache=False,
)
vt = gwpop.vt.ResamplingVT(model=model, data=injections, n_events=len(posteriors))
likelihood = gwpop.hyperpe.HyperparameterLikelihood(
posteriors=posteriors,
hyper_prior=model,
5e1ection_function=v1t|,
)
\
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= fl © vpriors = PriorDict() LERARAN B
W Os
@ # mass
priors["alpha"] = Hnifarmiminimim——2 mavimum—4 latav Tahal-t&\\alnhad!)
&% priors["beta"] = def __init_ (minimum, maximum, name=None, latex_label=None, unit=None, boundary=None)
priors["mmin"] = yiew source
oy priors["mmax"] = S : . . .
fo) priors["lam"] = <class 'bilby.core.prior.analytical.Uniform's>
priors["mpp"] = Unifornl(minimumzl@, maximum=50, latex_label="$\\mu_{m}$")
[o=) priors[“sigpp"] = Uniform(minimum=1, maximum=1@, latex_label="$\\sigma_{m}$")
priors[“gaussian_mass_maximum"] = 100
) # spin magnitude (truncated Gaussian, iid over both black holes)
priors["amax"] = 1
priors["mu_chi"] = Uniform(minimum=0, maximum=1, latex_label="$\\mu_{\\chi}$")
@ priors[“sigma_chi"] = Uniform(minimum=0.05, maximum=1, latex_label="$\\sigma_{\\chi}$")
# spin orientation (Default tilt model)
priors["xi_spin"] = Uniform(minimum=08, maximum=1, latex_label="$\\xi%")
priors["sigma_spin"] = Uniform(minimum=@.3, maximum=4, latex_label="$\\sigma$")
priors["mu_spin"] = 1 # peak of the aligned-spin tilt component (fixed)
priors["lamb"] = Uniform(minimum=-1, maximum=10, latex_label="$\\lambda_{z}$")|
A
v Just-in-time compile
We JIT compile the likelihood object before starting the sampler. This is done using the
gwpopulation.experimental.jax.JittedLikelihood class.
Wia thanm timma tha ariainal Bliallhaad alhiaat and tha 1T ad viaraian Mata that win da fua avialiatinne far nnnbh alhinat fan tha Beat Avaliiatine
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L 19:02 bilby INFO : mpp=Uniform(minimum=1@, maximum=5@, name=None, latex_label='$\\mu_{m}$', unit=None, boundary=None)
R 19:02 bilby INFO : sigpp=Uniform(minimum=1, maximum=1@, name=None, latex_label='$\\sigma_{m}$', unit=None, boundary=None)
e 19:02 bilby INFO : mu_chi=Uniform(minimum=@, maximum=1, name=None, latex_label='$\\mu_{\\chi}$', unit=None, boundary=None)
@ 19:02 bilby INFO ¢ sigma_chi=Uniform{minimum=@.05, maximum=1, name=None, latex_label="$\\sigma_{\\chi}$', unit=None, boundary=None)
19:02 bilby INFO : xi_spin=Uniform(minimum=0, maximum=1, name=None, latex_label='$\\xi$', unit=None, boundary=None)
<> 19:02 bilby INFO : sigma_spin=Uniform(minimum=0.3, maximum=4, name=None, latex_label='$\\sigma$', unit=None, boundary=None)
19:02 bilby INFO ¢ lamb=Uniform(minimum=-1, maximum=1@, name=None, latex_label='$\\lambda_{z}$', unit=None, boundary=None)
o 19:02 bilby INFO ! gaussian_mass_maximum=100
@, 19:02 bilby INFO : amax=1
19:82 bilby INFO : mu_spin=1
o 19:02 bilby INFO : Analysis likelihood class: <class 'gwpopulation.experimental.jax.JittedLikelihood'>
19:02 bilby INFO : Analysis likelihood noise evidence: nan
19:02 bilby INFO : Single likelihood evaluation took 2.467e-04 s
O 19:02 bilby INFO : Using sampler Dynesty with kwargs {'nlive': 100, 'bound': 'live', 'sample': 'acceptance-walk', 'periodic': None, 'reflective': No
19:82 bilby INFO : Global meta data was removed from the result object for compatibility. Use the "BILBY_INCLUDE_GLOBAL_METADATA® environment variab
@ 19:82 bilby INFO : Checkpoint every check_point_delta_t = 600s
19:02 bilby INFO : Using dynesty version 3.1.0
19:082 bilby INFO : Resume file outdir/cosmo_resume.pickle does not exist.
19:82 bilby INFO : Generating initial points from the prior
= P2 WO
v | Plot some posteriors
We can look at the posteriors on some of the parameters, here the cosmology parameters and the location of the mass peak and the
redshift evolution.
We see that the value of the Hubble constant is strongly correlated with the location of the peak in the mass distribution as has been
noted elsewhere.
We also include the values of the cosmology parameters reported in the Planckl5 cosmology for reference.
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— v PIOT sOme posteriors
R We can look at the posteriors on some of the parameters, here the cosmology parameters and the location of the mass peak and the
redshift evolution.
< We see that the value of the Hubble constant is strongly correlated with the location of the peak in the mass distribution as has been
o noted elsewhere.
L,
We also include the values of the cosmology parameters reported in the Planckl15 cosmology for reference.
oz
L1 :
_ = result.plot_corner(save=False, parameters=["mpp", "sigpp", "lamb"])
D [OE:S
BB v Post-processing checks
As mentioned above, hierarchical analyses performed in this way are susceptible to systematic bias due to Monte Carlo error. To ensure
we are not suffering from this issue, we compute the variance in each of our Monte Carlo integrals along with the total variance for each
posterior sample. We then look at whether there are correlations between the log-likelihood, the variance, and the hyperparameters. If we
see significant correlation between the variance and other quantities, it is a sign that our results may not be reliable.
k1 (-o-:- func = jax.jit(likelihood.generate_extra_statistics)
full_posterior = pd.DataFrame(
[func(parameters) for parameters in result.posterior.to_dict(orient="records"}]
).astype(float)
full_posterior.describe()
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(Z) = -(1+2z)"
= P g
(al ) R ——
@ e © opriors = PriorDict()
<> # mass
priors[“alpha"] = Uniform(minimum=-2, maximum=4, latex_label="$\\alphas$")
- i priors["beta"] = Uniform(minimum=-4, maximum=12, latex_label="$\\betas")
.Q priors["mmin"] = Uniform(minimum=2, maximum=2.5, latex_label="$m_{\\min}$")
priors["mmax"] = Uniform(minimum=80, maximum=100, latex_label="$m_{\\max}$")
(o] priors["lam"] = Uniform(minimum=@, maximum=1, latex_label="$\\lambda_{m}$")
priors["mpp"] = Uniform(minimum=10, maximum=50, latex_label="$\\mu_{m}$")
) priors["sigpp"] = Uniform(minimum=1, maximum=10, latex_label="$\\sigma_{m}$")
priors[“gaussian_mass_maximum"] = 100
# spin magnitude (truncated Gaussian, iid over both black holes)
=2 priors["amax"] = 1
priors["mu_chi"] = Uniform(minimum=0, maximum=1, latex_label="$\\mu_{\\chi}$")
priors["sigma_chi"] = Uniform(minimum=0.05, maximum=1, latex_label="$\\sigma_{\\chi}$")
# spin orientation (Default tilt model)
priors(["xi_spin"] = Uniform(minimum={, maximum=1, latex_label="$\\xi$")
priors["sigma_spin"] = Uniform(minimum=0.3, maximum=4, latex_label="$\\sigmas")
priors[“mu_spin"] = 1 # peak of the aligned-spin tilt component (fixed)
priors["lamb"] = Uniform(minimum=-1, maximum=10, latex_label="$\\lambda_{z}$")
v Just-in-time compile
We JIT compile the likelihood object before starting the sampler. This is done using the
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= We JIT compile the likelihood object before starting the sampler. This is done using the
gwpopulation.experimental.jax.JittedLikelihood class.
@ We then time the original likelihood object and the JIT-ed version. Note that we do two evaluations for each object as the first evaluation
<> must compile the likelihood and so takes longer. (In addition to the JIT compilation, JAX compiles GPU functionality at the first
evaluation, but this is less extreme than the full JIT compilation.)
k)
[10] ;
S © nrarameters = priors.sample()
c likelihood. log_likelihood_ratio(parameters)
%time print(likelihood. log_likelihood_ratio(parameters))
O jit_likelihood = JittedLikelihood(likelihood)
%time print(jit_likelihood.log_likelihood_ratio(parameters))
@ stime print(jit_likelihood.log_likelihood_ratio(parameters))
v e —1.7976931348623157e+308
CPU times: user 728 ms, sys: 186 ms, total: 9@6 ms
Wall time: 711 ms
-1.7976931348623157e+308
CPU times: user 13.2 s, sys: 465 ms, I‘total: 13.6 s
Wall time: 12.9 s
-1.7976931348623157e+308
CPU times: user 521 ps, sys: 2.@4 ms, total: 2.56 ms
Wall time: 10.6 ms
~  Run the sampler
We'll use the sampler dynesty and use a small number of live points to reduce the runtime (total runtime should be approximately 5
{3} Variables [ Terminal @ ( Executing (12s) & T4 (Python 3)
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v Visualize the inferred population: distribution “traces"

The corner plot above shows the posterior on the hyper-parameters. But what we usually want to communicate is the inferred population
distribution itself — p(my ), p(x¥), p(z) — together with its uncertainty.

B o ¢

The standard way to show this is a trace (or "spaghetti") plot: we take many draws from the hyper-posterior, and for each draw we plot
the corresponding population curve. The spread of curves /s our uncertainty on the population. We overlay the pointwise median and 90%
credible band.

For the primary mass we marginalise the 2-D model p(m,, q) over the mass ratio g; the spin-magnitude marginal is just the truncated
Gaussian evaluated per draw; the redshift model gives p(z) directly.

[15]

e import numpy as np L]

from gwpopulation.models.mass import two_component_primary_mass_ratio
from gwpopulation.models.redshift import PowerLawRedshift
from gwpopulation.utils import truncnorm

# draw a subset of hyper-posterior samples to trace out
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