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Growth of cold dark matter fluctuations

e Supposing* Y ; prds ~ p.d. and writing H* = ng (y_?’ + y'4)/2 with

Yy = a/aeq and 0, = a*HO, yields the Mészaros equation,
*as a tacit assumption for now; validity to be assessed later

d2dc 3y ddc 3(1 i fb)
0 =y(1 1 —
y(+y)dy2+(+2)dy 2

e For f;, — 0, the Mészaros equation has general solution

dc

JIty-1
do(y) = C1 (1+3y/2) + Cy | (1 + 3y/2) In Y 1311y
v 1lt+ty+1

e For y < 1 (radiation domination), d. ~ C1 + C2Iny
e For y > 1 (matter domination), d. ~ 3C1y/2 + 3C5/y>/?
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Hydrodynamical description: "baryons"

e When not bound in atoms, electrons and nuclei are strongly coupled by
Coulomb scattering

e Their spatial distributions are therefore locked together

e Since nuclei dominate the mass density of visible matter (me/mp ~ 2000),
cosmologists refer to all SM matter as "baryons"
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Hydrodynamical description: photon-baryon plasma

e Photons and baryons are tightly coupled by Thomson scattering: du, = du.
© Baryon and photon density perturbations therefore evolve identically until
decoupling: dj, = d, = k*6u, — 1

- Assume* also "adiabatic" initial condition with d., = d for kT — 0

*the only restriction needed for upcoming analytic results, and turns out to hold in the dominant solution mode

e Total velocity of the plasma is
4/3 - pyou + ppouy ou~ + Rouy,
45./3+p,  1+R
with R = 3py/4p- the baryon-to-photon ratio (7 7), and evolves according to
8, [(1+ R)duy) = —dy/3 + o,

Oy =
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Sound waves in the photon-baryon plasma

e Tightly coupled plasma evolves according to inhomogeneous wave equation
with time-dependent frequency and damping coefficient:

R k2 1
TR T 3R T G0 @ T

- Sound speed ¢2 = 1/3(1 + R)

H
14+ R

di;+ Y

» Suppose* that inhomogeneous terms o< 7 are negligible:

*as another tacit assumption we will return to
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Sound waves in the photon-baryon plasma

e Can solve the homogeneous equation in kr, where 7, is the sound horizon,

’I‘SE/ d5 e (T / \/3

e In terms of ¢ = kr, tightly coupled (and unsourced) plasma evolves as
d2d7 . 1 dln(1 + R) dd,
dp? 2 dy dep

0 —

e Solved by
A cos[krs(7)] + Bsin|krs(7)]

1+ R(T)

d(T k) =
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Gravitational decoupling?

e Prior results rely on suspicious approximations for gravitational interactions
I. Self-gravity of plasma perturbations is negligible

ii. Dark matter and plasma perturbations negligibly source each other

e Assuming only that d, = d as above,

1 . 4p.,
—0; (ay) = — - Pcdc + —— 3

2M?

8
YR+ 2)d, + 2

e Naive validity
. 2k dy > 8a,2[)7bd7/3M§ = 8(aH)*Qpd.,, or (csk/aH)?

i.0pc/0py Z PcIn(a/aeq)/pyp ~ a/aeq - [C +1In(a/aeq)]
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Fast and slow modes

e Goal: use power counting and analytic solutions to identify where this
"gravitational decoupling" is actually valid (see Weinberg, astro-ph/0207375)
HR k* a’ H

)+ o d d 3p + 30P) — d,
" R’Y+3(1+R)”’ 21\/_12(‘(”r ) ‘

S &

pl

a2

) /
d, +Hd, = e (6p + 30P)
P
» Deep inside the horizon, perturbation's wave number &k > H = aH

e Characterize solutions by the timescale of their evolution

e Obtain six independent modes: complete solution to the sixth-order system
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Fast modes

Consider solutions for which 6 f' ~ kéf > Héf:

HR k?

op+30P  H
=Tdy + d, ~ —%2 -

3(1+ R) p R
) oP
Kd. + WA, ~ —%2 & +p3
e (0p + 30P)/p ~ max(d,, d.) (taking d,, negligible)
 CDM EOM: only consistent if d. ~ (k/aH) *d,

e Plasma EOM: metric source term suppressed by ~ (k/aH)_2

kid, +

kd.

e [ntuition: plasma's pressure support dominates over self-gravity
© But not trivial that it dominates over gravity sourced by CDM
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Slow modes

Consider solutions for which § f' ~ Héf < k5f:

HR k? dp + 30P H
2 d —H? d,
o, + QR;Z'YJFS(H—R v % 5 ItR"

H2d. + H - Hd, N—%Z‘S“%P
p

e (0p + 30P)/p ~ max(d,, d.) (taking d,, negligible)

e Plasma EOM: only consistent if d, ~ (k/aH) *d,
« CDM EOM: gravitationally sourced only by itself at leading order in (k/aH) —%

e Intuition: slow-evolving CDM experiences "oscillation average" of the plasma
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Gravitational decoupling

e Deep inside the horizon [up to (k/aH) ? corrections] and before
photon/baryon decoupling:
© "Fast" plasma perturbations unsourced, solved by WKB solution

© "Slow" CDM perturbations are only sourced by themselves
e Does this mean plasma and CDM perturbations gravitationally decouple?

© Not alone: must establish that
a. plasma perturbations are dominated by their fast mode

b. CDM perturbations are dominated by their slow mode

© To do so, must match subhorizon solutions onto solutions that are valid
from outside the horizon through horizon crossing
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Hydrodynamic solutions: small scales

A

N oy

subhorizon

radiation era

k> ke

ke < kb < keq

k <k,

equality last scattering
In(a/aeq) = In(pm/py)
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Radiation era solutions on all scales

e Have taken d, = d as an initial condition, thusfar motivated by nothing more
than practicality (since tight coupling implies d’, = d;)

e |[gnoring neutrino shear, photons and neutrinos both evolve according to
d7 + k2d1/3 = —)', so let's also suppose d, = d, = dy = d,
* Taking d. negligible, may reduce system in terms of radiation velocity du,.:

duy + Hou, = (—k*/3 + 4H*)du, — k*Hou,/3

and obtain other perturbations via
o d, = —36u,
o p = k*6u, — d!. = k%6u, + 30u’
od, = — f(;r?,bd'r
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Radiation era solutions on all scales

» Third-order equation has analytic solutions in radiation domination (H = 1/7')
e Writing x = k'r/\/§ the fastest-growing mode is

2v/3R,; (1—cosa: sin:z:)

k T -9

Oy = Oty = OUp = —

_ 4 — _6R. (l—cos:c ~ sinz cosa:)

2 T 2

6R; 2sinx 2 —2coszx
(e o

_\/gw/k

1 1l —cosx
d. = —6R; | — '
(2 v 2 )
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Adiabatic modes

* Though we didn't impose it, this solution in fact has d. ~ d, at early times, i.e.,
all density perturbations equal on superhorizon scales ("adiabatic")

e Superhorizon behavior of this solution has another special property: its
associated comoving curvature perturbation R,

0,0;R = Hp — 3H’E/2 — a’Sp/2M ] + HO;0;6u,

is conserved while the mode is outside the horizon

e Weinberg showed (astro-ph/0302326) that the field equations always have two
adiabatic modes: one with nonzero R outside the horizon (the mode we
identified) and one with zero R (ignored because it decays)

e Has absolutely crucial implications for inflation
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Superhorizon initial conditions from inflation

inflation reheating era
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Gravitational decoupling late in the radiation era

Late-time/subhorizon limit (x > 1) of the radiation-era solution:

6R;
d,—— —3R;cosx — ;
r>1 €T
12R; cos x 55
> — : 1

e Plasma's fast mode is (k7)? times larger than its slow mode!
e CDM's slow mode is (k7)* In(kT) times larger than its fast mode!

e Does it persist to last scattering and throughout the matter era?
© Not trivial! Last scattering occurs in matter domination, and CDM
dominates the density perturbation earlier than equality anyway
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Matching fast modes

Matching the late-time limit of the radiation-era solution,

1 — cos S1 COS
d. = 67?,3-( osr Ml - :E) 1> —3R;cosx —
x>

T T s 2
to the early-time limit of the subhorizon fast-mode solution,
d, — A cos[krs(7)] + Bsin[krs(T)]
{*/1 + R(71) a<aeq
(since kry — k'r/\/§ — x) yields the subhorizon fast component
q, = —3R; cos|kry(T)]
1+ R(1)

sy Acosx
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Matching slow modes

Matching the late-time limit of the radiation-era solution,

12R; cosx 1)
9 i GRz In 61/2_7

dy— —
s> | T

to the early-time limit of the subhorizon slow-mode (Mészaros) solution,

Y
d.(y) H C1+ Co (111 1 + 3)

yields the subhorizon slow component

dc = 6R; (1 + 3y/2) In
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CDM fast mode

Doubly integrating

a2 4:;07
202 3

1 N
—Ea',— (adc) —

(R + 2)d,

with the fast solution for d., (and ignoring factors that vary slowly),
kM2

pl

C

(R +2)(1 + R)** cos[kr,(7)]

e Suppressed relative to the slow mode by (aH /k)?!
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Small-scale CDM solution

102
k/koq = 30

F| === numerical

| —— radiation era

F|—— subhorizon

~ horizon crossing

equality
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Small-scale CDM solution: nonzero baryon fraction
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Plasma slow mode

e Since ¢ = —d,, in the slow mode where d/, < k*du.;, we have

k20u, = —d. /K>

e Usingd, = —30; [(1 + R)du. ], we find for @ > a.q that
_ 2TRikgy(1 + 3R) 4v/2k

1k .
\/ge Wkeq

e Suppressed relative to fast mode by (keq/k)* In(k/keq)

dy

© Gravitational decoupling dominates over extra logarithmic growth for
small-scale modes!

© However, slow term for k ~ k. is observable in the CMB
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Small-scale plasma solution

102
k/keq = 30

== numerical
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Small-scale plasma solution (realistic py/p.)
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Small-scale damping

e Tight coupling breaks down toward recombination, and recombination is not
instantaneous; neither effect accounted for thusfar

e Dominant effect is diffusion, which damps the fast modes and not the slow
mode (since frictional forces are small for slow evolution)

2
© Can be mocked up by a factor e~ (/kp+)" 3t |ast scattering, where

1 _/T* dr R?+16(1+ R)/15
0 aoTn, 6(1 + R)?

5 =
kD,*

¢ Beyond instantaneous recombination, also additional "cancellation" damping
over the nonzero width o, of visibility function

p— 2 - . -
- Factor ~ e~ (¢sk99)°/2 from averaging over fast oscillations
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Small-scale damping

k/keq
7.5 10.0 12.5

15.0

17.5

T T T
|— numerical, undamped —

numerical,

damped .

Pirsa: 26070012

Page 28/34




What else is missing?

e Modes that renter the horizon after equality, and interpolation between super-
and sub-equality scales
Neutrino free streaming
"Doppler" effect from electron bulk motion at last scattering

Polarization

Photon free streaming after decoupling
© Photons last scatter in spatially varying potential wells, which contributes
to the "intrinsic" anisotropies
© "Integrated Sachs-Wolfe effect": photons traverse dynamical potential
wells (though only at the beginning and the end of matter domination)

© Anisotropies are distorted by weak gravitational lensing at late times
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Small-scale plasma solution: neutrino free-streaming

Ko
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Weak lensing of the CMB
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Gravitational decoupling: upshot

e Only for a small range of subhorizon scales at last scattering is the plasma
sensitive to CDM perturbations

e |f the CMB were unaffected (i.e., not gravitationally lensed) by structure at late
times, would have far less evidence for cold dark matter over dark matter that
redshifts like a3, whatever its subhorizon dynamics

e Explains the (unlensed) CMB's suppressed sensitivity to:
o warm dark matter (see 1312.5301)

© enhanced dark matter clustering due to a new long-range ("dark") force
(see 2510.00098)

Pirsa: 26070012 Page 33/34




Simple argument for clustering dark matter

e Suppose dark matter does not cluster at all

» Because of acoustic oscillations, d ~ R; at decoupling and follows the
Mészéros equation after, so dp/R; ~ 3a/2a, at late times

e Since d, ., ~ R; and we measure CgT ~107° R, ~ /107

e The Universe remains linear after the three decades of growth to today!
© No nonlinear structure, like, say, galaxies

e Need dark matter's logarithmic growth in the radiation era:

- a 4/2k

|

n
V3e/2 kg
is ~ 1 today for k ~ 20k,
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