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Photon decoupling

e |f electrons remained free, Thompson scattering would remain efficient until
T ~ 11 meV = 507

e Average photon no longer sufficiently energetic to ionize hydrogen when
E~27T < E;=13.6eV ~ 6 x 10*T}

e But there are more than a billion photons per hydrogen atom

© High-energy tail remains sufficiently abundant to ionize efficiently until
T ~ 0.3 eV =~ 13007

¢ Photons decouple as the free electron fraction plummets during
"recombination" at T ~ 0.26 eV ~ 11007,
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The cosmological model: Standard Model

Or: the stress-energy content of our Universe
e Measurement of CMB blackbody from FIRAS establishes density in photons at
any redshift
e Measurements of primordial helium yield consistent with Standard Model
prediction for p/py = (P + py)/ Py
e Measurements of deuterium abundance consistent with baryon-to-photon

(number) ration ~ 6 x 1010
© CMB anisotropies provide a consistent (and more precise) measurement
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The cosmological model: the dark sector
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The cosmological model: eras
In Qx(a)
Matter overtakes | radBtan S
radiation shortly s
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Inhomogeneous cosmology




Perturbed metric

Perturbed metric g, = a(7)* (N + hw)

e A general and convenient decomposition is
ho = —F
hiO — 8,,,F + Gz
hij = A(S” + azajB + 8303 i 8302 =+ Dz’j:
- E, F, Aand B are scalars
- C; and G; are transverse vectors (0;C; = 0and 9;G; = 0)
© Dyjis transverse (0;D;x, = 0) and traceless (Dy; = 0)
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Perturbed metric

Perturbed metric g, = a(7)* (N + huw)

e A general and convenient decomposition is
ho = —F
hiO — &,,F + Gz
hz'j = A(S’U + azajB 1 8303 Sl 8302 =+ Dz’j:
° E, F, Aand B are scalars
- C; and G; are transverse vectors (0;C; = 0and 9;G; = 0)
© D;j is transverse (0; D, = 0) and traceless (D;; = 0)

e Scalars, vectors, and tensors decouple at linear order
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R
Perturbations at last scattering

4

radiation era
matter era

equality last scattering
In(a/aeq) = In(pm/py)
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Perturbed stress-energy tensor

Perturbed stress-energy tensor T, = T, + 6T,

¢ Analogous decomposition:
6T, = —b6p
§TY = (p+ P) (8idu + du))
5Tz] e 5235P + (8,,8] — 523/3 = Bk(’?k)ws + Bzﬂ';/ -+ 83'7'{',}/ -+ 71';-1;-

© dp, 0P, and du: density, pressure, and scalar velocity perturbations
e 5uZV and 7er: vector velocity and anisotropic stress perturbations

wg;-: tensor anisotropic stress perturbation

e Scalars source scalars, etc.
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Perturbed energy-momentum equations: scalars
—V 0T = dp' + 3H (6p + 6P) + (,5 + 15) (v + 0;0;0u)

V67" =, [a., [(7+ P)ou| + (p+ P) (4#bu + B/2) + 6P + %ajaj,,rs
*H=0la/d;,=a'/a =aH

e 7/ is the only combination in which B and F' enter the conservation and (as it
turns out) the Einstein equations:

— 1 / o I_
= —(34' +0:0: [B' — 2F))

e In general, need microphysics to close system [e.g., dP;(dpy), shear, ...]
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Perturbed field equations: scalars

2
a
W(?p — —3H’E — 0,0,A + 2H

a

1 2 4
—— 6P =HE'+ 2H'+ H*)E + 30:0:(A+ B) — o/ — S Hy

P

=H (2¢ — 34") + %(21/;’ —34") — %8@-62- (A+E)
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Reduction to a single metric degree of freedom

* Free to choose synchronous gauges with £ = 0, such that the conservation
equations only depend explicitly on :

0 =dp; + 3H (6pr + OP;) + (ﬁ[ + PI) (¢ + 0;0,0ur)

0=0, [(pr+ Pr)our| + (pr + Pr)4Hsu;s + 6Pr + %ajajws

S

* When anisotropic stress 7* is negligible, 1) decouples from all other metric

perturbations:
2

(8p + 36P) = o' + Hap

2
pl
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Further simplifications

Even simpler in terms of density constrast 6; = dp;/prord; = dpr/(pr + Pr):

/ wry
=d; + 0;0;0ur + ['r+
0 =d; + 0;0;0us 37{1 I Y

Wy

0=du;+H(1- 30351)511,1 + Ci,fd_r +

I'r — E/2
1+ wy 1= o1 /

e "Adiabatic" sound speed
C?L,I = P;/p;r = wr —wy/3H (1 + wy),
reduces to ci r=wr(i.e, 'w’I = () for all species we consider

* "Entropy perturbation" I' 7, may be ignored in our applications

e Shearor = —28z-5z-7r§/3(,5[ + PI), largely negligible in our applications
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Vector and tensor equations

Field equations:

8.0,V = ——
i3 M

V! 42UV, = —

" / . 20‘2 T

2 U

pl

Energy-momentum conservation (no tensor component from a vector equation):

0 = 8,8;61) + &, [(p + P) Mﬂ + 4 (ﬁ + P) su?
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Gauge transformations

Under a small spacetime coordinate transformation

zt — ¥ = ¥ 4 €H ()
and writing &; = 81-55 + g}” the SVT perturbations transform as
a”AA = 2}E a’Adp = p'éy a’AC; = —¢]

]

a’AB = —2¢° a’ASP = P'¢, a?AG; = 2He! — ¢V’
a’AE = —2M&, + 2¢; a’Adu = —¢& a*An? =0

a?AF = 23¢5 — 5 — & a?AnS =0 a’Adu) =0
a2ADz-j =0
azAwg;- = ()
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Gauge choices

e Newtonian gauge (e.g., Baumann's) sets B = 0 and F' = 0 and
hog = —FE = —-2¥
hi; = Ab;j = —26;;®
such that ¢y = —3%'
© Note that Ma & Bertschinger use 1 and ¢ in place of ¥ and ¢
e Ma & Bertschinger's synchronous gauge takes E = 0and F' = 0
A= -2qn
00 B = h + 67
~ Misses the convenience of needing only v in fluid equations

= Turns out only A’ appears in the Boltzmann hierarchy, given by du
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r
Perturbations at last scattering

4

500 1000 2000
{ ~ I{JDM’*
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equality last scattering
In(a/aeq) = In(pm/pr)

Pirsa: 26070008 Page 18/26




CMB anisotropies

e CMB photons we see freely
streamed to us a distance* D/ (a.)
since recombination (T}, = Ty /a)

*on average; slight "blur" because recombination is not
truly instantaneous

e Spatial variation on the "last
scattering surface" manifests as
anisotropies on the sky, projecting
lengths r to angles @ = r/Ds(ay)
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CMB anisotropy spectra
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R
Hydrodynamical description: neutrinos

e After decoupling, neutrinos are a relativistic, free-streaming fluid
d, = k*5u, — 9
ou, = —d,/3 + o,
e Shear/anisotropic stress o,,:
© requires solving the Boltzmann equation in general
© has small but important effects that we will neglect

© most practical consequence: suppresses neutrino density and velocity
enough to treat as zero when modes are inside the horizon
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Hydro&ynamical description: cold dark matter

e Cold dark matter: nonrelativistic fluid
d. = k*6u. — 1
du, = —Hbu,
e Can fix synchronous gauge's residual freedom by choosing du, = 0: d. = ¥

e Can combine into

a2

1 T | B
—0; (ad.) = ——0: (ay) = e (6p + 36P)

pl
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Growtﬁ of cold dark matter fluctuations

e Supposing* Y ; prds ~ p.d. and writing H* = ng (y_3 + y'4)/2 with

Yy = a/aeq and 0, = a*HO, yields the Mészaros equation,

*as a tacit assumption for now; validity to be assessed later

d2dc 3y ddc 3(1 _ fb)
0 =y(1 1 — i
y(+y)dy2+(+2)dy 2

e For f;, — 0, the Mészaros equation has general solution

JIty-1
do(y) = C1 (1+3y/2) + Cy | (1 + 3y/2) In Y 311y
v 1l+y-+1

e For y < 1 (radiation domination), d. ~ C1 + C2Iny
e For y > 1 (matter domination), d. ~ 3C1y/2 + 3Cy/y>/?
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Hydrociynamical description: "baryons"

e When not bound in atoms, electrons and nuclei are strongly coupled by
Coulomb scattering

e Their spatial distributions are therefore locked together

e Since nuclei dominate the mass density of visible matter (me/mp ~ 2000),
cosmologists refer to all SM matter as "baryons"
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Hydrociynamical description: photon-baryon plasma

e Photons and baryons are tightly coupled by Thomson scattering: du, = du.
© Baryon and photon density perturbations therefore evolve identically until
decoupling: dj, = d, = k*6u, — 1

- Assume* also "adiabatic" initial condition with d., = d for kT — 0

*the only restriction needed for upcoming analytic results, and turns out to hold in the dominant solution mode

e Total velocity of the plasma is
4/3 - pyou + ppouy ou- + Rouy,
45./3+p,  1+R
with R = 3py/4p- the baryon-to-photon ratio (# 7), and evolves according to
O (1 + R)bty] = —dy/3+ oy

OUp =
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r
Sound waves in the photon-baryon plasma

e Tightly coupled plasma evolves according to inhomogeneous wave equation
with time-dependent frequency and damping coefficient:

R k2 |
TR T 3R T @t

- Sound speed ¢2 = 1/3(1 + R)

H

d!l
v LR

(2
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