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5 F26Jun@10:15(L4): Entropy and Entanglement

5.1 Zeroth Law of Black Hole Thermodynamics

Consider the surface gravity s of the event horizon of the Kerr-Newman black hole. It is

_remr VM =@ = (I}
T 2(ri+ad)  aM?— Q2+ 2M+/M2— Q2 — (J/M)?

= constant . (5.1)

Note that this depends only on {M, J,Q} - it does not depend on any of the spacetime
coordinates (t,7,6, ), despite the geometry being only axially symmetric, not spherically
symmetric. This is reminiscent of the Zeroth Law of Thermodynamics.

5.2 First Law of Black Hole Thermodynamics

Previous results we found furnished the simplest manifestation of Noether’s theorem in
general relativity: a symmetry — in the form of a Killing vector — leads to a conserved
quantity along the geodesic motion of a test particle. Of course, in full general relativity
the metric itself is also dynamical. In that case, Noether’s theorem applies not just to
particle motion but to the gravitational field as a whole. The corresponding conserved
quantities are no longer defined along a single worldline, but instead appear as surface
integrals evaluated at the boundary of spacetime regions. We will now use this more general
version of Noether’s theorem to derive the first law of black hole mechanics, where energy
and angular momentum are expressed as boundary terms evaluated at infinity and at the
horizon. The first law ultimately comes from one simple principle: energy associated with
a symmetry can be written as a boundary term. For a spacetime symmetry, here generated
by x°, the corresponding energy can be computed

inf oivine A ()

(37.8% 08@OB=0C0*HO8_ . - 0P £5000 0k

0.0 Mb/s
0.0 Mbjs

T

%6 £ 8 FriJun26 10116

L "
B i
ke E] PIUSS-PeetAW-
Lecd.pdf

L SS-PeetAw Lecl-
Appendix1. pdf

® PIUSS-PeetAW-Tutl-
SchwGeod.py

g ® PIUSS-PestAW-
Tutl.pdf

® PIUSS-PeetAW-Lecl-
RiemCode:py

B ® PIUSS-PeetAW-
Lect.pcf

2

Page 3/31



Pirsa: 26060076

& Preview File Edit view Go Tools Window Help I'd -—u\l 350 :g::g:,

o

PIUSS-PeetAW-Lecd.pdf — Page 2 0f 12

5.2 First Law of Black Hole Thermodynamics

Previous results we found furnished the simplest manifestation of Noether’s theorem in
general relativity: a symmetry — in the form of a Killing vector — leads to a conserved
quantity along the geodesic motion of a test particle. Of course, in full general relativity
the metric itself is also dynamical. In that case, Noether’s theorem applies not just to
particle motion but to the gravitational field as a whole. The corresponding conserved
quantities are no longer defined along a single worldline, but instead appear as surface
integrals evaluated at the boundary of spacetime regions. We will now use this more general
version of Noether’s theorem to derive the first law of black hole mechanics, where energy
and angular momentum are expressed as boundary terms evaluated at infinity and at the
horizon. The first law ultimately comes from one simple principle: energy associated with
a symmetry can be written as a boundary term. For a spacetime symmetry, here generated
by x°, the corresponding energy can be computed

o at infinity (giving M, J, @),

+ and at the horizon (giving kA and work terms).

The first law arises because these two ways of computing the same quantity must agree.
We start from the Einstein-Maxwell action for gravity g, coupled to electromagnetic
field A,. When we vary the fields schematically,

48 = f (equations of motion) + / 0,(boundary term). (5.2)

The key point is: when the equations of motion hold, all that remains is a boundary term.
This boundary term is called the symplectic potential and is denoted 6°. You can think of
it simply as: #* =“the term that appears when we integrate by parts in 457

For any vector field ¥ generating a spacetime symmetry, one can construct a conserved
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by x°, the corresponding energy can be computed
o at infinity (giving M, J, @),

« and at the horizon (giving kA and work terms).

The first law arises because these two ways of computing the same quantity must agree.
We start from the Einstein-Maxwell action for gravity g, coupled to electromagnetic
field A,. When we vary the fields schematically,

48 = / (equations of motion) + f d.(boundary term). (5.2)

The key point is: when the equations of motion hold, all that remains is a boundary term.
This boundary term is called the symplectic potential and is denoted #°. You can think of
it simply as: #* =“the term that appears when we integrate by parts in 45"

For any vector field x* generating a spacetime symmetry, one can construct a conserved

current
JE =@ —t L, (5.3)
where L is the Lagrangian density. Using the equations of motion, one finds
Vo J? = 0. (5.4)
35
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where L is the Lagrangian density. Using the equations of motion, one finds

Va Jﬂ = O (54) . PIUSS-PeetAW-

35

H- - £ PE
PIUSS-PeetAW-
[ Lecd.pdf -

k SN
5 @ PIUSS-PeetAW-Lecl-
4 Appendix2.pdf

® PIUSS-PeetAW-Lecl-
Appendix1.pdf
-

® PIUSS-PeetAW-Tutl~
SchwGeod.py

By the divergence theorem, any conserved current can be written as a total divergence: i
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The antisymmetric tensor Q is the Noether charge density. For general relativity,

L Gy (5.6)

ab __
Qv = 167

The conserved quantity associated to x” is obtained by integrating over a spatial slice X,
H, = f JdE,. (5.7)
>

Using J* = V,Q% and Gauss’ law,
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By the divergence theorem, any conserved current can be written as a total divergence:

Jo =V, 0%, (5.5)
The antisymmetric tensor Q® is the Noether charge density. For general relativity, ; E] s
1 .
ab la. b]
=i N % 5.6
Q TR (5.6)

The conserved quantity associated to x* is obtained by integrating over a spatial slice X,
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This is the key structural result: energy is a boundary integral. For a black hole spacetime,
the boundary d% has two pieces:

« spatial infinity, and

« the horizon.
So any variation gives
§H, = d(infinity term) — §(horizon term). (5.9)
At infinity, the charge gives familiar quantities,
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» spatial infinity, and
« the horizon.

So any variation gives
dH, = d(infinity term) — §(horizon term). (5.9)
At infinity, the charge gives familiar quantities,

§H, = M — QuéJ — ®pdQ. (5.10)

95 #® 0000800 -0+x0O88. . '00 T000:08E06M ¥

Pirsa: 26060076 Page 8/31



& Preview File Edit

Pirsa: 26060076

View

Go

Tools

Window  Help

PIUSS-PeetAW-Lecd.pdf — Page 3 of 12

<

\a

s 0.1Mbfs
35 pomb)s

This is the key structural result: energy is a boundary integral. For a black hole spacetime,

the boundary 9% has two pieces:
 spatial infinity, and
o the horizon.

So any variation gives
dH,, = d(infinity term) — d(horizon term).
At infinity, the charge gives familiar quantities,
0H, = oM — QgdJ — ®udQ).

You can think of this as
energy change = work terms.

The crucial step is now to compute the same quantity at the horizon.

The Noether charge density is

1
ab _ V[a, b]
Q T

On the horizon, x* is null and normal to the surface. One can show

VauXs = K €ap + (tangent terms),

(5.9)

(5.10) p

(5.11)

(5.12)

(5.13)

where €4 is the binormal to the horizon cross-section. Only the normal (antisymmetric) part

contributes to the surface integral, so

K ab

Qab =

(5.14)
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fH Q¥dS,;, = A (5.16)

Taking a variation,

ab — i £
/H 6Q"dSw — S A+ bk, (5.17)

For variations between stationary solutions, the formalism ensures the dx term does not
contribute to dH,,, leaving

RS, = ——5A 1
[H 6Q S = Z-0A. (5.18)

..... he same guantitv 0 H.. computed
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§Q%dS,, = —6A + —dk. (5.17)
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For variations between stationary solutions, the formalism ensures the dx term does not

contribute to 0 H,, leaving m o et ’ ‘
§Q%dS, = —5A. 1 . %
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M = %5}1 +QpdJ + ®rdQ)|. (5.19)

« This structure is strongly reminiscent of the First Law of Thermodynamics,
OE =TdS + Q6J + ©oQ), (5.20)

as long as we identify 7' oc k and § < A.

» Using Hawking’s exact computation of the temperature provides the precise coeffi-
) cients. After putting back all the units, we
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. The same quantity d H,, computed

« at infinity gives 0M — QydJ — o0, and
s at the horizon gives K0 A/(8).

Equating them implies that

oM = %51—1 +QrdJ + ®réQ)|. (5.19)

« This structure is strongly reminiscent of the First Law of Thermodynamics,
OE =TS8+ QdJ + 260, (5.20)

as long as we identify T o k and § ox A.

« Using Hawking’s exact computation of the temperature provides the precise coeffi-
cients. After putting back all the units, we get

kpc® Area(horizon)
WG 1

(5.21)

SBH =

Note how the Bekenstein-Hawking entropy scales with the area of the horizon, not the volume
enclosed by it. Depending only on {M, J, @}, it is independent of the detailed formation
history of the black hole. The sheer size of this entropy is probably beyond your wildest
dreams. For a simple Schwarzschild black hole in 4D, Sgy/kg ~ (M/mp)?. The only
thing that might have a higher entropy than the biggest known supermassive black hole,
Ssarsr/kps ~ 1097, is an entire de Sitter cosmos with Syg/kp ~ 102, But that extremely
large number comes from a contested semiclassical calculation, and in fact de Sitter spacetime
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5.3 Second Law of Black Hole Thermodynamics ‘
@ PIUSS-Pa
The second law says the horizon area never decreases in classical GR. The core mechanism s

is focusing of light rays:

« horizon generators are null geodesics,

.
PIUSS-PeetAW-
Lecd.pdf
1 =TT
B i

« gravity focuses them via the Raychaudhuri equation, and

« energy conditions ensure that focusing only increases.

If the area were to decrease, the null generators would form caustics and leave the horizon, Y et
which is not allowed. Thus, the horizon can only grow. SIS poetaw-Lect-
Let &k be a vector field tangent to horizon generators. Consider the covariant derivative :p::::_::::“;_-m_
of it, V, ks, and split that up into a traceless symmetric part called the shear (o,;), an k i::i:::mw
antisymmetric part called the vorticity (wq), and a trace part called the expansion (0). In Tt pot
terms of @, the area evolves as it Ayl
% = / 0 dA. (5.22) = i

One can derive equations for the evolution of the shear, vorticity, and expansion. The
equation for the expansion is the simplest, and it is known as the Raychaudhuri equation,

% = —%92 g™ L™ — R kR (5.23)

On the horizon, two things are true: 0%o,, > 0 and wy, = 0. The vorticity w,; vanishes

because the horizon generators are normal to a null hypersurface, the event horizon. A
general result known as the Frobenius theorem states that any geodesic congruence that
is hypersurface-orthogonal has zero vorticity. Since the horizon is a null surface and £* is

Mo " - -000D0"00 - O*xMO1. . '00 TR :0F
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equation for the expansion is the simplest, and it is known as the Raychaudhuri equation,

=

do 1

a - _592 - Uabgab + wabwab - Rabkakb' (523)
On the horizon, two things are true: ¢%o, > 0 and w,, = 0. The vorticity wy; vanishes . El e
because the horizon generators are normal to a null hypersurface, the event horizon. A .

general result known as the Frobenius theorem states that any geodesic congruence that
is hypersurface-orthogonal has zero vorticity. Since the horizon is a null surface and £* is
normal to it, the congruence has no twist. Thus,

d9 Li Appendix2.pdf
= *79 o Rﬂbkakb. (524) ; i-l"m'SS-PeetAw-Lem-
d/\ Appendix1. pdf
® PIUSS-PeetAW-Tutl-
Using Einstein’s equation, SchwGeod.py
Rk = 87Tokok". (5.25) R [ oo
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Now we make a physics assumption: the null energy condition, RiemCodepy
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Tuk®k? > 0. (5.26) \

This says that the energy density seen by any lightlike observer is nonnegative; this is
satisfied by essentially all classical reasonable matter fields and fluids (but can be violated
by quantum effects like Casimir energy or Hawking radiation). Thus,

@ __92 (5.27)

If 8 < 0 at any point, the inequality implies that § decreases rapidly and diverges to —
in finite aﬂ"me parameter This corresponds to the formation of a caustlc where nelghbourmg
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by quantum effects like Casimir energy or Hawking radiation). Thus,

do

@ PIUSS-Pa
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If § < 0 at any point, the inequality implies that # decreases rapidly and diverges to —oo - R

in finite affine parameter. This corresponds to the formation of a caustic, where neighbouring
generators intersect. However, a key property of an event horizon is that its generators can
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never leave the horizon to the future. If generators were to intersect and form a caustic,
they would no longer lie on the boundary of the causal past of future infinity, contradicting
the definition of the horizon. Thus caustics cannot form on the future horizon, and we must

have
6> 0. (5.28)
In conclusion, we have that
ﬁ >0 (5.29)
dx — | '
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5.4 Third Law of Black Hole Thermodynamics

The strongest form of the third law of thermodynamics asserts that S(T" — 0) — 0. This
(Planck-Nernst) statement is actually not a theorem of statistical mechanics, but is more of
an empirical regularity for ordinary systems with a unique ground state.

Black holes, and extremal black holes in particular, provide a dramatic counterexample
to the strong form of the third law. Extremal Kerr-Newman black holes have vanishing
Hawking temperature yet possess a finite horizon area and hence a finite Bekenstein—Hawking
entropy. String theory, which furnishes a microscopic approach to quantum gravity, provides
support for this feature: supersymmetric black holes with zero Hawking temperature are
exactly extremal, exactly stable, and their entropy can be computed microscopically by
counting distinct quantum ground states. The perfect agreement between this microscopic
degeneracy and the geometric entropy strongly suggests that nonzero black hole entropy at
zero temperature is both real and physical.

What does survive in black hole thermodynamics is a weaker formulation of the third
law, often called the unattainability principle: it is impossible to reach zero temperature
by any finite physical process. This mirrors the classical black hole result that the surface
gravity cannot be reduced to zero by finite operations. Thus black holes do not so much
violate the third law as clarify which version is fundamental.

5.5 Thermodynamics for Kerr—-Newman Black Holes

Tiny piece of trivia: Professor Roy Kerr taught me second-year multivariable calculus when
I did my undergraduate B.Sc.(Hons) at the University of Canterbury in my hometown of
Otautahi/Christchurch, Aotearoa/New Zealand. His final exam was hard.

The Kerr—Newman metric is characterized by mass M, angular momentum J = aM, and
electric charge ). The induced metric on the outer horizon at » = r, gives an area
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This result is independent of # and depends on the charge only through the horizon radius
r4. The final expression for the Bekenstein-Hawking entropy of a Kerr-Newman black hole
is, with all the units put back in,

kpc? . 2 1 _ . . JPe @QPM?
SBH_EGN4 M. | where Mr,,m‘,—2 M 2GN+ M 2 Cn . (5.31)

The irreducible mass M;,.- is that portion of the mass which cannot be extracted by classical
processes (Penrose process, superradiance, etc.).

Note that at fixed mass M, both angular momentum .J and electric charge @) reduce the
horizon area, consistent with the interpretation that rotation and charge carry “order” that
reduces entropy. Recall Kerr-Newman superradiance? This reflects the fact that the KN
black hole behaves as a system with chemical potentials {2y and ®y conjugate to angular
momentum and charge. The particle occupation number takes the form

(ama) = :
fomal = exp[(w — mQy — q®y)/Ty] — 1

(5.32)

So modes satisfying w < mQy + ¢®x get enhanced rather than suppressed. Thus Hawking
radiation smoothly incorporates superradiance as stimulated emission. As a result, Hawking
evaporation generically causes Kerr-Newman black holes to shed angular momentum and
charge, evolving toward a Schwarzschild black hole before complete evaporation.

5.6 Entanglement in QM and in QFT
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5.6 Entanglement in QM and in QFT

In classical mechanics, a system with non-interacting components can be separated into its X :wupsds-;:mw-_.
parts, which can be analyzed independently, and then we can put them back together to = :
reconstruct the whole thing. This intuition fails abysmally for quantum mechanics, because = s
the non-interacting parts can be entangled with one another. This is why we say that : E] ekl
entanglement describes the failure of classical separability. So: what do we use to measure
quantum entanglement?

A quantum mechanical density matrix p is a positive semidefinite Hermitean operator k
with unit trace acting on a Hilbert space. It encodes all observable predictions via

!
5o

(0) = Tr(p0). (5:33) g
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ppure — “I’) (\Il‘ , p2 =7, Tr(pZ) = 1w (534) ® PIUSS-PeetAW-Lecl-
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If a system is in a definite or pure state |¥), then the recipe for the density matrix is
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If however the system is in a mixed state, then

Pmixed = ZPJ‘IG)(‘I'J ] pi 20, Zpi =l Tr(p*) < 1. (5.35)

The spectrum of p4, known as the entanglement spectrum, governs all entropic measures.
Now suppose that we have a bipartite system defined on a Hilbert space H = Ha ® Ha-
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quantum entanglement?
A quantum mechanical density matrix p is a positive semidefinite Hermitean operator
with unit trace acting on a Hilbert space. It encodes all observable predictions via

(0) = Tr(p0). (5.33)

If a system is in a definite or pure state |¥), then the recipe for the density matrix is

poure = [UN¥|,  pP=p, Tr(p?)=1. (5.34)
If however the system is in a mixed state, then
Pmixed = 3 _PilUNT|,  pi>0, Y p=1, Tr(p®)<L. (5.35)

The spectrum of p4, known as the entanglement spectrum, governs all entropic measures.
Now suppose that we have a bipartite system defined on a Hilbert space H = Ha ® Hae

40

with density matrix p44c, where A¢ is the complement of .A. We can define the reduced
density matrix by tracing out the degrees of freedom in the subsystem .A°,
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' Now suppose that we have a bipartite system defined on a Hilbert space H = H 4 @ H .4

40
Ll
* ﬂj ;APPE:Idi!; olf
with density matrix ps4c, where A° is the complement of A. We can define the reduced g oty
density matrix by tracing out the degrees of freedom in the subsystem .4°, ® pluss-PeetAW-Tuti-
SchwGeod.py
pa=Trac(pas). (5.36) = Ritea
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Note that by using the Schmidt decomposition, we can see that S4 = S4.. Then the von 0: PIUSS-PectaW-
Neumann entropy is defined via el
Sa=—Tr(palogpa). (5.37)

Note that §4 = 0 when A and .A° are unentangled (so p4 is itself a pure state); a nonzero
value signals entanglement. More generally, if p4 is diagonalizable as in a finite QM system
with eigenvalues A;, then S4 = —>". Ailog ;.

Consider the simplest possible system exhibiting entanglement: two qubits, where the
total Hilbert space is H = Hqubit ® Heunie = Span(]00), [01), |10}, |11}). The basis states are
separable, but the Bell state

1
] - —=((00) + [11)) (5.38)
o 9% % -00000S00-0+xN88 . 00 Te000:0FEE? ¥

Pirsa: 26060076 Page 20/31



& Preview File Edit view Go Tools Window Help ( ¥ 340 Jhhbe = A Clei) & 8 Fridun26 1059

N @ & PIUSS-PeetAW-Lecd.pdf — Page 8 of 12 :-I D
] Nole Lal o4 = U when A ald A - ale ullentaligled (50 g4 1s Lisell a pure slale); 4 HOLZero ki

value signals entanglement. More generally, if p4 is diagonalizable as in a finite QM system
with eigenvalues \;, then Sq = —>". Ajlog ;.

Consider the simplest possible system exhibiting entanglement: two qubits, where the
total Hilbert space is H = Hqubit @ Hquvie = Span(]00), |01), |10}, |11)). The basis states are
separable, but the Bell state

1
E

encoding quantum entanglement between qubit .4 and qubit .A° is non-separable. It has
density matrix and entanglement entropy given by

(|00) + |11)) (5.38) -E@” @

1 R
pa = Trac(|UN(T]) = 5 (J0)O[ + [1N(1]) ,  Sa=1log(2). (5.39) e
Appendix1. pdf -y
For a lattice of qubits with a contiguous region A, S4 scales like the area of the boundary sty ™
AdA for the ground state of a gapped Hamiltonian. Bk
Now, what changes when we graduate from QM to QFT? In QFT, if we have a wave- T
functional ¥(®(x)) representing the instantaneous state of the system, then we can mimic [ Lo

our QM constructions to define a reduced density matrix and its associated entanglement
measures. In the above, ®(z) is some collective label for the collection of fields characterizing
the system and z is a set of spatial coordinates describing the spatial location on a time-slice.
Next, we pick some codimension one region A on our Cauchy slice ¥£,;_;, which allows for
spatial bipartitioning of the form

ALAS =254 . (5.40)

The separatrix is a spacetime codimension two surface, called the entangling surface, written
as 0.A. Then for a quantum field we can investigate a tensor product of Hilbert spaces like
for the QM system earlier. (But strictly speaking, this only works for theories without gauge
symmetries, because there are constraints like the Gauss Law to satisfy. We do not have
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1
—([00) + |11 5.38
\/Q(I ) +111)) (5.38)
encoding quantum entanglement between qubit A and qubit .A° is non-separable. It has
density matrix and entanglement entropy given by

B
]. A PIUSS-PeetAW-
pa = Trac(|ONT)) = 5 (J0)O[ +[1)(1]) ,  Sa=1log(2). (5.39) El

For a lattice of qubits with a contiguous region 4, S4 scales like the area of the boundary
0A for the ground state of a gapped Hamiltonian.

Now, what changes when we graduate from QM to QFT? In QFT, if we have a wave- P o Fise-pactailect g
functional W (®(z)) representing the instantaneous state of the system, then we can mimic e B
our QM constructions to define a reduced density matrix and its associated entanglement * adad
measures. In the above, ® () is some collective label for the collection of fields characterizing seray A
the system and x is a set of spatial coordinates describing the spatial location on a time-slice. BT
Next, we pick some codimension one region A on our Cauchy slice ¥£;_;, which allows for ® PIUSS-PeetAW-Leci-

RiemCode.py
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spatial bipartitioning of the form
AUA =5, ;. (5.40)

The separatrix is a spacetime codimension two surface, called the entangling surface, written
as 0A. Then for a quantum field we can investigate a tensor product of Hilbert spaces like
for the QM system earlier. (But strictly speaking, this only works for theories without gauge
symmetries, because there are constraints like the Gauss Law to satisfy. We do not have
time to discuss these subtle and fascinating details here, or other active areas of research!)
For computing entanglement entropy in QFT, we must use a short-distance UV regulator
¢ around d.A, because otherwise our entanglement entropy would be infinite. There are
infinitely many degrees of freedom near the entangling surface, one per field mode per point.
Why is it important to think about entanglement entropy in the context of black holes?
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