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In this lecture we develop the key physical ideas underlying Hawking radiation. Rather than g L
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beginning directly with black holes, we first study a simpler and more controlled setting: . Pz::ss_pemw.m_

uniform acceleration in flat spacetime. This allows us to isolate the essential ingredients: SchwGeod.py
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» horizons, Tut.pf
» different notions of time,

» and the observer-dependence of particles.
We will see that even in flat spacetime, an accelerated observer detects a thermal bath of

particles. This phenomenon is known as the Unruh effect. In the next lecture, we will see
that Hawking radiation is essentially the same effect, but in curved spacetime.

3.1 Uniform Acceleration in Flat Spacetime

Since rapidity 7, defined by v/c = tanh 7, is additive under Lorentz boosts, it is the natural
variable to use when discussing relativistic motion. This suggests that constant relativistic
acceleration should correspond to a linear increase of rapidity with proper time:

dn = gdr. (3.1)

At first sight this may look like a definition, but it is in fact a very natural one. To understand
why it holds more generally, consider the concept of the instantancous inertial rest frame.

At each instant along the trajectory of the observer, we can define a frame in which the
observer is momentarily at rest. In this frame:
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» different notions of time,
» and the observer-dependence of particles.
We will see that even in flat spacetime, an accelerated observer detects a thermal bath of

particles. This phenomenon is known as the Unruh effect. In the next lecture, we will see
that Hawking radiation is essentially the same effect, but in curved spacetime.

3.1 Uniform Acceleration in Flat Spacetime

Since rapidity 7, defined by v/c = tanh 7, is additive under Lorentz boosts, it is the natural
variable to use when discussing relativistic motion. This suggests that constant relativistic
acceleration should correspond to a linear increase of rapidity with proper time:

dn = gdr. (3.1)

At first sight this may look like a definition, but it is in fact a very natural one. To understand
why it holds more generally, consider the concept of the instantancous inertial rest frame.

At each instant along the trajectory of the observer, we can define a frame in which the
observer is momentarily at rest. In this frame:
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In this lecture we develop the key physical ideas underlying Hawking radiation. Rather than
beginning directly with black holes, we first study a simpler and more controlled setting:
uniform acceleration in flat spacetime. This allows us to isolate the essential ingredients:

e horizons,

 different notions of time,

« and the observer-dependence of particles.

We will see that even in flat spacetime, an accelerated observer detects a thermal bath of
particles. This phenomenon is known as the Unruh effect. In the next lecture, we will see
that Hawking radiation is essentially the same effect, but in curved spacetime.

3.1 Uniform Acceleration in Flat Spacetime

Since rapidity 7, defined by v/c = tanhn, is additive under Lorentz boosts, it is the natural
variable to use when discussing relativistic motion. This suggests that constant relativistic
acceleration should correspond to a linear increase of rapidity with proper time:

dn = gdr. (3.1)

At first sight this may look like a definition, but it is in fact a very natural one. To understand
why it holds more generally, consider the concept of the instantaneous inertial rest frame.

At each instant along the trajectory of the observer, we can define a frame in which the
observer is momentarily at rest. In this frame:
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We will see that even in flat spacetime, an accelerated observer detects a thermal bath of
particles. This phenomenon is known as the Unruh effect. In the next lecture, we will see
that Hawking radiation is essentially the same effect, but in curved spacetime.

3.1 Uniform Acceleration in Flat Spacetime

Since rapidity 7, defined by v/c = tanhn, is additive under Lorentz boosts, it is the natural
variable to use when discussing relativistic motion. This suggests that constant relativistic
acceleration should correspond to a linear increase of rapidity with proper time:

dn = gdr. (3.1)

At first sight this may look like a definition, but it is in fact a very natural one. To understand
why it holds more generally, consider the concept of the instantaneous inertial rest frame.

At each instant along the trajectory of the observer, we can define a frame in which the
observer is momentarily at rest. In this frame:

(3.2)
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At each instant along the trajectory of the observer, we can define a frame in which the fhs
observer is momentarily at rest. In this frame:

dn = gdr. (3.1)

(3.2)

and the acceleration measured is precisely the proper acceleration g(7). Relating quantities
in this instantaneous frame to those in the lab frame using Lorentz transformations, one

finds
; Uy — U : Oy

_ - %= 3.3
T T ’U.ZU, Oy 73(1 _ ux'u)3’ ( )

U

with v = (1 — v?)~*/? = coshn. Now, along the trajectory, the observer’s velocity matches
the boost velocity: u, = v. This simplifies the expressions dramatically, and one obtains

Ay = 739(7). (3.4)

Using a, = du,/dt and dt = ~ydr, we can rewrite this as a differential equation for w, (7).
Integrating, one finds

arctanh(u,) =n = j: g(r")dr'. [#.5)
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dxr = sinh n dr. (38) @ PIUSS-PeetAW-
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dx = u,dt = tanhn dt, (3.7)

Similarly,
dt = coshndr. (3.9)

For constant g, we have n = g7, and these integrate to

1
2(r) = (cosh gr—1), tir)= p sinh g7, (3.10)

where we have chosen initial conditions z(0) = 0, £(0) = 0. Eliminating 7, we obtain

1\? 1
(:Hg) =t (3.11)

g
This is the equation of a hyperbola.

3.2 Acceleration Horizons

The hyperbolic trajectory has asymptotes given by
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3.2 Acceleration Horizons

The hyperbolic trajectory has asymptotes given by
s b (3.12)

These are null lines. Since light travels along null curves, these lines represent the limits of
causal influence.

To understand their meaning physically, consider sending signals toward the accelerated
observer. Any signal emitted from beyond one of these null lines will never intersect the
observer’s trajectory. In other words, there are regions of spacetime that the observer can
never see. These boundaries are called Rindler horizons.

This is a key conceptual point. Horizons are not inherently gravitational—they arise
whenever an observer’s motion restricts the causal region accessible to them.

Another way to see this is to imagine increasing the acceleration g. The corresponding
hyperbola approaches the asymptote more closely, meaning the observer’s accessible region
shrinks. Thus even in flat spacetime, acceleration gives rise to horizons.
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Each curve of constant p corresponds to a uniformly accelerated observer, with ]ﬁoper ac-
celeration

1
a(p) = " (3.14)

@ PIUSS-PeetAW-
Tutl,pdf

19

This already tells us something important: there is no single uniformly accelerated frame.
Instead, acceleration varies across the congruence.
We now introduce coordinates adapted to these observers:

z = pcosh(ar), t = psinh(ar). (3.15)

Here 7 labels motion along each hyperbola. It plays the role of time for the accelerated
observers. It is important to note that the parameter a appearing here is not the proper
acceleration. Rather, it sets the normalization of the time coordinate 7.
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We now introduce coordinates adapted to these observers: L
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z = pcosh(ar), t = psinh(ar). (3.15) © PIUSS-Peetaw-

Tut pf
Here 7 labels motion along each hyperbola. It plays the role of time for the accelerated
observers. It is important to note that the parameter ¢ appearing here is not the proper
acceleration. Rather, it sets the normalization of the time coordinate 7.
A useful observation is that
Or = a(x0, + t0,) . (3.16)

This is precisely the generator of Lorentz boosts. Thus translations in Rindler time corre-
spond to Lorentz boosts in Minkowski spacetime.
In these coordinates, the metric becomes

ds* = —a*p*dr* + dp* + dz? . (3.17)

This looks like a curved spacetime metric, even though we started in flat space. This reflects
the fact that we are using non-inertial coordinates.
The Rindler coordinates we have outlined only cover the region

z > |t (3.18)

known as the right Rindler wedge. The boundaries
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beyond these surfaces. Thus, from their perspective, spacetime is effectively cut off at the
horizon. This restriction of accessible degrees of freedom will be crucial for understanding
why a thermal state arises.
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3.4 Bogoliubov Transformations

We now turn to quantum fields. The key message of this section will be that different notions
of time lead to different notions of particles and vacuum. &.

¢ Inertial observers: 9,
e Accelerated observers: 9,

In flat Minkowski spacetime with coordinates (¢, ), inertial observers naturally define
time using ¢, and positive frequency modes of a scalar field ¥ behave as

ulM) ~ gt (3.20)

The Minkowski vacuum is defined as the state containing no such positive-frequency exci-
tations. But — and this is the big but. Modes that are positive frequency with respect to
inertial time ¢ are not purely positive frequency with respect to the accelerated time 7. As
a result, when one decomposes a Minkowski positive-frequency mode in terms of 7, it mixes
positive- and negative-frequency components.

More precisely, the field expansion in Rindler modes takes the form

b= 3 (G + ).

w

(3.21)

while the same field expanded in Minkowski modes is

-3 (BgM)ug,M) T g&Mﬁu&M)*) , (3.22)

The two sets of modes are related by a Bogoliubov transformation,

qu;M) - Z (a“’“"urﬁf) + Buwr u‘(‘,}?)*) ’

w!

(3.23)
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The Minkowski vacuum is defined as the state containing no such positive-frequency exci- Lectpaf
tations. But — and this is the big but. Modes that are positive frequency with respect to 5]
inertial time ¢ are not purely positive frequency with respect to the accelerated time 7. As [ s restan-
a result, when one decomposes a Minkowski positive-frequency mode in terms of 7, it mixes o
positive- and negative-frequency components.

More precisely, the field expansion in Rindler modes takes the form i

b= (aPul + aPy") (3.21)
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while the same field expanded in Minkowski modes is

b= 37 (B00ul + 50000, (3.22)

The two sets of modes are related by a Bogoliubov transformation,
W = § (aww,uﬁj?) + 5W,u§f)*)'(,‘ (3.23)
which implies a corresponding relation between operators:
i@ =3 (a;w,aﬁ,*ﬁ'f ) — gr M ”) . (3.24)
The Bogoliubov coefficients satisfy the normalization condition
3 (lower* = |Bunr?) = 1. (3.25)
wn‘
This mode mixing has a direct physical interpretation. If we define the Minkowski vacuum
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which implies a corresponding relation between operators: B
A ~ PIUSS-PeetAW-
aP =3 (a;w,bff J— ﬁ:,w,b(M”) : (3.24) B

w
' @ PIUSS-PeetAW-Tutl-
W SchwGeod.py
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The Bogoliubov coefficients satisfy the normalization condition Toper

Z (laww’Jz - |,wa"2) =1 (325)
This mode mixing has a direct physical interpretation. If we define the Minkowski vacuum
by
b0 = 0, (3.26)
it does not follow that
a®10,) = 0. (3.27)
Instead,
(0n 65160 |0ae) = D |Burr[” (3.28)
Thus the Minkowski vacuum contains particles according to accelerated observers.
At this point, nothing has been assumed about thermality. We have only established
that particle content is observer-dependent.
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The thermal nature of the spectrum arises from a specific property of the coordinate trans- ol
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In Rindler coordinates, B .G
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Taking logarithms, Tutt,pef
1 g
T~ ﬁln(—:ﬁ/af: ). (3.31)

Thus the relation between inertial and accelerated time is logarithmic.

This has an important analytic consequence: logarithmic functions have branch cuts.
When a mode is analytically continued around such a branch cut, it picks up an imaginary
shift. Specifically,

2a7 — 2aT+2mi., (3.32)

Applying this to the mode e™*7 gives
e Ty g /e (3.33)

This implies the relation

2
:ﬁ “112 = g mw/a, (3.34)
w
Solving gives
1 1

PR S - S
1 — g 2mwja’ ‘ﬁwl = erwfa _ 1’ (335)

|05w|2 =

Therefore, the particle number distribution is
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This implies the relation

|/3w|2 _ e—27rw/a.
| |?

Solving gives
1

T — 8—27ru/a ?

1
|ﬁw|2 =

|Ofw|2 =
Therefore, the particle number distribution is

_ 1
- eQ’lrw/a _ 1

(Vo)

This is exactly the Planck distribution, with temperature

h a
TUwuh = ———|.
Unruh kpe2mw

627rw/a. — )

Ll 3pe Jome

(3.37)

An observer with constant acceleration perceives the Minkowski vacuum as a thermal bath.
The numbers here are pretty small in SI units: i/(kgc) ~ 2.55 x 1072 K s?/m. Current

state of the art: no unambiguous experimental detection exists.
The key ingredients behind this result are:

 the presence of a horizon,
e a logarithmic relation between time coordinates,
« and the observer-dependence of positive frequency.
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Solving gives
1 1

2 &
|ij| T 1 — p2mw/a’ I‘B“"l T e2nwfa 1"
Therefore, the particle number distribution is

1

- e2rwfa _ 1°

(Vo)

This is exactly the Planck distribution, with temperature

h a
TUmruh = —— | 3.37
Yk kge 2 ( )

An observer with constant acceleration perceives the Minkowski vacuum as a thermal bath.
The numbers here are pretty small in ST units: h/(kgc) ~ 2.55 x 1072° K s?/m. Current
state of the art: no unambiguous experimental detection exists.
The key ingredients behind this result are:
 the presence of a horizon,
¢ a logarithmic relation between time coordinates,
« and the observer-dependence of positive frequency.
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When this local temperature is redshifted to infinity, one obtains Hawking radiation,
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3.6 The Physical Meaning of Surface Gravity Lacapif
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Thus Hawking radiation can be understood as the Unruh effect in curved spacetime.

Physically, surface gravity x measures the gravitational pull of the horizon as seen from infin-
ity. It is the force required at infinity to hold a particle just outside the horizon. Of course,
near the event horizon, the local acceleration tends to infinity. But so does the gravitational
redshift from the horizon out to infinity. Accordingly, the gravitationally redshifted local
acceleration can remain finite, and this gives rise to a finite observable force. This is called
the surface gravity of the spacetime.

Surface gravity can be defined intrinsically using the Killing vector that generates the
horizon. Let (M, g,;) admit a Killing vector field x#, i.e.,

@ PlUSS-PeetAW-
Tut?,pdf

v(aXb) =0. (339) *

Define its norm:
Y= g™’ (3.40)

A Killing horizon H is a null hypersurface on which
x)=0 and x*#0. (3.41)

Thus, on H, x* is both tangent to the surface and null.
The gradient of the norm everywhere in M is
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Thus, on H, x* is both tangent to the surface and null.
The gradient of the norm everywhere in M is

Va(x®) = Va(gex*Xx%) = 2x"Vaxs-
Now use the Killing equation to obtain
Va(X?) = —2x"Vixa
Therefore, everywhere we have
X"Vixa = =5Va(x?) -

Now evaluate the above on the horizon. On H, we have
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Therefore: the gradient V,(x?) is normal to the surface, but the normal to a null surface
is also tangent to it. To see this, note that if a surface ¥ is defined by f(z*) = 0, then
any tangent vector t* satisfies t°V,f = 0, i.e., the normal n, = V. f annihilates all tangent
vectors: n,t* = 0. But in the special case where the normal vector is null, we have n,n* = 0,
and so indeed, n® is tangent, as claimed. Therefore, V,(x?) must be proportional to x, on
H. So there exists a scalar « such that

Va(x?) = —2kx, onH. (3.46)
Comparing with our earlier identity gives

by
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3.7 Kerr-Newman black holes ol piunici
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The Kerr-Newman spacetime describes the unique rotating, electrically charged black hole GREE
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in four dimensions in a theory with gravity minimally coupled to a Maxwell gauge field. It RisCoTY
will be the primary focus for investigating black hole thermodynamics. e

Lect.pdf

In Boyer-Lindquist coordinates (¢, 7,6, ¢), the Kerr-Newman metric is M
Lec2.pdf
n?6

si |2 | (R
dr2 =+ p2d62 +—— [(rz =+ a?) dSO —a dt:| 2 (349) ® :IUPSS-Pe:tAW-Tuﬂ-
p2 SchwGeod . py
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A

A
ds? = ~ 2 (dt — asinQHdgo)z +

where
Alr)= r2 —2Mr+a® Q% > =1% 4+ a%cos?. (3.50)

The electromagnetic gauge potential is

A dzt = —% (dt — asin® B dy) |. (3.51)

The three solution parameters

(M, J = aM,Q} (3.52)

denote the mass, angular momentum, and electric charge of the black hole, respectively.
The causal structure of the Kerr-Newman spacetime is controlled by the roots of the
function A(r). The event horizons are located at

re =M+ /M —a— Q2 (3.53)

The singularity is at p = 0 and it looks like a ring in BL coordinates.
Here is a figure of Kerr(-Newman) in BL coordinates, where the event horizons (g™ — 0)
are depicted in blue and red while the ergosurfaces (g, — 0) are in yellow and green:
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credit: https://people.uncw.edu/hermanr/BlackHoles/Kerr Metric_II.pdf

This is for BL coordinates only. The diagram would look different in a different coordinate
system. In Cartesian coordinates associated to BL, the ergospheres are represented here in
green while the event horizons are in blue and the singularity is black:
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This is for BL coordinates only. The diagram would look different in a different coordinate
system. In Cartesian coordinates associated to BL, the ergospheres are represented here in
green while the event horizons are in blue and the singularity is black:
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Note: Minkowski has been proven nonlinearly stable (1993); for Schwarzschild it’s near-
proven, for slow-rotation Kerr progress is partial, and for general Kerr it's an open question.
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