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Abstract:
Current and upcoming cosmological surveys will map the observable Universe with incre:
maximum information about cosmology from these surveys, especially from smaller sca
traditional 2-point analyses. In this talk, | will introduce a new set of summary sta
distributions, which are sensitive to moments of all N-point functions in the data, whi
measurements. | will discuss how these summary statistics can measure auto and crc

continuous datasets, as well as their connections to other higher-order statistics propos¢
science cases where these statistics can be applied to either increase the significance
on parameters of interest. Finally, | will discuss attempts to model these statistics us
successfully applied to modeling 2-point functions in both real and redshift space.
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Harnessing information from higher order statistics in cosmology

- k-nearest neighbor (kNN) distributions

Arka Banerjee
Indian Institute of Science Education and Research (IISER) Pune

Collaborators: Tom Abel, Richie Wang, Nickolas Kokron, Will Coulton, Sandy Yuan, Dhayaa
Anbajagaane, Kaustubh Gupta, Eishica Chand, Kwant Gangopadhyay, Atrideb Chatterjee, ...
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Cosmological data: a new era
' DES Mass Map

kg; 0.2 <z< 13

DESI Galaxies . ’ _ DES galaxies
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Cosmological data: a new era

DES Mass Map
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Cosmology: The big questions

We want to utilize these datasets to answer
some fundamental questions in cosmology.

What happened in the early Universe? What
drove inflation? What happened during
reheating?

What was the thermal history of the Universe?
What constitutes the energy budget of the
Universe today? What are their properties?

Neutrino mass. Other light but massive species.

What is Dark Energy? Is it consistent with being
a cosmological constant?

B DESI BAO + CMB + PantheonPlus
DESI BAO + CMB + Union3
BN DESI BAO + CMB + DESY5

—0.8

DESI Collaboration, 2024
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N-body simulations

Fiducial M nu = 0.90 eV Mnu=2.10eV z=9.43

Credit: Vikhyat Sharma
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N-body simulations

Fiducial , ’ Mnu=2.10eV z = 70.0

v

Credit: Vikhyat Sharma
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Capturing cosmological information: 2-pt correlation
function

@ For Gaussian Random Fields (like the CMB),
the 2-point correlation function is the optimal
summary statistic - there is no more
information in the field.

Same holds true for the late-time Universe on
large scales.

Planck Collaboration
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Beyond the 2-point function

However, this is no longer true for smaller
scales at late times, so the 2-point function no

longer captures all the information in the field.

Cosmological surveys will provide exquisite
data precisely in this regime. We will fail to fully
utilize the power of these experiments if we
do not look for techniques that can probe the
non-Gaussian information in the field.

Millenium Simulation
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Beyond the 2-point function

True projected initial conditions Posterior mean projected initial conditions
a 3

Field-level methods
(Human-interpretable) higher order statistics -

N-point functions, 1 point PDF, density-split
statistics, ...
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Beyond the 2-point function

What are the desirable features of such summary statistics?
@ They should capture as much information about the data distributions as possible.
@ Easy to apply to different kinds of datasets - auto, cross, discrete, continuous.

@ They should be computable in a feasible time on the data and (many instances of) theoretical
predictions.

Understanding the underlying theoretical connections between various proposed summary statistics
is important — different parameter degeneracies, etc.

This will allow for a quantitative comparison of their information content and mitigate the effects of
systematics and potential errors.
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Using a new statistical measure for discrete data: k Nearest
Neighbor distributions

1000

800

@ Sample the volume densely with a set of
query points.
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Using a new statistical measure for discrete data: k Nearest
Neighbor distributions

1000

800
@ Sample the volume densely with a set of
600[- guery points.

R
=
e
=9
—
=

@ For each of the query points, use a tree
structure to efficiently find the distance

to the 1st, 2nd, ... k-th nearest neighbor
data points.

30 500 750
r(Mpc/h)
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Using a new statistical measure for discrete data: k Nearest
Neighbor distributions

Sample the volume densely with a set of
guery points.

For each of the query points, use a tree
structure to efficiently find the distance
to the 1st, 2nd, ... k-th nearest neighbor
data points.

(=]
(]
=

r(Mpe/h)

For a given k, sort the distances to get
the Empirical CDF of the distances.

Takeaway: a) A single measurement | fe (NN
procedure is sufficient for a range of : . | l— .
r(Mpe/h) scales. b) Not computationally expensive ! 10 15

| | |
500 750 1000

LY [TV
to measure higher k distributions. (~ A

seconds on a single core)
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Physical intuition for the kNNs

@ More clustered the data points (at fixed
number density), the more prominent the ' Poisson INN
voids, i.e. the CDF extends out to larger | :Ill“'nl“
distances. ' -
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r(Mpe/h) r(Mpc/h)

Banerjee & Abel, 2020
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kNN connections: the PDF or Counts-in-Cell

@ At a particular R, all query points whose 1NN
data point is at distance <=R, has at least 1 data
point in sphere of radius R. Hence equal to

P1(R).

@ Similarly, at particular R, all query points whose
2NN data point is at distance <=R, has at least 2
data point in sphere of radius R. Hence equal
to P5»(R).

@ Therefore the difference of the two CDFs at R is
exactly P{(R).

15

) ! 20
r (™" Mpe)

Pk}‘.-’ = CDFinn(r) — CDF(k+|,NN(!'_) Yk > 1,
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kNN connections: N-point correlation functions

The generating function for the distributions can be written in terms of integrals over all (connected)
N-point correlations in the data (see e.g. Simon White, 1979):
=K k
oo A(z—1)

Iy~ EXp [Zk=1 Tf(k)(v)]

P(z,V) = P §(k>(V)=[ J b SR L A
Vv 4

Each kNN-CDF measures a different combination of the N-point correlation functions:

= (—a)k £y

® CDFjp(V)=1—exp 7

® CDFy(V)=1—exp Sl by (_
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kNN connections: N-point correlation functions

The generating function for the distributions can be written in terms of integrals over all (connected)
N-point correlations in the data (see e.g. Simon White, 1979):

l—expyl B, ”“ ” —— O
P(z,V) = §(k>(V)=[ J d’r,
Vv Vv

1-z

Each kNN-CDF measures a different combination of the N-point correlation functions:

2 N (_ﬁ)k k
CDF (V) = 1 — exp Z - R (V)

% CDFE (V) =1—exp
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Geometric interpretation of kNN-CDFs

1000
Geometric Interpretations of the k-Nearest Neighbour Distributions

Inedia
1
A 943035, UUSA

G0 00
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Geometric interpretation of kNN-CDFs

Geometric Interpretations of the k-Nearest Neighbour Distributions

Kwanit Gangopadhyay,'* Arka Banerjee.'+ Tom Abel”**

" Deparimens of Physics, indian Instisute of Seience Education and Research, Pune 411008, India

2 Deparument of Physics, Stanford Universicy, 382 Via Pueble Mall, Stanford, CA 94305, USA

YKavit Instinie for Particle Asteopinsies & Cosmology, PO, Box 2450, Swanford University, Stanford, CA 94303, USA
ASLAC National Accelerator Labortory, Mento Puark, €A Y2025, USA
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Geometric interpretation of kNN-CDFs

@ The INN-CDF and its derivatives have intuitive and
beautiful geometrical/topological interpretations.
Connects directly to the Minkowski functionals.

@ However, all the Minkowski connections are to the

INN-CDF. The information in the higher kNN-CDFs
is beyond the traditional Minkowski functionals.
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geometric quantity

volume

surface

integral mean curvature
Euler characteristic
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Applications: Clustering of SDSS clusters

T . =

= redMaler
Randoms (2000)

i 2

ROYAL ASTRONOMICAL SOCIETY

MNRAS S14, 3825-3843 12022} https #idonorg! 10 1093 mnrasistac 1551

Advance Access publication 2022 June 9

Detection of spatial clustering in the 1000 richest SDSS DR8 redMaPPer
clusters with nearest neighbor distributions

100 150
3.5 %
U Plagsics e wforrd University, bl fo r8A LR T
IKavli dnstituee for Particle As & Cr i Mall, Stanford. CA 94305, 15A == redMal mt
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kNN connections: N-point correlation functions

The generating function for the distributions can be written in terms of integrals over all (connected)
N-point correlations in the data (see e.g. Simon White, 1979):

- exp | 32, ey

P(z,V) = T E®(V) =[ J P DB AR
v V

Each kNN-CDF measures a different combination of the N-point correlation functions:

—k
® CDF (V) =1-exp Z( )§<k)(V)

% CDF(V)=1—exp
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Geometric interpretation of kNN-CDFs
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kNN connections: N-point correlation functions

The generating function for the distributions can be written in terms of integrals over all (connected)
N-point correlations in the data (see e.g. Simon White, 1979):
= k
oo n(z—1)

I~ CXp [Zk=1 Tf(k)(v)]

P(z,V) = TP §(k>(V)=[ J P IR A
Vv v

Each kNN-CDF measures a different combination of the N-point correlation functions:

S 2 oy

® CDFjn(V) =1—exp =

® CDFy(V)=1—exp s b < (_
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