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Abstract:

Many-body interacting systems cannot generally be treated with analytical tools alone, 1
studying strongly correlated phases. In fractional qguantum Hall systems, conformal fie
construct exact matrix product state representations of model wavefunctions such as
insulators realize analogous physics in lattice systems, but the intrinsic lattice scalce
CFT-based construction. We show that ideal Chern bands provide a setting in which t
derive an exact MPS representation for Laughlin model states in a hybrid Wannier basis
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Motivation:
« Bulk-boundary correspondence: topological bulk phase and its gapless
edge theory encode the same universal information

y 3 y F 3
wire wire

Gapped bulk 4 ,

X.G. Wen, Phys. Rev. B. 41.12838 (1990)
G. Mcore, N. Read, Nuclear Physics B 10.1016 (1991)
C.L.Kane, et.al.,, Phys. Rev. Lett. 88.036401 (2002)
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Motivation:

 Many-body bulk phase hard to solve, edge theory might be easier

l

For FQHE : chiral Luttinger liquid

!

1+1 chiral bosonic CFT

» Moore and Read : model wavefunctions of the FQHE can be obtained as
a CFT correlator

X.G. Wen, Phys. Rev. B. 41.12838 (1980)
G. Moore, N. Read, Nuclear Physics B 10.1016 (1991)
C.L.Kane, et.al., Phys. Rev. Lett. 88.036401 (2002)
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Motivation:

Wish: Use same tool for FCls, hard because of lattice constant. Still works
if we focus on special bands (ideal bands)
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ne (107 cm™*) Z. Lu, et.al., Nature 626 (2024)
H. Park, et.al, arXiv:2503.10889 (2025)
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Outline:

Ideal Bands

Matrix product state (MPS)

MPS for the Laughlin state on the cylinder : bulk-boundary
correspondence and CFT

MPS for Laughlin in ideal bands
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Ideal Bands
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Ideal Bands

Fractional Chern insulators (FCIs) are strongly correlated phases. Need

toy models / \

Flat band systems Trace bound condition

tr(g(k)) = [ (k)|

* Bound is saturated by ideal bands |, . tr(g(k)) = Q(k) > 0 for all k

|

Quantum states holomorphic in
k € BZ?

|

Generalized Landau level states
with non-uniform quantum
g eom et I'y E: e F;'L‘ésféi‘aié’,” ’F»AES.EEJ?SE‘&, 115160 (2021)

Mera
Mera and T. Ozawa, Phys. Rev. B 104, 045104 (2021)

Pirsa: 26050058 Page 8/27



[@] FLATIRO

TR T L

Ideal Bands
o Satisfy tr(g(k)) = Q(k) > 0 forallk

* Can be understood as LLL in curved space in which the magnetic field
is non-constant l

B=By+B No flux

. Single-particle wavefunction: Wi (@) = ¢ ?Pyn 1 (2) | z=x+1iy

|

Kihler potential §(z) : Ap(z) =B

B. Estienne, N. Regnault, and V. Crépel, Phys. Rev. Res. 5, L032048 (2023)
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Ideal Bands
Satisfy tr(g(k)) = Q(k) > 0 forall k

Can be understood as LLL in curved space in which the magnetic field
is non-constant

Single-particle wavefunction: yy..(z) = e ?yx 11 (2)

2
- ( Bl
Multiparticle state: ‘Pidea](zl, o ZNE) = H (z; — z)%e g

i<j

e 5(35))

k

1
Filling fraction v = —
q

For B = 0 recover Laughlin wavefunction

B. Estienne, N. Regnault, and V. Crépel, Phys. Rev. Res. 5, L032048 (2023)
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Matrix Product State (MPS)
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Ideal Bands
Satisfy tr(g(k)) = Q(k) > 0 forall k

Can be understood as LLL in curved space in which the magnetic field
is non-constant

Single-particle wavefunction: yy..(z) = e ?yx 11 (2)

2
5 ( Bl
Multiparticle state: ‘Pidea](zl, e ZNE) = H (z; — z)%e ¥

i<j

e 5(35))

1
Filling fraction v = —
q

For B = O recover Laughlin wavefunction

B. Estienne, N. Regnault, and V. Crépel, Phys. Rev. Res. 5, L032048 (2023)
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Ideal Bands
o Satisfy tr(g(k)) = Q(k) > 0 forallk

* Can be understood as LLL in curved space in which the magnetic field
is non-constant l

B=By+B Noflux

. Single-particle wavefunction: Wige (@) = e P11 (2) | z=x+iy

|

Kahler potential 5(2) : Ap(z) = B

B. Estienne, N. Regnault, and V. Crépel, Phys. Rev. Res. 5, L032048 (2023)

Pirsa: 26050058 Page 13/27



[@) FLATIRON

NS T T T E

Numerical Methods and MPS

* Numerical methods indispensable for understanding many-body
interacting physics

l Challenge

Exponential growth of Hilbert space with system size: el’

« We decompose a state |y) on a convenient occupation basis :

|ﬁ345“7x

ly) = Z Cim;) |m1"'mN¢+1>
{mi} )

m (my 1) ===
MPS: |y) = Z ((u|A( D... A g |v)) |m1...mN¢+1>

{m;} l

Controlled growth bond dimension: ¢L — Entanglement area law

P. Zaletel and R. S. K. Mong, Phys. Rev. B 86, 245305 (2012)
Estienne, et.al. , Phys. Rev. B. 87.161112 (2013)

M.
B.
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MPS on the Cylinder for FQHE

 Gauge choice (Landau gauge) : A = [ 2(0,x)

y

(x = 15 ky)?
) — vk, 2
* LLL wavefunction : U/ky(xa)’) . g
Obital L 1 2 3 4 5 6 7 8 9 10 L e
Electron ,// @V V< \/.\/ NN @ \\7 SRl
YV V VVVVYVYVY )
" T
{ L.
MPS INININININININ NI\ L
coefficient { A© A1 4@ A©) AT A1) A© 4©0) 41D A(0)
M. P. Zaletel and R. S. K. Mong, Phys. Rev. B 86, 245305 (2012)
N V Graba, ot o Bhys. Rov. B 97 16516 Bo15)
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CFT Correlator
\
CFT ansatz: y(zy, -+, 2y) = (U| XgigVer(z1) - Verzy ) | V)
Laughlin ~ V_(2) =: e V1D . godd {V(@),V(z)} =0

Electron bulk  Chiral boson (edge theory)
MPS coefficient: ¢(,,, = (u IA(ml)---A(mN¢+1)|v)

 The A" matrices are vertex operators of the underlying CFT

Expanding V,(z) = Z "V_,
neZ
Orbital dependant MPS ¢, = (u| Xp, B (mN¢)(N¢)"'B(m°)(0) |v)

2rj 2

() = (F) vy

bail, et al, Phys. Rev. B. 86.245310 (2012)
Za d

J. Dubail, ys. R
M. P. Zaletel and R.S.K. Mong, Phys. Rev. B.86.245305 (2012)
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Translation Invariant MPS Laughlin Wavefunction

B™(j) = U~'B™(j — HU

l

472 :
U = e*_ﬁlfo_‘\/;%

Operator U implements two things:

* Spread the background charge uniformly

« Correct shift of the gaussian term in B7(;)

By defining A" = B™)(0)U we can write the orbital independent MPS:

Cimy = (UI A4 )
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o
LLL on the Torus .
* The (flat) torus is: T2 = C/(L, + ¢“L,)Z 26’L1 .
* Lattice vectors: L, =(L;,0) , L,=(L,cos6,L,sin0)
« Torus identifications: (u,v) ~ w+1Lv) 201
(u,v) ~ (u,v+1)
* Modular parameter torus: 7= b2 (c0s QLTi %) =17 +1i7,
* Holomorphic coordinate: w = L;(u + 7v)
« Hamiltonian symmetry: () = " V=Rl xe A = [;%(~y,0)

Non-commutative algebra
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Magnetic Bloch Wavefunction

« Boundary conditions: #(L))|w) = |w)
tLo) |w) = |w)

N

» Diagonalize commuting sub-algebra of magnetic translations operators
t(&) . (&) _, (ﬁ) . (&) Periodicity commensurate
N, N, N, N, to varying magnetic field

im N S N
* Eigenstates: ¥ (W) = e~ Ny’ Z e l% * Nz] (L—¢’w, N¢c)
r=0 0 1

k =0,"',N1 ‘_1 ; kv =09”.7N2_1

"

« Ideal band wavefunction: % (W) = ey (w)
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Hybrid Wannier Functions

Magnetic Bloch wavefunctions are not a 1D localized basis of the ideal
band —— Not good for the MPS

Hybrid Wannier state basis:

Eigenstates of 7" = P,y.1€""Piyen

e, Zﬂi—xzk"
= E N w — -
|¢ka2) F(k ) kv)e |Wku,kv> 5 X2 - Oa sNQ 1
2 k,=0
k=0 ke = 1 e =2 ki = 3 ku = 4 |

T_’ ..I.-.‘__I ‘ =] [ ' = F > LE i d 4 15 ——
iannan |[mesne |[seese |[seese |[[sweew | N- Torus:
=ofT 4 1.5 ]:
|>'<|“ PAAAS [ meeses |- eessss |- Sssss | Sseee ,32 z Nl =5 N2 =3
T e amms || eeses [ eeeee || eseee || esweww | ° E
|} e s s | | 4 [ 4+ 4 F 4 0.0 e
Q,l i e ey ; it b i e i e il / P P 7

-3 0 3 -3 0 3 -3 0 3 -3 i] 3 -3 0 3 0

X.L. Qi, Phys. Rev. Lett. 107, 126803 (2011)
W.L. Wu, N. Regnault, B.A.Bernevig, Phys. Rev. B 86.085129 (2012)
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MPS Ideal Bands on the Torus

* Model wavefunction in a given topological sector a on the torus takes
the form:

WQ(Wls "t WNE) = Tra(XVel(w]).“Ve[(WNe))
XBkg — e_i\/;Nfﬁ%
X = Xz XpXpre == > Xyp=¢ —irNe=Dyvay
XP = eZﬂirL0+niTN¢\/;a0

 MPS for Laughlin model state for ideal bands:
= Tr, (XV ¢ ... j™mo)
Smi = ~at Y g Yo
Ny—1

.52 -
V= 2 e N V_iC;,  Restricted sum: & modN,; = s modN,
5s=0
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New Mode Vertex Operators

Original LLL —— Magnetic Bloch —— Hybrid Wannier

basis Wavefunction basis
(Localized but incorrect (Correct magnetic unit cell (Correct magnetic unit cell
magnetic unit cell) but not localized) and localized)
1 1
N, N,
1 1 i
Ny N F}
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New Mode Vertex Operators

Original LLL —— Magnetic Bloch —— Hybrid Wannier

basis Wavefunction basis
(Localized but incorrect (Correct magnetic unit cell (Correct magnetic unit cell
magnetic unit cell) but not localized) and localized)
pow) T~ / hiw
Cs,h """"" [ """"" :[ """ } ﬁ
} __________ } ..... ; ...1.... {... |
.................... | essse seswew | '9{
i Ny—1 —imi ) N A e 0
Vo= Z e~ "V_C;), Restricted sum: £ modN, = s modN, =k,
k
5s=0
| Cs’0| 'y

* Only mode vertex operators with
same k, are summed

i~

« C

S,

j, decays exponentially with s

MV
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Translation Invariant MPS
« MPS for Laughlin model state for ideal bands:

Cimy = Tr(XV gt - V)

N
Nl
=% ¥,= Z e "MV_C,, Restricted sum: £ modN,; = s modN,
s=0
pM, +
« Group N, orbitals and define: B} ?[X,] = TE%IN}VI PV
” Using ﬁT — eZ;rirf,;}-;’——i\/;Nl% : U B(MX2 [XZ] U— (Mx2 [X2 —1]

* Translation invariant MPS:

T T T T T

Com} — TI' (XARA(MN2 I)A(MN2—2)A(MN2—3) _A(MNI)A“(MO)) , A~(MX2) _ ﬁTE(sz)[O]
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