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Abstract:

In classical systems, the Kolmogorov Arnold Moser (KAM) theorem establishes that reso
destroyed by any nonintegrable perturbation, whereas nonresonant tori are only def
perturbation parameter. In this seminar, we explore a quantum analog of this
one-degree-of-freedom spin Hamiltonians subject to periodic instantaneous kicks. Af:
resonances in the participation ratio and in the quasiprobability phase-space distributio
Hamiltonian, we show that eigenstates of the unperturbed Hamiltonian exhibit greater se
they satisfy a resonant condition. The sensitivity is quantified through the fidelity

eigenstates. This differentiated sensitivity becomes increasingly pronounced as the

supported by numerical results and insights from analytical calculations based on unit
analysis focuses on kicked models, the mechanism could be extended to more general pe
step toward a quantum counterpart of the classical breaking of resonant tori in weakly p
arXiv:2504.13257.
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Central Question

Central Question

How does the notion of near-integrability explained
via KAM theorem in classical physics extend to
quantum systems?

@ Classical systems: motion on invariant tori, governed by conserved
quantities.

@ Quantum systems: eigenstates and eigenenergies.

@ Goal: ldentify quantum analogs of resonant and non-resonant tori and
study their behavior/stability under perturbations.
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Section |: Classical Integrability and KAM theorem
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Integrable Systems in Classical Physics

Definition: Integrability

A system, H(pj, q;), with n degrees of freedom (dof) is integrable if there
exist n independent conserved quantities ({H, F;} = 0)

{Feip =0, &f=Liu:all

@ Motion is confined to an n-dimensional invariant torus in
2n-dimensional phase space.

@ Dynamics are quasi-periodic and regular.

Examples

@ 1 dof time-independent systems: Simple Harmonic Oscillator

o Central potential, V = V/(r): Gravitational potential
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Integrable Systems: Motion on Invariant Tori

@ Each trajectory lies on a smooth
torus surface.

@ Frequencies of the torus determine
the structure of motion.

@ For incommensurate frequencies -
motion is quasi-periodic.

Torus surface

Integrability = Predictable evolution, no chaos.
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One degree of freedom Integrable sysrems

Phase Space:

Left: Simple harmonic oscillator
Right: Simple pendulum
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Kolmogorov-Arnold-Moser (KAM) Theorem

Statement

For integrable Hamiltonian systems with (sufficiently) weak pertur-
bations
H(1,0) = Ho(I) + eH1 (1, 0),
with small € and non-resonant (Diophantine) frequencies w(/):
@ Most invariant tori, non-resonant tori, of Hpy survive under
small perturbation.
@ The surviving tori are slightly deformed. The motion on these
surviving tori remains quasi-periodic.
@ The tori corresponding to resonant frequencies - resonant tori -
are destroyed.
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Resonant vs Non-Resonant Tori

Integrable Dynamics in Action-Angle Variables
~ OHp

9,‘(1“) :9;(0)+w;t, Wi = f,‘(/l,fg,...ln)

ol;

Non-Resonant Tori

k1w1+“+knw,'1#0 k1w1'+'"'+kan:0

for all nonzero integer vectors for some nonzero integer vector
(kl,...,kn). (klj...:kn).

@ Frequencies are @ Frequencies are

incommensurate commensurate
@ Trajectory densely fills torus @ Periodic trajectories
@ Quasi-periodic . @ Destroyed even under weak
perturbation

Resonances play a central role in the onset of chaos.
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Frequencies in integrable systems

Simple Harmenic Oscillator Simple Pendulum &, 4 5| @& &
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Phase Space Evolution Under Perturbation
H(1,0) = Ho(I) + eHi(1,6),

@ For e = 0: smooth nested
invariant tori (integrable limit).

@ For small e: most tori survive,
small chaotic layers appear near
resonances.

@ For larger e: resonant tori
overlap = widespread chaos.

Kicked Rotor, ¢ = K.
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Phase Space Evolution Under Perturbation

Kicked Rotor

L2

H(t) = —
2

+Kcos€Z(5 t—nrt

e
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Section |I: Quantum-Classical Correspondence
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Classical Invariant Tori <> Quantum Eigenstates

Quantum eigenstates: H|Ey) = Ex|Ex)

Example: Central Potential
Hydrogen-like System

Classical Integrable System [ Quantum Integrable System

o COHSEZVEd quantities: e Commuting operators: (ﬁ, B2 L)
(E, ‘L| ) Lz) @ Simultaneous eigenstate \n, /, m):
@ Motion confined to a
3-torus in 6D phase H|n, [,m) = Eq|n, 1, m),
space. [2\;7, [,m) =1I(/4+1)|n, I, m)

@ Each trajectory is
periodic or quasiperiodic
on this torus.

L,|n,1,m)=m|n, 1, m).

e Each eigenstate |n, [, m) = quantized
torus.
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Motivation for a Quantum Analog of KAM theorem

@ In classical integrable systems, motion occurs on invariant tori in
phase space defined by conserved quantities.

@ Periodic and quasiperiodic trajectories evolve on these tori.
@ Classical Invariant Tori <> Quantum Eigenstates

@ How do eigenstates behave under weak integrability-breaking
perturbations.
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Setup: One Degree of Freedom System

@ Start with a 1 degree of freedom (1 dof) integrable system.

@ Classical motion confined to a closed trajectory (torus) of fixed energy
E

@ Quantum mechanically, quantized torus with energy E, =
eigenstates |Ej).

@ How do these classical tori and quantum eigenstates respond to a
small time-periodic perturbation.

@ |dentify resonant and nonresonant tori and eigenstates.

@ Study the behavior of resonant and nonresonant eigenstates under
perturbation - first step toward a quantum analog of the KAM
theorem.
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Breaking Integrability: Time-Periodic Perturbation

Periodic Kicking Perturbation
H(1,0,t) = Ho(l) + e Hi(1, 0, t)

We consider H,(1,6,t) = K(I,0)3., 6t — nT.

o Hy - integrable Hamiltonian with eigenstates |Ey) and energies Ej.
@ H; - time-dependent integrability breaking operator.
@ 7 - driving period; € - perturbation strength.

Effect of Perturbation
@ Classically: introduces a second frequency 27 /7, breaking
integrability.

@ Quantum mechanically: mixes eigenstates of Ho.

Small € — near-integrable regime

Large ¢ — chaotic dynamics.
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Classical Resonant and Non-resonant Tori

Classical Resonant Condition

nT(E)=mr, mnel

NonResonant Tori

@ Frequencies commensurate: @ Frequencies incommensurate:
TE) /7 = mijn. T(E)j+ = m/ A
@ Destroyed even for @ Motion remains quasiperiodic.
infinitesimal perturbation. & Totl cibis el
'. perturbations (KAM theorem).
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Quantum Time Periods and Resonant Condition

Defining Quantum Time Periods o,

27
Exim— Ex’

Tk,m: m >0

@ Txm inverse of the transition frequency between energy levels E, and

-
@ For m=1, Ty1~T(E) in the classical limit.

@ These define the quantum time periods of the quantized tori.

Quantum Resonant Condition |

NTem=T1 or T(Exkym— Ex)=2mn.

Resonant eigenstates satisfy this condition; nonresonant ones do not.
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lllustration of Ty 1~ T(E):
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Left figure:

@ Dots = Quantum Ty ;.

@ Orange and blue curves = Classical T(E).
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