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The basic idea

Complex operations are equipped with causal diagrams. So, a complex
operation is specified as follows

S L (3,

{1,2)

a " e
X

where the diagram on the left is the causally complex operation itself and
the diagram on the right is the causal diagram.

We use a compact notation wherein a =a“a~ where a* is travelling in
the direction of the arrow on the wire (in the complex operation) and a~
is travelling against the direction of the arrow.

The arrows on the causally complex operation itself (on the left of (1))
establidh a convention and do not, in themselves, indicate that a system
is travelling forward in time along the direction of the arrow.

(1)
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Two things to explain

> Why use the compact notation a=a*a ?
> What do the causal diagrams mean?

N
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Reason for the compact notation
Consider a simple network
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Reason for the compact notation
The network
€ ; b

¥
b,

1.
»€

1<

. s

1€

can be represented by the complex operation

£ (b
subject to C.D. ’ (4)
(&
(&)
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Complex operations are a thing unto themselves

» We use simple networks to motivate complex operations.

» However complex operations are taken to be a primitive - a thing
unto themselves.

» We do not assume that all complex operations can be modelled by
simple networks (though all simple networks can be modeled by
complex operations).

> In the book we define axioms for causally complex Quantum Theory
at the level of these complex operations.
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Interconvertible forms for complex operations

It is convenient to employ a notational convention whereby we can
convert between different ways of representing a complex operation. For
example

b}
o

b-

Here = means “interconvertible with” wherein we have the same
composite system in and out overall.
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Interconvertible forms for complex operations

It is convenient to employ a notational convention whereby we can
convert between different ways of representing a complex operation. For
example

o
o

-

X X

For the above examples this works if

out axcy =axmy =e'vh' (6)
in a'x'b c'y =a'x*m'y =d'u'f'w'g’ (7)

A
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Interconvertible forms for complex operations

The relationship = is not quite equality since we cannot simply swap
operations that are interconvertible as the wiring will not match.
However, we can assert equality for complex networks like

(8)
(where the B's are interconvertible as are the C's) since the converted
wiring is closed within the complex network.
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The causal diagrams

We motivate the idea of a complex operation by a simple network. For

example
h
\
wv— G y c
g/
e k —
\ a
E X P
d/ u— F [—vV
\
f
where we put
=g ©=h y'=0 % =w
a=d a=¢
b"=0 C=f xre=m ¥ o=y

(9)

(10)
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We end up with

Page 17/59




Pirsa: 26050011

Course-grained causal diagrams can appear non-DAG

Rather than
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Course-grained causal diagrams can appear non-DAG
Here we have “moved” f. If we do this then the operation is given by

A\ f @
a &
X

On the right is the course-grained causal diagram. Note that this is not a
DAG at this level of course-graining. On the left is the operation where

(12)

m=gf m=h y" =0 y =u
a"=d a =e (13)

Although the causal diagram in (13) is not a DAG at the level of the
explicit causal structure, the implicit causal structure in the nodes means
that this is actually a DAG at the fine-grained level. This has to be the
case since the base causal diagram is a DAG.
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Interconvertible forms for complex operations

It is convenient to employ a notational convention whereby we can
convert between different ways of representing a complex operation. For
example

QO
o

For the above examples this works if

out axcy =axmy =e'vh' (6)
in a'x'b c'y =a'x*m'y =d'u'f'w'g’ (7)
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Base nodes

» A system a can be highly composite.

v

We can break it down into non-composite systems.

v

non-composite systems.

v

We call the nodes in such a diagram base nodes.

v

v

We can represent the causal diagram at the level of these

Base nodes associated with an outpu&/outcome have a + sign.
Base nodes associated with an input/income have a — sign.

No need to draw + or — sign except for when no wire from or to node.

a

Al @ B] ® (14)
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Fusing causal diagrams

Consider fusing the causal diagrams for networks

at d and e.

e and

h
\
g/
5 k
\
§
R

—~—"

(15)
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Causal spiders

In general, the m — n causal spider

P

\

T

means we have a causal link connﬁgting every incoming wire to every

outgoing wire.

Note that m and n are non-negative integers.

(18)
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Causal spider identities

A m — n general causal spider can be written in terms of 1 - n and
m — 1 causal spiders. For example, a 2 — 3 causal spider can be written

(19)

We will call this the 2 — 3 causal spider dance identity. This clearly
generalises to an arbitrary m — n causal spider.
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Causal spider identities

A m — n general causal spider can be written in terms of 1 — n and
m — 1 causal spiders. For example, a 2 - 3 causal spider can be written

= (19)
[
We will call this the 2 — 3 causal spider dance identity. This clearly
generalises to an arbitrary m — n causal spider.
Another useful equation is the following
= (20)

We call this the causal spider tango identity.
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Deletion, body, and fish

First, for the 1 — 1 causal spider we have

° - (21)

since we just have one causal connection going through the spider.

Second, we can (in certain circumstances) slide causal spiders until they
hit nodes which absorb them.

- (22)

since clearly the right side has the same causal meaning. This equation
also holds if the arrows are reversed.
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Simplifying causal diagrams

(23)
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Joining complex operations

Consider joining

and

(24)
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where

H
|

n

will be represented by the complex operation

+

P

@@

(25)

(26)
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Joining them gives

We need to explain what oy means.
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We can now simplify this. First, we can drop the large double border
circle making the implicit causal structure explicit.

(30)

Now we have overlapping nodes d and e (corresponding to joining the a
wire). These overlapping nodes act as a conduit for causal structure and
we do not, any longer, care about the system type (d or e) inside.
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Causal diagrams for simple operations

Simple operations are used to build simple networks which motivate
complex operations. The simple operation

T d

(34)
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Causal diagrams for simple preparations and simple results

The case of simple preparations and simple results is interesting. For a
simple preparation of systems a and b we have

a b

[ D ®@® (38)

Similarly, for a simple result, we have
E @ ® (39)

a b

If we combine a preparation and result (like these) to form a circuit then
the causal diagram is the empty set.
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Causal diagram for a circuit

A circuit has no open wires. Consequently, its causal diagram will have
no nodes and therefore no causal links - it is represented by the “empty”
causal diagram. For the sake of having a symbol to represent this case
we will represent the causal diagram of a circuit by a spider body

° (40)

since this is what we obtain when we jo[% a + base node to a — base
node. This simplifies to the empty causal diagram.
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We can do this by fusing the causal diagrams for the simple operations
that comprise the given simple network. If we fuse together the causal
diagrams for E, F, and G then we obtain

(42)

We can simplify this to the causal diagram given previously. This works
for any simple network.
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We can, nevertheless, look at the causal diagram. This is given by joining

(44)

at a and b. Then we obtain

N (e © h
(45)
f © g

This is non-DAG because of the loop in the middle (which comes from
the loop a — b — a in the non-DAG simple network above (if we were
able to delete either of these two arrows in the network then the causal
diagram would become a DAG).
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We can reduce the valency of the causal spiders using the 2 — 2 causal
dance identity and absorbing some spiders into nodes giving

(46)

However, we are blocked from absorbing the remaining 1 -2 and 2 - 1
causal spiders and so cannot simplify further. The resulting diagram is
remains non-DAG (as we would expect).

Note: Non-DAG simple circuits do not simplify.
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We can, nevertheless, look at the causal diagram. This is given by joining

(44)

at a and b. Then we obtain

e ©) h
(45)
f © g

This is non-DAG because of the loop in the middle (which comes from
the loop a — b — a in the non-DAG simple network above (if we were
able to delete either of these two arrows in the network then the causal
diagram would become a DAG).
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Preparations and results

A preparation is an operation with only outputs and outcomes. For
example

"
(47)

The causal diagram is shown on the right.
A result is an operation with only inputs and incomes. For example

® @ © (48)

The causal diagram is shown on the right.
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|dempotency property

Readout boxes have the property

SaCa I e SN

The 0 box has the property that, if added to any circuit, then that circuit
has probability zero. We have similar properties when we replace x by z*
and x by x*.
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Setting up equivalence

Circuit probability assumption. Every circuit (wherein there
are no open wires) has a probability associated with it that de-
pends only on the specification of that circuit.

N

By similar reasoning to the simple case, we can prove that probabilities
for disjoint circuits factorise. Further, we assume probabilities are real,
non-negative, not greater than one, and that deterministic circuits have

probability equal to one.

We define a p(-) function as the linear extension of the prob(-) function
such that

p(aA+ BB +~yC+...) =aprob(A) + Sprob(B) + yprob(C) +... (54)

for circuits, A, B, C, dots. Here «, 3, 7, ...are real numbers.
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Equivalence

An operation complements another operation or network if the two can
be joined together to create a circuit. This requires that their causal
diagrams complement each other appropriately.

As in Sec. 7?7, we can use the p(-) function to define equivalence between
expressions of the forry

exprn = o + BEZ? + yF22 +6GZ2 +... (55)
Two such expressions, exprn; and exprn,, are equivalent when
p(exprn;H) = p(exprn,H) for all complement operations H  (56)
We write this equivalence as

exprn; = exprn, (57)
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What we mean by time symmetry
Time symmetry entails
1. Every allowed operation, B, is associated with a time reversed
operation, B, which is also allowed. The time reverse operation has
all attached arrows reversed and the associated causal diagram has
the arrows reversed. For example

time
«——>

e 9 reverse
M

©

Note how all the arrows are reversed. The notation of indicates we
have reversed the arrows in «.
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. We can obtain the time reverse of any circuit by reversing the

direction of all the arrows and placing a tilde under operation
symbol. We demand that the probability of the time reversed circuit
is equal to the probability of the original circuit. For example

(59)

(recall that equivalence for circuits implies equal probabilities).
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R boxes

We represent a deterministic pointer preparation box by

& v & 2

and a deterministic pointer result box by

& v & g

It follows from the basic causality principles from the simple theory that
these R boxes are unique (up to equivalence classes).
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Compact notation for R boxes

We can combine these using the notation

(62)

- C@/éf/ (63)

and

AL
o\
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R. and R_ boxes

We also have cause to define these R, and R_ boxes

Al

(64)
The R, operation absorbs x™ from the in pointing arrow.

We also define R* operations as follows

R Ry %

(65)
These absorb a* from the out pointing arrow.
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Flatness

In the simple we motivated the flatness assumption by arguing that the
time reverse of marginalisation gives a flat distribution over the pointer
variable. In our current notation the flatness assumption is

(66)

This assumption becomes

(67)

for the compact notation.
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lgnore boxes

We define an ignore preparation as

@/a

and an ignore result as

@/

+

-+

or

or

L

(68)

(69)
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Reichenbach

No correlation without causation assumption. /f a determin-
istic operation has a causal diagram consisting of two disjoint

parts, i.e.
X y
a b

then

X b
(WL LX) -
a b

for all A and C.
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The above assumption does not preclude inducing a correlation by
introducing an operation whose causal diagram connects the two disjoint
parts. For example, it does not impose that the probability for

X y
OJON6. 70
()

factorises. In general, the causal diagram associated with F can connect
the disjoint parts of the causal diagram associated with B allowing
correlations.
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