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1 Introduction

The compoZition package (in compozition.sty) is a large number of commands
defined (mostly) using TikZ that make it possible to draw circuit type diagrams
for Quantum Theory. This is available at

https://github.com/LucienHardy/compoZition

The spirit is to give the code a “LaTeX feel” so it is more like typesetting math
in LaTeX than is usually the case for LaTeX drawing packages. The “Z” in
compoZition is homage to TikZ. Thank you Till Tantau and the others involved
in developing TikZ.

This document provides some simple examples to show how to use the com-
poZition package. Drawings are contained hetween

\begin{compose} and \end{compose}
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The compoZition package (in compozition.sty) is a large number of commands
defined (mostly) using TikZ that make it possible to draw circuit type diagrams
for Quantum Theory. This is available at I

https://github.com/LucienHardy/compoZition

The spirit is to give the code a “LaTeX feel” so it is more like typesetting 1113@
in LaTeX than is usually the case for LaTeX drawing packages. The “Z” in
compoZition is homage to TikZ. Thank you Till Tantau and the others involved
in developing TikZ.

This document provides some simple examples to show how to use the com-
poZition package. Drawings are contained between

\begin{compose} and \end{compose}
or
\begin{Compose}{0}{1} and \end{Compose}

where the {0}{1} shift the picture horizontally and vertically (the latter is
especially useful). I have also put the examples below in displayed equation
mode, but that is not necessary.

The package was developed according to my needs whilst writing papers and
a hbook. In any language there is a tradeoff between having fewer “words” and
having concise expression of “ideas”. The philosophy here has been to have
a large number of words (i.e. commands) so that drawings can be concisely
expressed. That being said, this package only works well for drawing the kind
of pictures I have envisioned (mostly corresponding to Quantum networks). If
you want to draw something else then TikZ is the best bet. Not all the obvious
commands have been defined. The code seems to work pretty well (thanks to
TikZ) but there are a number of things I would do differently were I to start
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Double causality

0

Basic forward causality principle. We cannot signal from the future to
the past unless we condition on outcomes in the future.

Basic backward causality principle. We cannot signal from the past to
the future unless we condition on incomes in the past.

Double Causality

o
—o

b
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a a

Nondeterministic operations have £ rather than =.

These conditions also guarantee subunity.

®
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Simple double causality is

C
_u
B MR
d Z
K_Q u_R
— I ! 23
/b X_R‘ ‘ (23)
X e a €
X1 A
Y IR
d

Works for any number of deterministic operations in simple form.
There are more general causality conditions for networks. Topic of the
Complex Book.
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Proof of forward causality

By basic forward causality principle

( | \ ( | \
b b’

prob

\ ) \ )

for all A. Forward causality follows by special choice of B'.

Backward causality follows similarly.
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Works for any number of deterministic operations in simple form.
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Pure and homogeneous preparations and results

ignore

pure

homogeneous (pure parallel)
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Tester positivity

Tester positivity is the condition that

( \

E
b
0< prob h{ Rz B R|
a

\ /

for all pure D and E. This guarantees that circuits have non-negative
probability.
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Positivity composition theorem
Positivity composition theorem. Assume all pure preparations
and pure results satisfy tester positivity. If we wire together two
or more operations to form a network (so there are no closed
causal loops) where operation each satisfies the tester positivity
condition, then the resulting network also satisfies the tester pos-

itivity condition.

For example, we can prove that

D
d [RF u
0< h b
: -
E b4 T X A
a
C

The proof of this uses double purity.
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Positivity composition theorem
Positivity composition theorem. Assume all pure preparations
and pure results satisfy tester positivity. If we wire together two
or more operations to form a network (so there are no closed
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Maximal operations
Double maximality is the property that, for each pointer type,

X, we can associate a system type x such that there exist deter-
ministic physical operations

X

X X
x —X M (24)
for which we have the equivalence
X y ¢
X
X = (25)
X X

Furthermore, this is maximal in that there does not exist a similar
equivalence for the same physical type, x, but for another pointer
type, z, having N, > Ny.

When we have double maximality we can associate an integer, Ny, with
the physical type.
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Maximal Representation

Maximal representation theorem. I/f we have the double max-
imality property then any operation, B, can be written as

—1 §
b b
l Y
2— B —7¥ = B' (26)
| X
a a
x ]
where
b |y b y
\B‘ = 2 B Y (27)
X a X a

Furthermore, B' is a physical operator with a given physical norm
it and only if B is physical with the same physical norm.
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Time Forward Operational Theories

In the time forward theory an operation has outcomes but no incomes

Physicality requires (i) tester positivity and (ii) forward causality.
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Preselection and flag boxes

The box
@ (29)
indicates we preselect on the value x for this income. This implies

prob (@ x}*{R]) = 1 (30)

It is convenient to also define a outcome “flag” box,

b (31)
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Modelling TF operations with TS operations

We can model a time forward operation as follows

[ [

B MY <1 & C vV

;l, a

Consider also

B P <0 @ ¢ KR

(32)

(33)
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Circuits in TF framework

A circuit in the time forward case looks like this

¢ EmER

FHE

k

3 E V- .

A

——{u(

Ol

Consider

prob(u, v, w|x,y, 2) =

a X A 11.11.

prob(z,y, z,u, v, w)

prob(z,y, 2)

(34)

(35)
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prob(uvwl|xyz)
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The denominator simplifies using forward causality

RIZEF2 ¢ [9R]

a| RF#H B {R]

p

XX AE'E XX

I
El
<
El
_——
w
2

So
1

— 37
NN, N, (37)

prob(x,y, z) =

Thus we can use the replacement rule

- [NREEE (38)
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we get

prob(uvw|zyz) = NyNy N, prob
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This uses the seatbelt identity

and then
(42)

Mz
L
H
&
e
11
"
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Equivalence of TS and TS frameworks

TS and TF equivalence theorem: This theorem assumes flat-

ness and has two parts.

Modeling TS by TF. Any physical operation in the time
symmetric theory can be modelled by a set of

physical operations in the time forward theory.
Modeling TF by TS. Any physical operation in the time

forward theory can be modelled by a physical
A operation in the time symmetric theory.
See book for proof.
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Modelling TS with TF

First, write

C(z) —y <« C

a a
We can model
b
|
x— ¢ vy a0 Y Ea(|C

—

(39)

(40)
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Double causality

Basic forward causality principle. We cannot signal from the future to
the past unless we condition on outcomes in the future.

Basic backward causality principle. We cannot signal from the past to
the future unless we condition on incomes in the past.

Double Causality

N

X—BLEIEX—ET [RF

—o

b
—¥ = |JL_”E|—Y

B
| ;
=]

Nondeterministic operations have < rather than =.

These conditions also guarantee subunity.
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Equivalence of TS and TS frameworks

TS and TF equivalence theorem: This theorem assumes flat-

ness and has two parts.

Modeling TS by TF. Any physical operation in the time
symmetric theory can be modelled by a set of

physical operations in the time forward theory.
Modeling TF by TS. Any physical operation in the time

forward theory can be modelled by a physical
operation in the time symmetric theory.
See book for proof.
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Decomposition locality

Next we will set up the assumption of decomposition locality. This is that
we can write

C d
% ”
| il L
y v Y—D—lyu— —DH—E'—V
C = N C u (43)
X u X — =0 s }—u
Qa

é6
L &4

d

Decomposition locality is equivalent to tomographic locality.
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Pointer fiducial elements
For pointers, the fiducial preparations are

re—{—x (44)

(z =1 to N,). They are chosen to be just sufficient that we can write

:
)

(45)

for any pointer preparation E (where the black and white dot meet, we
sum over ).
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Pointer fiducial elements
For pointers, the fiducial preparations are

re—{—x (44)

(z =1 to N,). They are chosen to be just sufficient that we can write

:
)

(45)

for any pointer preparation E (where the black and white dot meet, we
sum over ).
Likewise, the pointer fiducial results are

Xx——=z (46)

which are chosen to be just sufficient that we can write

—F = x—= (47)
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System fiducial elements

System preparation and result fiducials are given by

o a
{7 E‘E (49)
# d

and are chosen to be just such that we can write

a B
d B JJ
- . [ - JP (50)
A 7 5

A d

Here a =1 to K,. We call K, the fiducial dimension for a.
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Decomposition locality

Now we can make sense of decomposition locality

c d
. 7Y
y T
y v y—D—ID—— —-DI—-G—V
2 = x c u (51)
X u X—D—ID— —CII—E'—U.
ga

=

[ I

a

Decomposition locality is equivalent to tomographic locality. The
expansion matrix in the middle is a duotensor.
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Pointer fiducial matrices

We can define pointer fiducial matrices

%
A = prob(l" 4= -x) (52)

This is nonsingular because we chose just sufficient fiducial sets. Hence
we can write

s’ a {3z (53)

We denote the inverse of the fiducial matrix by

o (54)
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The black and the white dots

Oo—O8—=a = 0= (55)

and

™ s 0 = B—1 (56)

where o—a and »—0 are the identity matrix.
We can use the fiducial matrix or its inverse to change the colour of the
dots as follows

[} 1= {1 {1 i = |

[, il = [ B L Im =

This is clearly consistent since we can undo the colour change by
application of the fiducial or its inverse as appropriate. We have

o = O OB W0 = Om (57)

by inserting the identity from above. Consequently we can write

1= = Om = — (58)

Pirsa: 26040109 Page 33/44



Pirsa: 26040109

System fiducial matrix

We define the system fiducial matrix through

b
‘II = prob| @ = 4 (59)
\ taf} Elj
The inverse fiducial matrix
] (50

This can have negative entries! We can use the fiducial matrix to change
the colour of dots (as in the pointer case). Further, we have

R

for the same reason as in the pointer case.
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Decomposition locality

Consider again

o M B
y v vy —D—-D— —D-—EI— v
c . | o | . (62)
X u X _D—'D* 4u-—E|—u
Sy O
| @ 86

The duotensor here has all white dots.
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Process tomographic locality

c d ( . d \
] A
Y v Y= ——{—=v
¢ = prob < C 0
re— . xw—{ —— —{—au
[ ] TE
a b \ . ¢
(63)

Thus, we obtain the duotensor with all black dots (therefore a duotensor
with all black dots has probabilities as entries). The right hand side
corresponds to doing local process tomography. Now we can introduce
the following assumption
Process tomographic locality. This is the assumption that
local process tomography is sufficient to fully characterise oper-
ations (up to equivalence classes).

This assumption is equivalent to decomposition locality

Page 36/44




Pirsa: 26040109

Duotensors for the R boxes

1 1
, 1 1 , 1 1
RH——=2Z i X = R = — 65
NK : Nx ‘ ( )
1 1
since the probability for each x is 1/N,.
Applying the inverse of the fiducial matrix we obtain
1 1\
B - | v/ - | | (60
1 1

This is what we expect when we are ignoring the income/outcome (i.e.
when we marginalise).
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Wire decomposition locality

The assumption that we can write

is also equivalent to decomposition locality.

(64)
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Duotensor for readout box

A readout box can be expanded in terms of fiducials as follows

X X

X —D—I I—CI— X (67)
Using the idempotency property of readout boxes, it is easy to show that
0 \
0
Ze x = (68)
1

where the 1 is in the 2 position along the diagonal. Note that the 2's on
the wires indicate the variable type to be summed over (when this
duotensor is matched with other duotensors) whilst the « inside the box
indicates a particular value of this variable.
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Forward and backward thinking

We can calculate

1
prob ([REzH{R]) - [BH-6-@-6{R - (69

This corresponds to forward thinking as discussed the last lecture since
we send in a normalised distribution with the preparation and then
marginalise with the result. Alternatively, we can calculate

: 1
prob( S ) = [R]-<s R A (70)

This corresponds to backward thinking.
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Duotensor calculation using decomposition locality

Start with

X X

A

(71)

Replace each box by its decomposition local form. ..
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Duotensor calculation using decomposition locality

... gives us the equivalent expression

C e—@B{z}--@B=1E]

—on— (= [Y]os D= {R]

[Rl-o»-@-D-so{z}or- @B A (72)

Next, replace each fiducial circuit with the equivalent fiducial matrix . ..
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Duotensor calculation using decomposition locality

... gives us the equivalent expression

N
i | B Laatale g
ot

(73)
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Duotensor calculation using decomposition locality

...which we can write as

RA

(74)

we can reinsert black and white dots in any order on each wire to do the

calculation.

Page 44/44




