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Assume that we want to quantize gravity.*

What are the relevant degrees of freedom?

What are the right variables?

What is the relevant symmetry structure?

How to couple matter?

lif this condition is not satisfied, never mind.
although... are we done with classical gravity?

Page 3/25



Pirsa: 26040098

First-order general relativity
Einstein—Hilbert action:

1
=— [d**/—2R
SEH 167rG/ xv/—gR[gpuv]
ds* = guydit'dx’, p,v=0,..,3
Introduce a tetrad and a spin-connection fields:

g,uv(x) - eit (x)ei'(x)nlJ: Nu = diag(_7+a+r+)

A(x):Ag(x)Jde”, J[J€50(3,1)

1
F[A] = dA+AAA, F= iFffVJde“ Adx"

L/ I J c

Einstein—Cartan action:

1

Sle.A] = 167G

/M [%(e Ae)y AFYIA]]
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Relation to a topological theory

Einstein—Cartan action

1

Sle.Al = {62

/ *(e/\e)y /\FU[A]
M
is the same as the BF action on shell of the simplicity constraint:

if B=x(eNe)

Plebanski formulation:

S= / (ke BY AF[A] + oyxr BY AB + e )

Pukr = — Ok = —PuLk = Pkr1y

BY AB* 4 ue’*t =0 BY =x(ene)” or BY =e'ne’
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Holst term

Einstein—Cartan action

Sle,A] = 16;(; /M [*(e/\e);;/\FU [A]

can be expressed as the SO(3,1) BF action

1

Sle.Al = 167G

]MBU/\FU[A}, F,B € s0(3,1) x Q*(M),
supplemented by the simplicity constraint

B=x(eNe)
Note the SO(3,1) gauge symmetry: Va € s0(3,1),

6aA - dAa, (SaF == [(X,F], 6aB — [(X,B], 6&8 = O.
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Holst term

Einstein—Cartan action

Sle,A] = 16;(; /M [*(e/\e);;/\FU [A]

can be expressed as the SO(3,1) BF action

1

Sle.Al = 167G

]MBU/\FU[A}, F,B € s0(3,1) x Q*(M),
supplemented by the simplicity constraint
B=x(eNe)
Note the SO(3,1) gauge symmetry: Va € s0(3,1),
O0gA =daa, OuF =|a,F], 04B=][a,B], 8,5=0.

Can this insight be used in quantization?
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LQG and Spin Foam
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Discretization
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Loop Quantum Gravity

Discretization is performed by smearing variables and
constraints over a finite set of paths called a graph I' and its
dual triangulation A:

® connection A — h; = PeflA, leTl

® frame field e — X, FeA
holonomy representation

Hilbert space: W(h1,hy,...) € L*[SU(2)®L]

Peter-Weyl theorem: W(g) = (g|¥) = ¥ mn VinnDinn(2)

W= ¥ vhbum=F

j=0mn=—j j=0

Y i ljmn)

mup=—j
The quantum state of spatial geometry is then
W)=Y W liiming) ® [aman) ® ..
{ismi,ni }

spin representation
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Poincaré duality

—y —n

AN

Xs

Gauss constraint: d4B=0 — ):,i}?,,- =0

Pirsa: 26040098 Page 11/25



Add a slide about intertwiners and gauge-invariance!
maybe. and duality rules as a table

Gauge transformation of the state:

ge>W(g1,82,83,-.) = ¥(g18. 18287 8385 )

1
Se D‘P(glag2383v ) = lp(glag%g?n )

Group averaging results in intertwiners
associated to nodes:

Gauge transformation

applied at each node /dg —@f:]:;%l,n, (8)%2,112(8)@:]33,:13 (g)

_(Jv J2 BN\ (h 2 J3
mp mz m3 Ry nz n3
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SL(2,C) BF spin foam

SU(2) representations: |j,m) € V/,
j=0,3,1,...

SL(2,C) representations:
|(p,k),jym) € RPP = @y NV,
pc R+, k e %

Zar (M) = / DADB & B AL f 24 5(F|A))

d|scre£§at|0n A (A) — /Hdhln 5( th)
I f

ledf

Zgr(A) ~ Y []dimj; [ [ dim "ir [{15}

{r,ir } tEA TeA oeA
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EPRL

SU(2) representations: V/, j=0,1,1,...

SL(2,C) representations: RP% = Djci+nN Vi.peR,, ke 1;5

Eigenvalues of Casimir operators can be parametrized by k and p as

—

R_2=p—i2+1,
KL= kp.
Simplicity constraints = representation embedding: 2
Yy :V/ < RO)
s m) = |Y),J.d,m)
quantized discrete GR

— constrained SL(2,C) spin
foam

quantized BF
SL(2,C) spin foam

2J. Engle, R. Pereira C. Rovelli, Phys. Rev. Lett. 99, 161301 (2007).

J. Engle, E. Livine, R. Pereira C. Rovelli, Nucl. Phys. B 799, 136-149 (2008).
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Simplicity constraint

Take the Einstein—Cartan—Holst action reformulated as

1 1
S[B,A] = %/JMB[] /\FIJM] with B =*(€A€)+?_/€A€.

Each tetrahedron defines a 3d hypersurface ¥ with a normal #’.
In the time gauge corresponding to the tetrahedron’s frame,
niel |z = 0. This implies:

3+1 split of spacetime
I (nsB) = yns (xB)".
Introduce SO(3,1) generators:
boosts: K! =n;BY rotations: L! = nj(xB)"
Simplicity constraint as a condition on algebra generators:

—

I?:yL

Space discretization
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EPRL

SU(2) representations: V/, j=0,1,1,...

SL(2,C) representations: RP% = Djci+nN Vi.peR,, ke 1;5

Eigenvalues of Casimir operators can be parametrized by k and p as

—

R_2=p— k241,
KL= kp.
Simplicity constraints = representation embedding: 2
Yy :V/ s RO)
s m) = |Y),J.d,m)
quantized discrete GR

— constrained SL(2,C) spin
foam

quantized BF
SL(2,C) spin foam

2J. Engle, R. Pereira C. Rovelli, Phys. Rev. Lett. 99, 161301 (2007).

J. Engle, E. Livine, R. Pereira C. Rovelli, Nucl. Phys. B 799, 136-149 (2008).
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No length data?

Coupling to fermions?

S~ /d4xel;7}/“ea“Duly

want edge datal
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Topological field theory

Consider the action

S[Wa(psﬂ:ap] :l/ (RA/\de +pA/\d¢A+gn-A/\pA)a A,Be {0?1}3
M

V4, P4 EQl(M)®C2, xA,pAECZQ@QZ(M), VAIEABI[IB.

Equations of motion: Shift symmetry:

874 —dgs ~ 0,
gpa+dyy =0,
dmy ~ 0,

dpa =0 Na, s € C20 QN (M)

OnWa=2gnNa, O¢Pa=gla,
SnpA = —dna, 6@’71}1 = dCA

Global SL(2,C) symmetry: Sqwa = 0xPwp, 048 €51(2,C), etc.
SL(2,C) generator: G[a] = iat"8 [5 (s A W+ pa A PB).

What if we make it local?
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Gauging SL(2,C)

SL(2,C) generator: G[a] = i0t"8 [5(7a A W+ pa A ¢B).
Introduce a Lagrange multiplier A2 € Q!(M) ®51(2,C):

Sen = i]M(yrA Ay +pa Ado? + gma A p? + AP A (T4 A W+ pa A 95))

=i [ (MAVYA+panVe tgmnpt),  V=d+a
M

A4B is an 51(2,C) connection, and Ssp is the self-dual gravity

action3. Relation to the Einstein-Cartan variables through the

soldering form:

ey — i ounler Va = e, Py =emt?
V2 s = —eand”, u = —eqno’.

first appeared in D. C. Robinson. Spinor-valued forms and a variational principle for einstein’s vacuum
equations. Classical and Quantum Gravity, 13(2):307, feb 1996.
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Kinematical phase space and EOM

QE:i/(SxA/\SwA—l—SpA/\B(I)A)

2

Smeared EOM:

Fo(n] =i/2(g7rA—V¢A)/\nA,
FylC] :i/E(gpA-l-VWA)/\CA,

A /E VA A,

Foln =1 [ (ema — dga) An*,
Fyl6) =i [ (spa+aya) ALY

ExA] =i [ dnta,
/E ' épu] = i/EVPAHA,

G o] :ifz(ch/\wB—l—pA/\cpg)aAB.

topological gravity

Eplu) =i fE dp” s
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Constraint algebra

Symmetry generators: {H|[a|, y} = S ¢
Symmetries:

® SL(2,C): &5'wa = o, Byp, etc, JAL =—Vo,©

® SL(2,C): dgwa = aya +bds, 8504 = cWa —ady
e diffeomorphisms: 5§ﬁl}f =LV, etc.

{He[en] B[]} = —H*([on, o], {H" (e, H[B]} = O,
{H (1), B Bal} = —H (B, Boll,  {H (8], H¥ (]} = —H"[L 0,
{HTIE] BT (]} = —H(E,2)),  {HT (5], H([B]} = —H*[L¢].
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Phase space discretization

Dof of a topological theory localize at the
boundaries of cells on-shell!

O=i [ (maNSY* +8psASoH)
b3

Dual 2-level = @=Y 7m.6Bn+) Tr8Cen
¢ e

decoration

2: 7y« = 0,

{*edt

Z Ce— 8Ty = 0:
eCol*

Z ﬁf + 8T = Oa
lede*

2: Tl = Py

e*cdv*
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