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Fault-Tolerant Quantum Computation

For useful quantum computation, fault-tolerance is likely necessary.

« Current physical error rates: 107 — 1072

« Error rate needed for useful applications: < 10~ —10~®

Once the physical error rate is below the threshold, it is possible to suppress the
logical error rate arbitrarily, with a poly-logarithmic overhead.

[Aharonov, Ben-Or (1996)]
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Fault-Tolerant Logical Gate Set

e Pauli: X,Y,Z
- Clifford: U such that UPU" is a Pauli, for every Pauli P.
o H.8,CNOT,CZ,...

« Third level of Clifford hierarchy: U such that UPU" is a Clifford.

« T,CCZ,C8,... K
+ Usual Route: Preparation of a magic state followed by gate teleportation.
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Magic State as a Bottleneck

Obtaining a high-fidelity magic state often involves magic state distillation (MSD)
[Bravyi, Kitaev (2004)].

 Unfortunately, MSD costs a lot in practice.
[Bravyi, Haah (2012)]

« One can balance the code distance to improve the overhead.
[Gidney, Fowler (2018), Litinski (2019), Lee et al. (2024)]

* But still, cost of MSD > cost of logical Cliffords

If we stay in a FTQC approach that consumes O(1) magic state per logical clock
cycle, we are essentially limited to quantum computation involving < 10 — 10™
T/Toffoli gates. This significantly limits the range of applications.
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Rationales: Then & Now

Low-level Error Detection

[Li (2014)]

[Goto (2016)]
[Chamberland, Noh (2020)]
[ltogawa et al. (2024)]
[Gidney et al. (2024)]
[Daguerre, K (2024)]

Figure from [Gidney, Fowler (2018)]

?

Magic cost > Clifford cost Magic cost ~ Clifford cost
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Recent Progress

« Conventional Approach: Inject a noisy magic state, then distill.
[Bravyi, Kitaev (2004)]

 New Approach: Fault-tolerantly prepare a magic state in a small code,
switch to another code, and then distill.
[Goto (2016)] [Chamberland, Noh (2020)] [ltogawa, Takada, Hirano, Fujii (2024)] [Gidney, Shutty,
Jones (2024)] [Daguerre, K (2024)]

» Experiments: This actually works!
 Daguerre et al. (2025): Fidelity > 99.95% (Error Correction)
« Dasu et al. (2025): Fidelity > 99.993% (Post-Selection)
+ Rosenfeld et al. (2025): Fidelity > 99.99% (Post-Selection)

X
How to make use of the cheaper non-Clifford gates?
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Spacetime Tradeoff in FTQC

I
[Fowler (2013), Litinski (2018)]

wio_select
I
(SH—Md:M2;
M !

In the time-optimal limit, the computation time is limited by the T-depth.
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L1
Cliffard

Clifford

T
|

T-depth = # of layers consisting of T-gates.
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Constant 7-Depth Circuits

What is the space of constant T-depth circuits?

 Potentially useful for FTQC compilation

« Complexity theory applications

+ Instantaneous nonlocal quantum computation [Speelman (2016)]
» 1Circuit lower bound [Parham (2025)]
* ...and more?
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Catalytic Constant T-Depth Circuits

| will actually talk about a stronger form of constant T-depth circuits. These
circuits can use a catalyst state.

U(“l{)) ® ‘¢cat>) = (th)) ® |¢cat>

* |¢eat): Catalyst state.
* U: Desired unitary.

: 2 [ : : :
Main Claim: The following operations can be realized in constant T-depth.

- Rotation: |0} + 8|1) — «|0) + Be’|1)
Catalyst size: O(log(1/¢))

- Programmable Rotation: |6)(«|0) + 5|1)) — |6)(«|0) + B€”|1))
Catalyst size: O(log(1/¢))

« Encoded Addition: |p(x))|e(¥)) — |e(x))|e(x + y)), addition mod 27 — 1.
@ injective, no catalyst necessary.
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Rotation
) 1 0
Clifford + T — R:(0) = 0 &
e

« Solovay-Kitaev: O(log®(1/¢))
« Ross-Selingerr 3log(1/€) + O(1)

« Further improvements: « log(1/€) + O(1) for smaller a.
[Bocharov, Roettler, Svore (2014)]
[Kliuchnikov, Lauter, Minko, Paetznik, Petit (2022)]

Optimal in T-count, assuming O(1) ancilla size.
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Catalytic Rotation

Suppose we have already prepared the following state:

2"—1

1
Vﬁﬁk:ﬁ

|QFT) =

ADDg‘X) = |X+£>,

2

ADD|QFT) = &% |QFT).

Applying the phase kickback trigk, we can apply R:(27£/2").

Q~ Search
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Catalytic Rotation

« Once |QFT) is prepared, it can be reused. Thus |QFT) is a catalyst state.
- Controlled version of ADD, uses at most O(n) T-gates.

« In fact, therejis a O(log n)-depth circuit for it. So the T-depth of catalytic
n-bit rotation can be brought down to O(log n) [Kitaev, Shen, Vyali (2002)]
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Q(log n) Barrier

Unfortunately, any n-bit addition requires Q(log n) circuit-depth lower bound
classically [Wingorad (1965)].

Idea: Compare the following two: 111111 4 000001 vs. 111111 4+ 000000.

Challenge: Classically, we have 2(log n) Toffoli lower bound. But Cliffords

cannot generate Toffoli, so it seems we're stuck (naively).
k
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Key Ildea: Encoded Addition

The Q(log n) applies to the standard binary encoding, e.g., 7 = 111,5 = 101.
Abstractly, this is an encoding of the elements of Zon.

Binary Extension Field

GF(2") = {i aix'  mod f(x)}

+ Coefficients are binary.
* f(x): Irreducible polynomial.

The multiplicative group formed by nonzero elements is a cyclic group:

GF(2")* & Zpn_1.

-

Multiplication is more complicated than addition. How can this possibly help?
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Classical-Quantum Multiplication

Let f(x), g(x) € GF(2") and consider the encoding:
|f> = ‘fg, ﬁla'- -:fﬂ—1>a
where f(x) = 37 fix".

Claim: For a fixed g(x),

l9f) = YIn,

where U is some Clifford.

Proof Sketch: f — gf is linear in the coefficients of f(x). This transformation can
be realized by an n-qubit CNOT circuit.
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Period

Let U be a Clifford such that
U|f) = |gf)
for any f(x) € GF(2").

Claim: U has a period of at most 2" — 1.

Proof Sketch: Let h(x) € GF(2")* be a generator of the cyclic group Zzn_1.

Then g(x) = h(x)* and f(x) = h(x)” for some a, B € Zon_1.

Q~ Search

7

From this perspective, we get U|h%) = |h**#). We will denote this as

(9

Ulg) = [a+ B) |
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Catalytic z-Rotations

Suppose we have already prepared the following state:

2n—2

QFT) = ——— 3" e &5 [R).
k=0

V21
Ula) = la+8),

|  2xBi
U|QFT) L e2~1|QFT).

Applying the phase kickback trick, we can apply R.(275/(2" — 1)).
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Controlled Clifford

In order to use the phase kickback trick, we need to apply a controlled version of
U, which is generally not a Clifford.

Textbook Method: Replace every CNOT gate by its controlled version (Toffoli).
This gives a O(r?) Toffoli circuit of depth O(n), which is not good.

Theorem [K, Laakkonen (2025)] Any CNOT circuit can be controlled in O(1)
Toffoli depth.

Corollary Catalytic z-rotations circuit can be executed in O(1) Toffoli depth.
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Controlled Clifford: Side Comments

Key Workhorse [K, Laakkonen (2025)]: Given an n x n matrix A over an arbitrary
field IF, there exists k polynomials fi, fz, . . . , fk € F[x], and an invertible matrix
S € GL,(F) such that

—dio \

—aj
—aijp

\ 1 —af,d,-—1/

where Cy, is the companion matrix corresponding to
fi= a0+ anX + apX> + -+ + aig—1 x4 + x9.

Consequence: Any CNOT circuit can be conjugated by a Clifford so that it
becomes sparse. Controllifig this sparse Clifford can be done in O(1) T-depth.
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Some Consequences

Corollary 1: Any Clifford can be controlled with O(1) T-depth circuit.

Corollary 2: Any Clifford+T with T-depth of D can be controlled with O(D)
T-depth circuit. X

[K, Laakkonen (2025)]
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Catalytic Rotation: Comparison

Obijective: n-bit precision rotation

Catalyst size

K (2025)

n2

Gidney (Twitter/X)

Gidney (Twitter/X)*

K, Laakkonen **

n
n
n

* - Amortized Cost

** . Uses measurement-based uncomputation

Pirsa: 26040086
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Comment on Clifford

Unfortunately, in the worst case the Clifford costs of these schemes are O(r?).

However, for a fixed rotation angle, both the Clifford cost and the Toffoli cost can

be reduced to O(n).
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Primitive Polynomial

Let f(x) = x" + Z;‘?:_o! f.x' be a polynomial over F». (f, = 1.) We can define its
companion matlrix as follows:

/00 -~ 00 1\ /1 0 =« 0 0 £
10 -- 00 0O0|[01 - 00 &

fn—1

1
0 fo)

0 0 o 0 vew
0

\0 @ - \0

« Multiplication by x is Cy acting on the binary vector.
I
« Fact: If f(x) is a primitive polynomial in GF(2"), the period of C; is 2" — 1.

» Good news: Many explicit examples known up to n < 660!
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« S: Cyclic shift of qubits.
* CXp—1-q,: CNOT from n — 1 to Qs = {j|f; # 0}.
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S: Cyclic Shift

Explicit Circuit

11T 11] Aiiize

« Depth-2 SWAP circuit using 2n SWAPs
* n additional qubits in |0...0).

-

* Note: There is an ancilla-free depth-2 SWAP circuit using n — 1 SWAPs.
(“Double reversal” trick)
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Remarkably, for every n < 660, there is a primitive polynomial with |Qs| < 4.

ex)

X+ x4+ x4+ x"+1 forn=27,
x® +x"+1 forn=36.

So for all intents and purposes, CX,—1_,o, can be viewed as O(1)-depth circuit.
I
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Comparison

Objective: n-bit precision rotation

T-depth

Catalyst size |

Type

K (2025)

Fixed

K (2025)

Variable

Gidney (Twitter/X)

Variable

Gidney (Twitter/X)*

Variable

K, Laakkonen **

Variable

* : Amortized Cost

** . Uses measurement-based uncomputation
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Programmable Rotation

Programmable Rotation: |8)(«|0) + 8]1)) — |0)(|0) + B |1))

Suppose we have already prepared the following state:

2n—2

QFT) = ——— ¥ & #[R).
k=0

2" — 1

Using
U(|@)[B8)) = |[a)|a + B),

we get
oy, P pBi . o
U(|0)|QFT)) = e2™—1|0)|QFT).

Motivation: Extremely common subroutine in quantum chemistry calculations.
[Lee et al. (2021), von Burg et al. (2021)]
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Quantum Chemistry

;j-Ill,—.. '

Hin H{prep}—{in, | T {Ing }—| prep | { I (-{prep}—Iny |

keep

rotations

| | data, data, s
h=F1 K 4 - 1 ! fe = !

4 - T
* - 1 r ‘ -
o0 " 1+
P L 1 . e 1 Cowe
” [ L 1 [ L 1]
) M (e
* *

'i_
|0} | I ||
I
|

() . *

[Low et al. (2025)]

Often used in the Givens rotation part of quantum chemistry applications.
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Quantum-Quantum Multiplication

U(|)|8)) = @)l + B),

This is really an in-place multiplication over nonzero elements of GF(2"):

u(lfH19)) = [H)11G).

This is bilnear in f and g, but it is not a linear transformation.
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In-Place vs. Out-of-Place Multiplication

In-Place:
1f)lg) — |1)|19).

OOP:
10)lg)[h) — |f)|g)|h + fg).

Using an “inverse trick,” OOP multiplication can be upgraded to in-place.

[Epperly, K, Lee (To Appear)]

[y = |MF).
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Inverse Trick

Two OOP Multiplications

D1 g)lg™)10)10) — IHIF)ghlg™ ) fa)l(fg) ")

Two OOP Multiplications (Crossed Matching)

IO g)g™ ") fg)(fa) ") — |F)|F")[0)[0)|fg)|(fg) ")
SWAP b

NIF)10)[0)I19)[(fg)™") — INIF~")Ifg)(9)~")10)[0) = [£)]g)0)[0)

With this trick, we can upgrade OOP multiplication to IP multiplication.
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OOP Multiplication

But this seems pointless, because the multiplication must require large depth,
right? Well, actually . . .

f(x)g(x) = figix"™
i
= Z ti Figix"

i,k

=) (f-E)(d- &'e)(i Pe.kx¥)
£=1 k=0

where

- f,g: Coefficients of f(x) and g(x).

* Cj, d;: £-dimensional binary vectors

What is the minimum r?
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Chudnovsky-Chudnovsky Algorithm

1(0g() = 3 - 8)(G- 3)(3 pesx)
£=1 k=0

What is the minimum r?

- Easy upper bound: r = O(r?). A
« Remarkable Fact: r = ©(n) is sufficient. [Chudnovsky, Chudnovsky (1988)]

Key Idea: Evaluate the function over some points and then extrapolate.
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Chudnovsky? Algorithm: QC Perspective

1()e(x) = S F8)(@ - (S pesr)

r = ©(n) [Chudnovsky, Chudnovsky (1988)]

« Computing 7 - &, and g - d, for £ € [r]: CNOT circuit.

« Computing by = (- &)(g - d;): Toffoli (Depth=1)

« Given b, for £ € [r], return 3=, 3, bepe X : CNOT circuit.
« Uncompute by for ¢ € [r]: Toffoli (Depth=1)

OOP Multiplication possible in O(n) space, O(1) T-depth!

[Epperly, K, Lee (To Appear)]
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Constructive Algorithm

r

(0a(x) = 3~ 8)(G- a3 pesr)

£=1

In order to actually construct the circuit, we need to somehow compute
Ce, de, Pe k-

« Constructive poly-time algorithm for every n ensuring r = O(n) exists!
[Ballet, Bonnecaze, Pacifico (2022)]

« But very difficult to actually implement. (Requires understanding of a “standard”
algebraic geometry book from the 1960s.)

« Constructive poly-time algorithm for every n ensuring r = O(nlog*(n))
A

Pirsa: 26040086
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Scaling

Bilinear complexity p(n) for multiplication in F_{2~n}/F_2 Ratio p(n)/n (bounded = 3-6.5)

I
;\N\X\/\/\«
N\/V

.,*“\:’\N L

mean {n=51: 5,37

For n < 40, the rough scaling seems < 6.5n.

Coded by Claude, (Note correctness can be verified efficiently.)
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Programmable Rotation

16)(e0) + B11)) — [6)(0) + BeE”|1))

« OOP Multiplication — IP Multiplication, using O(n) qubits

L
« |P Multiplication — Programmable Rotation

« Controlled Version: Because we are controlling a Clifford+T circuit with O(1)
T-depth, its controlled version also has O(1) T-depth.

[Epperly, K, Lee (To Appear)]
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Constant 7-Depth Circuits

Constant T-depth circuits seem surprisingly powerful.

« It can control arbitrary Clifford+ T circuit of O(1) T-depth.
« It can perform OOP multiplication using O(n) ancillas over GF(2").

« It can perform encoded n-bit addition mod 2" — 1 using O(n) qubits.

With catalyst, it can perform:

- Arbitrary single-qubit rotation I

 Arbitrary programmable rotation
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Further Consequences

Using a catalyst state, the following can be done in O(1) T-depth:

 N-bit Toffoli for any N.
 Addition, multiplication.

« Quantum part of Shor’s algorithm.

* Simple consequence of [Hayer and Spalek (2004)].
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Conclusion

Takeaways

« Constant T-depth circuit + catalyst is very powerful: Basically anything in
QNCY? is possible.

+ Rotation/unbounded fan-in/addition/multiplication/quantum part of Shor’s
algorithm

» Constant T-depth circuit also seems surprisingly powerful: Encoded addition
in constant T-depth.

Open Problems

k
* |s rotation/standard addition possible in constant T-depth without catalysts?

* Are there any 2(1) T-depth lower bound?

Thank you for listening!
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