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Classical capacity of a guantum channel
Let ®:D(A) —» D(B) beaquantum channel.

C(®d) := classical bits/channel use that can be sent through @

Alice Bob
= max R s.t. I my, 8, &, D satisfying: a2l s |2
A B
1.R = lim =& iy - -
= kl_I)Iolo k g D >
2.Vx € {0,1}m, = & =

Pr((Di o ¥ 0 £)(x) = x) 2 1 -5,

k—oo

{0,1}™k i D(A®F) qka(B@k)% (0,1}
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The Holevo-Schumacher-Westmoreland (HSW) Theorem

Holevo information: x({p;, p;}) == H(X;p; pi) — Xi0:iH(pi), H(p) == —Tr(plogp)

Holevo capacity: x(@) = max x({p;, P(p)})
Pi,pi
Xk
Theorem: [H 98, SW 97] C(®) = Jim x(®®9)

The Additivity Conjecture

Additivity Conjecture: y(® ® ¥) = y(®) + x(¥) forany &,¥ (Hence C(®) = y(d) )
(= is obvious)

Counterexample: [Hastings 09] Random @ satisfies y(® @ @) > 2 y(P)

Open question: Find explicit ® with y(® & @) > 2 y(d)
(hence C(®) > y(d))
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Minimum Output Entropy (MOE)

Rényi p-entropy: For p>1, let H®(p) = ﬁlog Tr (pP)

Further, let HW(p) := lim H® (p) Fact: H®(p) = H(p)
p—
Min output p-entropy: H[(fi)n(CD) = IPU}P H® (o))

Theorem: [Shor 04] The following statements are equivalent.

1. (P QQVY) = y(@) + y(¥) forall &, ¥

@YW =HY () + HY (W) forall &, ¥

min min
(< is obvious)

min

Historically, additivity conjecture mostly studied through MOE (#2).
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Some prior work on the additivity conjecture

Cases when the conjecture holds:

HY (@ @ W) = Y (@) + Y (W) whenever @ is:

* Identity channel [Asomov-Holevo 01], Unital qubit channel [King 02],
Entanglement breaking channel [Shor 02], Depolarizing channel [King 03], ...

Negative results:
Random channel & for which H?) (& ® @) < 2H®) (d):

min min
* Forp>1 [Hayden-Winter 08]
* Forp closeto zero [Cubitt-Harrow-Leung-Montanaro-Winter 08]
* Forp=1 [Hastings 09]
Explicit channel @ for which H) (& @ @) < 2HP). (d):
* Forp > 4.79 [Werner-Holevo 02]
* Forp > 2 [Grudka-Horodecki-Pankowski 10, Szczygielski-Studzinski 24]

* Forp>1 [Derksen-Lovitz 25]
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Main result: [Derksen-Lovitz 25]

~f 1
Foranyp > 1, an explicit channel & with in/out dimension ZO(P-l)

such that
H(p)

min

(@ ® ) < 2HP) (@).

min

Proof ingredients:

‘ « Channels — Subspaces

e Useful bounds on Hr(rﬁ)n

 Entangled subspace construction [Beauzamy+ 90]
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Channels — Subspaces

Def: For a subspace USBQ®E , let Hg’i)n(U) = lgl)iE%H(p)(gbB)

Lemma: Let ®(p) = Trg(VpVT) and let U:=im(V) SBQE.
Then HP

min

() = HP) (1)

min
Proof:

(»)

HE

min lY)eA l)EA

()

(®) = min H(P)((I)(w)) = min H(p)(TrE(Vl/)VT)) — Imin H(p)((,bg) —_ y»

B)EU min

New goal: Construct subspace U S B Q E s.t. HP) (URU) < 2HP) (U)

UQU<(B®B)R(ERE)

Main result: [D-L 25] Foranyp > 1, constructU € C* @ C" s.t.
~( 1
HP (U @Uu)<2H® () and n= 29G5)

min min
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Proof sketch: Bounds on H®) (U)

min

Given subspaceU C C*"® C*, let A(U) := l%%)é Amax(Wp)

Suppose  |) = Xi_1 /A4 1)) ® [i) .
Amax (7-/)3) — /11 =  nax |(1/J|u X U)lz

[u).|v)ec™
Hence,

A(U)= max max_|[(Y|u®@v)*? = [T, (lw) @ [v)]|?

WYEU [uplvyecn ) | ecn 4

So: A(U)=1 < U contains a product state For later!
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Proof sketch: Bounds on H®) (U)

min

Given subspace U € C* ® C*, let A(U) = g Amax(Yp)

p
log(AMWY? + (1= AW))") < HE) (W) < ——log(A(V))
1 21-p
Proofs: Let p € D(B) with eigenvalues 1, = - > 1,

; (p) _ 1 1 _ D
2 H" (p) = ;108(2121/1?) = rplog(ﬂlf) = 1,108(41)

A’l /11
1 H®P)(p) = HP) > HP) 1-4 = —log({ + (1 -2,)?)
1, 0

Schur-concavity of H®
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Proof sketch: Bounds on H®) ()

min

Given subspace U € C*" ® C™, let A(U) := max Ay .(¥g)

hYeU
log(AW)? + (1 - AW))") < HEL (V) < log(A(D))
1—p 7 min E 1—p
Lemma: [Hayden 071 AU ® U) > dir?fz(m
Proof sketch: Choose ONB |uy), ..., |u,) of U.
AU QR U) = 2 )
WU = mag, Ko @I o0y =232, jup © w),

|$p)€EBRB 1 .
) EEQE 9) = 1Y) = =251 1))
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Proof sketch: Bounds on H®) (U)

min

Given subspace U € C* ® C*, let A(U) = g Amax(Yp)

1 (p) 4
— log(A(W)? + (1 - AW))?) < 1 HP) (1) < - log(A(U))

dlm(U)

Lemma: [Hayden 07] AURU) =

2 jog (252 < ﬁlog(A(U)P +(1-AW))") < 28 ()

HE WU ®U) <2
g 1P 3

min

Note: For ! tohold, need A(U) small and dim(U) large.
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Proof sketch: Bounds on H®) (U)

min

Given subspace U € C* ® C*, let A(U) = ag Amax(Pp)

1 (p) 4
— log(A(W)? + (1 - AW))?) < 1 HP) (1) < - log(A(U))

dlm(U)

Lemma: [Hayden 07] AURU) =

min

dim()\ | 2 P
=5 “log(Tre7) < 5 log(AW)P + (1 - A)) < 2HE, (V)
1
Thm*: [D-L 25] Foranye > 0, explicitU € C* @ C™ with
A(U) <1—€ and dimU) = (1 — e)n*

- -

[D-L 25] =

I

log(1—€) > 2log(e? + (1 — €)P) & (1—€)P > (P + (1 — €)P)2 foip e = O
p 108 g
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Proof sketch: The construction
Thm*: [D-L 25] Forany fixed € > 0, explicit U € C* Q C" with
A(U) €£1—-€ and dim(U) = (1 — e)n?

Symmetric subspace: S%(C%) c (€%)®4
Set of [y) forwhich (), iy = [¥)i, py..ipq fOr@ny permutation o € Sy

Example: S?(C%) ={[y) € C* Q C* : |y);; = y);; forall i,j=1,..,n}

Note: §24(CcH) € SHC?) ® 54(C?).
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Proof sketch: The construction

Thm*: [D-L 25] Forany fixed € > 0, explicit U € C* Q C™" with
A(U)<1—¢€ and dim(U) = (1 — e)n?

Symmetric subspace: S%(C%) c (€%)®4
Set of ) forwhich [Y);, i, = [¥)i, y,.ine fOTany permutation o € &y

Let U = S?(CY)t c s9C ® S(CY) B = =5%r)
Lemma: [Beauzamy+90] A(U) <1 - (2;)_1

- 2d\~1
Thm pf sketch: *Assuming e= (%)  for some d:

Note n = dim($4(€®)) = (1),  dim(U) =n? - (") - (1-on

a — oo
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Proof sketch: The construction

Thm*: [D-L 25] Forany fixed € > 0, explicit U € C* Q C™* with
A(U) €£1—-€ and dim(U) = (1 — e)n?

Symmetric subspace: S%(C%) c (C*)®1
Set of ) forwhich [Y);, i, = [¥)i, p,.in fOTa@ny permutation o € &y

Let U = S?(CH)L c 59CY ® SE(CY) B =F=5%¢%)

Lemma: [Beauzamy+90] A(U) <1 - (2;)_1
Where does this lemma come from?
58009 = Cxy wstala

) = py () = (P|x®%)

~1/2
[Beauzamy+ 90] original statement: ||p - gl = (zdd) 4 Ipll llgll forall p,q € Clxy, ..., x, 14
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Proof of Beauzamy+ lemma

Lemma: [Beauzamy+90] Let U = S%4(C*)t c S%(C* ® SE(CY).
2d\ "1
Then A(U) <1-(%)
Proof sketch:
Let l,q: = proj($24(C®)) =1 -1

Note that:
|¢)’|¢1}1€i§1d(ca) Mg (1) @ lYN[|* =1 — |¢)’|151€a5>é(@a) 1, (16) ® [Y)]|?
=1-A(U)
S0, equivalent to prove: min I1,4.(d) @ [Y)]|? = (zdd)—l

). lw)esA(c?)
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Proof of Beauzamy+ lemma

o
Equivalent to prove: min [1 (lqﬁ) ® | ) 2 =2

For 0 € ©,,;, define PF;€ U((Ca)®2d) as

Palil iZd) — |ia‘1(1) ia_l(Zd))

1

Note: [Io4 = 2a)!

Zoe@szd Pcr

Let [x) = |[¢p) @ |[yY). Lemma: (x|P;|x) >0 forall o€ S,y .

il

Hence, ||H2d(|¢) X |1/J))||2 = @ZJE@ZCi(lele) = @EJEGdXGd(xlpalx)
ad! _ r2a —
(zd)lzdegdxgd(xlx) (2d)! _ (d)
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Comparison to randomized constructions
Thm: [Hayden-Winter08] For any p > 1, randomized V € C*"® C" s.t.

W) -HP v V) = logn—0(1)

min

ZH(p)

min
By contrast, our explicit U € C" @ C"* achieves only constant gap 0(1):
U = 524(C")* c S4(C*) ® SE(C*) contains |u): = 715(|0)d|1)d —|1)4]0)%)

H(p)

lu) has Schmidt rank 2, so o) =L
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Does our construction satisfy g (UQRU)<?2 g (U)?

min min

Typical randomized construction: [Hastings 09, Brandao-Hastings 10, Fukuda-King 10, Aubrun-Szarek-Werner 11]

Constructrandom V&€ C" @ C* st n, =anf and dim(V) = fn, forconst.a,f
satisfying  Hyo, (V) = log(n,) — 0( ) For our construction, H) (1) <1 @&

Then HI WV QRV)<(1-AW®V))log(n? —1) + h(A(V ® V)) by Schur-concavity
<2 (1 — i) log(n,) + h (aim) because A(W V) > i)

an nqn,

= 2log(n,) — O (loilnl)

so 20 -HY v V) = Q(l"il”l)—o(—) > 0.

min min
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Conclusion

Main result: [Derksen-Lovitz 25]

~ 1
Foranyp > 1, an explicit channel ® with in/out dimension ZOﬁ:ﬂ

such that
}{(p)

min

(d ® @) < 2HP) (@).

min

Question: Does this construction also work for p =17
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50°
St . From here, the strict inequality (6) follows easily since ¢ < 1/2. Note that for this construction we
~ 1 troduction have n = (“™1) < (a+d —1)? < 20(-(r=1)""log(p—1))_ This completes the proof. O

1.1 Construction overview

[ ]
=
b ]

¥ 12 Related work Remark 2.5. For particular values of p we can optimize d and a so that n = (“*4~") is as small

1.2.1 Explicit constructions

122 Randomized constructions as possible subject to the inequality (3) holding. We record a loosely optimized table of sufficient
L4 & construction % '+‘d—‘1 & “+“2d‘—1 s
iy inl :;mw - values for d and 4, along with n = (“*%7") and dim(U) = n? — (""557"), for a few values of p:
2.2 Proof of Theorem 1.1 -
~ 3 Constructing entangled subspaces in other P d a n dlm (Z’{)
parameter regimes
3.1 Cheosing C and P for the construction 2 2 7 28 574
R R, 1.5 2 13 91 6461
125 3 4 15,180 ~2.16-10°
Acknowledgments g 19 L]
1125 5 240 ~692-10° ~476-10
1.0625 10 889 =8.94-10% =~799-10°

3 Constructing entangled subspaces in other parameter regimes

In this section we explicitly construct subspaces of H = C™" ® --- ® C" with high geometric
measure of entanglement. Let S = [n1] X - - - X [ny,]. For a tuple of coefficients C = (Cy )acs, let

Mc:—{we?{: ZCutp“:O for all k},

&ES
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