TitlelReal-Time Path Integrals, Caustics and Interference in Cosmology
Speakerdob Feldbrugge

Collection/SerCos:mological Frontiers in Fundamental Physics 2026
SubjectCosmology

Date:April 29, 2026 - 7:30 PM

URL:https://pirsa.org/26040075

Abstract:

Interference is one of the most universal phenomena in nature, as exemplified by the re
the ubiquity of interference patterns, their evaluation has often proven challenging. This
lensing in astrophysics in the wave optics regime and when studying quantum cosmology
oscillatory integrals involved are frequently conditionally convergent, converge slowly,
unphysical cut-offs can be difficult to avoid. Traditionally, these oscillatory integral
methods. However, determining which saddle points to include can be a tricky exercis
general, exact method for handling multidimensional oscillatory integrals | will prest
real-time path integral and an efficient numerical method for its evaluation. | will show
relevant instantons using resurgence theory. By going beyond the WKB approximation,
interrelations enable us to detect which instantons contribute to the path integral. TFr
interference pattern governed by the caustics of the underlying classical system. These
real-time dynamical systems in our qguantum Universe
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Path integral

Interference gives our cleanest description of the Universe as formalized by the
Feynman path integral. But how is this conditionally
convergent oscillatory integral defined?
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Path integral

Quantum evolution as the sum over histories

x(T)=x, .
Glx, x: T] = [ eIy
x(0)=x,
Constructive interference at classical paths:
oS oL d dL N 0
— =0 — =OI—>mx=——V(.7C)
0X ox dt ox ox
x(0) = xp, x(T) = x;
* Which paths should be included? t *

\
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* What does this path integral evaluate to? 2 : ‘(1
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Lorentzian Quantum Cosmology

In quantum gravity, the path integral for gravity has been very influential.

Wheeler: A classical trajectory emerges as an interference phenomena in
quantum mechanics. Classical spacetime spacetime may emerge as an
interference effect in superspace

* The Wheeler-DeWitt equation | f l
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» The path integral over spacetimes
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Path integral

« Path integrals are sometimes seen as an oracle.
x(T)=x,
Glx;,xp; T] = J ey
x(0)=xg
 |s there a rigorous definition? Is it unique? The real-

time path integral is highly oscillatory. How about the
conformal factor or the sign problem?

e The real-time path integral in QM is a Green’s function.

-0
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The no-boundary proposal

e |n the early 1980’s, both Hartle, Hawking and Vilenkin
developed famous models for the quantum big bang,
known as the no-boundary and the tunnelling proposal

* Nucleation of a classical closed Lambda-dominated
universe out of a forbidden ‘Euclidean’ quantum phase

Lorentzian Quantum Cosmology

No smooth beginning for spacetime

 Aim: Use the path integral for gravity to construct a No Rescue for the No Boundary Proposal:
predictive model for the initial conditions of our universe Pointers to the Future of Quantum Cosmology

Inconsistencies of the New No-Boundary Proposal

e |n recent work, we used Picard-Lefschetz theory to study
these proposals in the Lorentzian formulation

Quantum Incompleteness of Inflation

JF, Jean-Luc Lehners, Neil Turok and Alice Di Tucci
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No-boundary proposal
Minisuperspace ds® = —N(t)2dt? + a(t)?dQ3
00 a _
Gla1; ao] = f dN/ Da eIN-]
0 ap

with the Einstein-Hilbert action for a A-dominated universe
1 1 '2
5:—/ d4X\/—g(R—2A)=27Tzf dtN[ 33—2-—|—3ka—a A]
2 I m 0 N

Redefining the lapse N — N/a, the action is quadratic in g = a

1 3
S = 272 ]0 dt {—mqﬁ + N(3k — /\q)]

2

The propagator G[q1; qo] < [, %EISD[QI;QO;N] with the classical action

N2 A 1
Solq1; qo; N] = N3 36T N [—5(% + q1) +3k] +y [__(QI — qo) ]

Halliwell & Louko (1989), Brown & Martinez (1990)

8
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Picard-Lefschetz theory

Picard-Lefschetz theory to the rescue!

* Analytically continue the .
integrand into the complex plane {= [Re b
* Find all saddle points if(x) = h(x) + iH(x)

* Find the steepest ascent and _
descent contours associated 1= 2, ”fe‘H(x")[ e"Vdx 1
with the real part of the exponent " Fi T

« Deform the integration domain to Absolutely convergent :

the relevant descent thimbles ] : =

Thimble is relevant when the ascent contour
intersects the original integration contour
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JF, Pen, Turok (2023)

Picard-Lefschetz theory

Performing gradient descent on the original
integration domain, we flow towards the i
optimal deformation of the integration
domain, the Lefschetz thimble!

This transforms an ill-defined, expensive,
conditionally convergent integral into an
absolutely convergent integral that decays ,
exponentially away from the saddles!

One catch! Relevant complex saddle points. |

[C++ code see https://p-Ipi.github.io/]
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Wick Rotations and Sign Problems

* For the conformal factor or sign problem, the thimbles are inevitable

J r,k( + tx)dx _ %Ai(kmt)
—00 k

- Analytically continuing k = | k| €%, the naive integral representation diverges
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Real-Time Path Integrals



Path integral

What is the problem? And why should we care?

Feynman and Hibbs: “...we feel that the possible awkwardness of the
special definition of the sum over all paths may eventually require new
definitions to be formulated. Nevertheless, the concept of the sum over
paths, like the concept of an ordinary integral, is independent of a
special definition and valid in spite of the failure of such definitions”

Page 14/39

Pirsa: 26040075



Conditional convergence

Alternating sums occur in many places, ranging from classical systems, and
wave optics, to quantum physics

* Absolutely v.s. conditionally convergent sums

11
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Conditional convergence

* Fresnel integral
R=1.7

00 .5 R iy T .
[ eYdx = lim [ e“dx=(1+ i)\/: |
— R—o0 —R 2 1.5}

* Multi-dimensional extension

- 2 EE 1_0;
U ei(x2+y2)dxdy — [J €ix2dx] _ 5 __%L .
R2 —0 .
05}
but also |
R | _.
ﬂ ei(x2+y2)dxdy = lim 27:[ re”dr = lim [iﬂ— ﬂeiRzl 00F .
R2 R—c0 0 R—o0 0.0 05 10 15 20
Re[lF(R)]
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Conditional convergence

Oscillatory integrals occur in many places, ranging from classical systems,
wave optics, to quantum physics

* Absolutely v.s. conditionally convergent integrals

00 x(1)=x;
I= [g(x)dx [Ig(x)ldx< 00 J e J SO G x(1)

x(0)=x,

¢ Fubini’s theorem

e [feosfr=[ el

 Dominated convergence theorem

n—>00 R—>00

lim ”fn(x)dx] = [ [ lim f,(x)[ dx when |f,(x)| <g(x) Vn with [Ig(x)ldx <o
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Picard-Lefschetz theory

When combining Picard-Lefschetz theory with a smooth regulator, the
integral becomes non-oscillatory, absolutely convergent and easy to
evaluate

[ eXdx = lim J gx(¥)e®dx = lim ZJ gr(¥)edx = ZJ X gx
R—-o0 R->x
# i “Fi i “Fi

With the analytic regulator g, with g —— 1 and decaying at infinity.

R->
Picard-Lefschetz theory resums oscillations into complex thimbles

associated with complex saddle points!

Based on the Dominated Convergence Theorem!
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Infinite dimensional integrals

Integration theory is an application of measure theory

sigma-algebra ¢f on the space Q sigma-measure y : o — [0,00]
1. Qe d 1. uw(@) =
2. Aed=>Aed 2. A, € d,n e N, pairwise disjoint
3. A,ed,neN=>U? A €d =>M(U§’=1An)=2ﬂ(An)
n=1

We deflne integrals of positive S|mple functions as a finite sum
ii= Z ol integrates to J fdu= Z a; u(A,)

i=1
leading to the general integral for posmve functions

[ fdﬂ=sup{[ g du
Q Q

where g is simple and 0 < g < f} A B
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Infinite dimensional integrals

The infinite product of Lebesgue measures is not a sigma measure

* |Lebesgue formalized the standard measure on geometric spaces

pla,bl)) =b—a
* Unfortunately, the infinite product is not a measure due to translation

invariance Dy - H
x = | | dx

i=1

The measure of the n-dimensional hypercube can be subdivided
1 = u([0,17") = 2"u([0,1/27") In the limit n = oo

the subcube has a vanishing measure x([0,1/2]%) =0

and so does any subset that we construct from them. t
Such measures are useless in physics!
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Infinite dimensional integrals

There exist infinite-dimensional measures that that are not translation invariant

1.0

Restricted Brownian motion moving
between two points, leads to the
Brownian bridge measure. When applied oo S
to a space of N slits, the measure forms =
an N-dimensional integral

0.5

-0.5

-1.0

0.0 0.2 04 06 0.8 1.0

2w b, by _ZN+1 (wi = wi_)? t
Q) = | = [
[T., W\2x@t—1,_p) oy Jay

with stiffness W. Note that the paths are not differentiable!
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The real-time path integral

The smooth regulator + Picard-Lefschetz theory suggests a rigorous
definition of the real-time Feynman path integral in terms of the Wiener
measure, governed by caustics, Stokes phenomena and resurgence

Glx;, xp, T]1 = J

x(0)=x,

x(T)=x, .
e,g[x]/hgx = Z etS[xC]/h[ ezﬂnc(éx)dﬂnc(é‘x) @(T)

Fx
fic ¢ '\ real, positive
sum over relevant /1 /

classical solutions
phase, reduces to Maslow phase

contour in space of compleXItIeS paths in semiclassical limit

associated with the relevant instanton

probability measure

An instanton is relevant if and only if there exists a steepest ascent

deformation
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of the saddle point to a real path

Mathematics of Resurgence!

JF, Turok (2023)
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The Stitching Method

Joshua Jones

JF and Jones (2025)




Path integral on a lattice

Feynman path integral defined on a lattice

GN(xl, Xo» T)=ce _%[V(xo) + V(xl)] [
RAN-1)

where the propagator emerges in the limit G(x;,x,; T) = j&im Gp(x), %0 T)

This traditional definition
() defies mathematics

(i) does not explicitly show caustics or Stokes phenomena
(iii) high-dimensional conditional oscillatory integral!

N-1

82’% [(xo — g+ ...+ gy - xl)z] _%[V(ql) it V(qN_l] H (CdQn)

n=1

Normally, these considerations lead to the Euclidean path integral.

However, no time evolution and sign problems!
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See Feynman and Hibbs
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