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Why the Adiabatic Limit Is Subtle

The Wightman function is a distribution, not an ordinary integrable function.

Because of that, the limit
T — o0 (96)

does not in general commute with the time integrals in the transition probability.

So the adiabatic limit must be taken after the integral is defined, not by simply inserting the large-T
limit inside the integrand.

This is one of the reasons sharp switching is dangerous: it can prevent the response function from even
being well defined before one attempts to take the adiabatic limit.
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Necessary Fourier Decay for Convergence

From the momentum-space form of the transition probability, one sees that a necessary condition for
the adiabatic limit to be well defined is that the Fourier transform of the switching decays sufficiently
rapidly at large momentum.

More precisely, in (n+ 1) spacetime dimensions, one needs |¥| to decay strictly faster than
k(772 (97)

in the ultraviolet.

When n > 3, sharp switching does not satisfy this requirement, because its Fourier transform decays
; b |
only like |k|™".

This is why sharp switching fails to have a good adiabatic limit in sufficiently high dimensions.
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The Basic Tradeoff

We are led to a tension:

@ Compactly supported switchings are attractive because they model genuinely finite-duration
interactions.

@ But compact support tends to produce polynomial Fourier tails.
@ Non-compact smooth switchings are attractive because their Fourier transforms decay very rapidly.
@ But they technically correspond to interactions of infinite duration.

A practical compromise is to use strongly supported non-compact smooth switchings, such as
Gaussians or Lorentzians, which are effectively localized in time while still having excellent Fourier decay.

Eduardo Martin-Martinez - RQI Course Particle Detectors 75 /110

Pirsa: 26040045 Page 4/56



Page 76 of 110
s

One Timescale Versus Two Timescales

A further subtlety is that not every smooth switching with a large duration timescale has a good
adiabatic limit.

For example, a switching may have two different timescales:
@ one scale T controlling how long the interaction stays near its maximum,

@ another scale § controlling how sharply it ramps on and off.

If & shrinks as T grows, then taking T — oo need not become more adiabatic. In fact, one can
approach a sharp switching in the large-T limit.

So a good adiabatic limit typically requires that all relevant switching timescales become large together.
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Two-Scale Switching Function

A representative example of a two-scale switching is

x(t) = tanh (W) — tanh (tij/z) ;

@ T controls the duration of the plateau,

Here:

@ ¢ controls the ramp-up and ramp-down times.

If § is kept fixed or even decreases while T grows, then the limit T — oo need not be adiabatic in the
physically relevant sense.

So the adiabatic limit is stronger than simply “taking the interaction time large".
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A Practical Conclusion About Adiabatic Switching

For a fixed spacetime dimension, one can always find sufficiently smooth compactly supported
switchings with a good adiabatic limit.

However, the higher the dimension, the more regular the switching must be.

In practice, it is often most convenient to use non-compact smooth functions with one dominant
timescale, such as:

@ Gaussian switching,

@ Lorentzian switching.

These are strongly supported on a finite timescale, have rapidly decaying Fourier transforms, and
typically give well-behaved adiabatic limits at leading order.
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Finite Size Can Improve the Long-Time Limit

So far, we have discussed adiabaticity mainly for pointlike detectors.

It turns out that finite detector size plays a crucial role: if the detector has nonzero spatial extent, then
the long-time behavior of the transition probability can improve dramatically.

In particular, even a sudden switching may admit a well-defined long-time limit once the detector has
finite size.

We now examine this in the case of a massless scalar field.
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Vacuum Response for a Smeared Detector

Recall that for a smeared detector comoving with the quantization frame, the leading-order vacuum
transition probability is

P, a0, T) = [ o7 s+ K O (99)

where:
@ T characterizes the switching timescale,

@ ap characterizes the detector size encoded in F.

So the short-distance behavior is controlled jointly by the switching and by the smearing.
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A Hard-Sphere Smearing

To see explicitly how finite size helps, let us consider a non-smooth spatial profile: an n-dimensional
hard sphere centered at the origin,

r(5+1)
F(x)=< m"/230 "’
0, otherwise.

<
x| < , (100)

So the detector is uniformly smeared over a ball of radius ap.

This is not a smooth smearing, but it is still enough to produce significant ultraviolet regularization.
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Sharp Switching Plus Hard-Sphere Smearing

If we combine the sharp switching with the hard-sphere smearing, the transition probability becomes

B d"k  4sin’(T(Q+ |k|)) |- 2
P= | sy @i PO 5

2 B
So compared with the pointlike sharp-switching case, the new ingredient is again the factor ‘F , which

now comes from the finite spatial size of the detector.

The crucial question is whether this factor decays fast enough to cure the ultraviolet problem.
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Fourier Transform of the Hard-Sphere Smearing

The Fourier transform of the hard-sphere smearing can be written as

" n ~ (n+2
F(kl)=r(5 +1) oFl( =

where oF; is the regularized generalized hypergeometric function.
After simplifying the angular integration, the probability can be written as

nl(5+1) [
on—1mn/2

. (n+2 1 2
X OFI( > :—133|k|2> :

_osin?(T(Q + |k]))
(€2 + |k[)>

P=A d|k| |k|"
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Ultraviolet Behavior of the Hard-Sphere Smearing

The regularized hypergeometric factor has the asymptotic behavior

" 2 1 2
OFI (n —2|_ ; —Ea§|k|2) ~ (30|k|)_("+1) (104)
for large |k|.

This is strong enough to make the probability integral convergent for any number of spatial dimensions
n>1.

So even a discontinuous smearing function can cure ultraviolet problems associated with switching.
Finite size by itself can already provide strong regularization.
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An Important Moral

This is a very important lesson:

@ sharp switching is problematic for a pointlike detector,

@ but finite detector size can regularize that same sharp switching.
So the ultraviolet pathologies of the pointlike model are not merely artifacts of the time dependence.
They are also tied to the singular zero-size approximation.

This reinforces the idea that pointlike detectors should be viewed as idealized limits of more physical
extended detectors.
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The Limit of No Interaction Should Give Zero

There is another physically important issue: the limit of vanishing interaction time.

If the interaction duration goes to zero, nothing should happen. So one expects

lim lim P(, ap, T) = 0. (105)

ag—0 T—0

This is physically obvious: if the detector has no time to interact with the field, then the excitation
probability should vanish.

However, as we will see, the order of the limits matters.
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Gaussian Switching and Gaussian Smearing

Consider now a Gaussian switching

and a Gaussian smearing

Its Fourier transform is

2112
—4130|k| ,

while the Fourier transform of the Gaussian switching is

fw)=yvaTe T
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Exact Transition Probability in (3 + 1) Dimensions

In (3 + 1) dimensions, substituting the Gaussian switching and Gaussian smearing into the smeared
response formula yields

272 3

a k| 11
1672 | K| e ey

P(Q,ao, T) -

This integral can be evaluated explicitly, giving a closed expression

402

T2 i [%/W V271 T2Qe%+™ erfc

8r(a2 + T2)3/2

)

P(Q, dp, T) —
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Taking the Limits in the Physical Order

If we first take the zero-time limit and then the pointlike limit, we obtain

a—0 [ T—=0

lim [Iim P(<, ao, T)] = 0. (112)

This agrees with physical intuition: if there is no interaction time, the excitation probability vanishes.

So when the detector size is kept finite during the short-time limit, the response behaves sensibly.
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Taking the Limits in the Opposite Order

Now reverse the order of limits:

1IJT0 LLILTO P(Q, a, T)} ;

Evaluating this gives

- [Iim P(Q, . T)} A (114)

T30 | 20 4r

This is physically wrong. If the interaction time goes to zero, the excitation probability should not
approach a nonzero constant.

So the pointlike limit and the short-time limit do not commute.
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What This Non-Commutation Means

The failure of the limits to commute is a direct manifestation of the ill behavior of the pointlike
detector model.

If the detector is kept finite-sized, the short-time limit behaves correctly.
If one takes the pointlike limit first, one retains an unphysical remnant in the response at 7 = 0.

So the pointlike approximation can fail badly in the short-time regime, even when it might seem
harmless at first glance.
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How the Time Dependence Changes as the Detector Shrinks

To understand this better, one can study the time dependence of the transition probability for several
detector sizes.

For Gaussian switching, the response has a peak at a timescale comparable to the light-crossing time of
the detector,

T ~ a. (115)
As the detector becomes smaller, this peak moves toward smaller and smaller times.

In the limit ag — 0, that peak gets pushed all the way to T = 0, producing the unphysical constant
short-time limit found above.
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Plot: Gaussian Switching and Finite-Size Detectors

The following plot shows the vacuum transition probability as a function of interaction time T for
Gaussian switching and several detector sizes.

BN Key qualitative features:

0.08f @ The response vanishes in the
' long-time limit.

0.06 "i The response also vanishes as T — 0

for finite ag.

0.04 The peak occurs at a timescale

comparable to the light-crossing time
of the detector.

As the detector size shrinks, the peak
shifts toward T = 0.
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Sharp Switching Is Even Worse

For sharp switching, the pathology is even more severe.

As the detector size is taken smaller and smaller, the response grows and eventually diverges in the
pointlike limit.

Moreover, because the switching is non-adiabatic, even with a Gaussian smearing one does not recover
the physically expected result that an inertial detector left on for an arbitrarily long time in Minkowski
vacuum should not remain excited by the vacuum.

So discontinuous switching creates unphysical artifacts that finite-size smearing alone does not
completely eliminate.
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Plot: Sharp Switching and Finite-Size Detectors

This plot shows the vacuum transition
probability as a function of interaction
time T for sharp switching and several
detector sizes.

Relevant features:
@ Sharp switching is not adiabatic.

@ The long-time behavior is
unphysical.

The pointlike limit is badly behaved.

T S T As the detector size shrinks, the
. 10 15 20 response grows and eventually

— gy =1 gl = 0.5 apf) = 0.2 diverges.
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Main Lessons of This Section

Let us summarize the main points.

@ A smeared detector couples to a spatial average of the field:

Fi(t) = M()a(t) / d"x F(x)3(t, ).

Its excitation probability is

2
‘ provides ultraviolet regularization.

The smearing factor ’I':'(k)

Sharp switching is often non-adiabatic and can lead to divergences or other unphysical artifacts.

Smooth strongly supported switchings, together with finite detector size, provide a much more
physical and mathematically well-behaved model.
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From Particle Detectors to Quantum Optics

Before studying applications of particle detectors, we connect the UDW model with light-matter
interaction in quantum optics.

In quantum optics:
@ Light is modeled as a quantized electromagnetic field.

@ Matter is modeled as an atomic system (e.g. hydrogen-like atom).

Key idea:

@ A particle detector is a simplified model of an atom interacting with a quantum field.

Goal:
@ Derive the light-matter Hamiltonian,
@ Understand gauge subtleties,

@ Connect with the UDW detector model.
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Hydrogen-like Atom: Free Hamiltonian

We model an atom as a non-relativistic electron in a potential V/(x).

The Hamiltonian is

The Schroédinger equation reads

Interpretation:
@ p: electron momentum,
@ V(x): Coulomb potential,
@ Solutions give atomic energy levels and orbitals.
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Minimal Coupling to Electromagnetic Field

Introduce electromagnetic potentials:
@ Vector potential A(t, x),

@ Scalar potential U(t, x).

The Hamiltonian becomes

Expanding:

Important:

@ p and A(t, X) do not commute.

Eduardo Martin-Martinez - RQI Course Particle Detectors 99 /110

Pirsa: 26040045 Page 28/56



k3

Gauge Transformations

Electromagnetic potentials are not unique.

Gauge transformations:

To keep Schrédinger equation invariant:

d(t, x) = e XEXy(t, x).

Key point:

@ The wavefunction itself is not gauge invariant.
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Physical Observables and Gauge Invariance

Define the canonical momentum:

Then:
@ (p) is gauge dependent,

@ (7) is gauge invariant.

Conclusion:

@ Physical observables must be expressed in terms of X and 7.

This is essential when computing transition probabilities.
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The Gauge Problem in Practice

A common incorrect procedure:
@ Fix a gauge (e.g. Coulomb gauge),
@ Use standard atomic wavefunctions,

@ Compute transition amplitudes.

Problem:

@ Atomic wavefunctions are not gauge invariant.

Consequence:
@ Transition probabilities become gauge dependent,

@ Hence physically meaningless.
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Dipole Approximation

To avoid gauge issues, perform a multipole expansion.

Keeping leading order:

Validity condition:

where R is the atomic size.

Interpretation:

@ Field is approximately constant over the atom.
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Dipole Interaction in Schrédinger Equation

The Schrédinger equation becomes

. 0 V? N .
1aw = "5, T V(x)+ex- E(t,X)| .

Advantages:
@ Gauge-consistent formulation,
@ Compatible with atomic eigenfunctions,

@ Matches experimental results.
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Dipole Interaction: Matrix Elements

Expand in atomic eigenbasis:

Selection rules:

@ Many matrix elements vanish due to symmetry.
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Position Representation and Smearing

Starting from the dipole interaction written in the atomic energy basis,

X E =Y (il %+ E(t,%) L) e 1)) (i,

we now insert resolutions of the identity in the position basis,

- E=Y [@x [ (i) (xix- E@R)Ix) (KU &3 L)l

Now use
%) =x|x),  E(t,%)|x) = E(t,x)|x), (x|x)=6%(x—-x),

together with the position-space wavefunctions ¢;(x) = (x|i):
x-E=Y [ @xFix) - E(rx) € )i,
i\

where the smearing vector is defined as Fj(x) = 1} (x) x;(x).
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Dipole Density and Interaction Hamiltonian

Define dipole density:

(e, x) = e 3 Fy(x)e* 1) il

Pl = ek - E(t, %) = X(t)/d3x a(t, x) - E(t, x).

This is the standard light-matter interaction Hamiltonian.
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Connection with the UDW Detector

Recall smeared UDW interaction:

Fy = x(t) / s e, x)3(t, %).

Correspondence:
o d(t,x) < Mm(t,x)
o E(t,x) < ¢(t,x)

Conclusion:
@ UDW model is the scalar analogue of dipole interaction,

@ It captures the essential structure of light-matter coupling.
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Subtleties of the Dipole Approximation

The standard dipole approximation relies on several implicit assumptions:
(1) Infinite-mass nucleus
@ The nucleus is treated as static.

@ Only the electron dynamics is considered.

(2) Classical center-of-mass (COM)
@ The atom’s trajectory is fixed.

@ No quantum superpositions of motion are considered.

(3) Gauge subtleties
@ Atomic wavefunctions are not gauge invariant.

@ One cannot freely choose a gauge and use textbook orbitals.

(4) Neglect of A? terms

@ Only valid in restricted regimes.
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Beyond the Simplified Dipole Approximation

A more complete treatment treats the atom as a two-particle system:

Center-of-mass and relative coordinates
Mmefe + mpf,

R =
M ?

This leads to a richer interaction structure.

Multipole expansion:
A(t,R +r) ~ A(t,R) + or - V5A(t, R).

The full interaction contains multiple contributions:
Electric dipole: —e# - E(t, R)
Rontgen term (COM motion)
Magnetic dipole (orbital motion)
Electric quadrupole corrections

Diamagnetic and self-energy terms
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Detector Response: General Setup

Before considering thermality, let us first analyze the general case of a detector equilibrating with a
stationary state of the field.

At leading order in perturbation theory, the transition probability is

P(£Q) = XT3 F(£Q, T) + O()\*),

F(£Q,T) = %fd’r d'r’x(%) )_((T_Tl) eFi(r—7") W(r, ).

Here:

@ W(r,7") = W(x(7),x(7")) is the pullback of the Wightman function,
@ x(r/T) is normalized so that [dr x(7/T) =1,
@ F(£RQ, T) is the response function.

Intuitively, the response function is like a transition probability per unit interaction time.
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Stationarity and Fourier Expansion of the Switching

If the field state is stationary with respect to the detector proper time 7, then the Wightman function
depends only on the difference:

W(r, ') = W(AT), Ar =7 —7. (2)

Since the switching is real, we can write

1 iwr
X(5) = 57 [ wi(@)e ¥,

x( ) %/dwz*(w)eim;’.

Here w is dimensionless, since it is Fourier-conjugate to the dimensionless variable 7/T.
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Rewriting the Response Function

’ ,
U - T T 3 V — T T .

Then the response function becomes

1 dw dw’ . —x
F(+Q, T) = ﬁ/dudvg o (@)X (=) W)

o e—i(:I:QJr wiw! ) i el

_ilw—w)y w—w\ .
fdve —271'5( T )—47rT5(w w'),

we obtain a much simpler expression.
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Final Frequency-Space Expression

After integrating over v and using the delta function, the response function becomes

1 . — w
F(+Q, T)= 5 fdw |X(w)|2W(ZFQ — T) ,

W(w) = / " du W(u)ews (9)

— 00

is the Fourier transform of the stationary pullback of the Wightman function.

Up to this point, the only assumption used is stationarity of the field state with respect to the detector
proper time.
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