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Peres Criterion

This leads to the following very useful entanglement test.

Peres criterion. If the partial transpose p[4 or 5]z has at least one negative eigenvalue, then
the state p,z is entangled.

negative partial transpose = entanglement.

This is always a sufficient criterion for entanglement.
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When Peres Criterion Is:Also Necessary

In low-dimensional systems the Peres criterion is even stronger.

If the bipartite Hilbert space has dimension

i or 2 % 3,

then positivity of the partial transpose is not just necessary for separability, but also sufficient.
So in these dimensions :

State separable < partial transpose positive

In particular, for two qubits, the Peres criterion gives a complete separability test.
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Local Operations and Classical Communication (LOCC)

To discuss entanglement as a resource, we need to define the class of operations that spatially
separated parties are allowed to perform.

LOCC stands for Local Operations and Classical Communication.

This means that the parties may:
@ act locally on their own subsystems,
@ perform local unitaries or measurements,

@ and communicate classical information to one another.

For example:
@ Alice measures her qubit,
@ tells Bob the result by phone,

@ and Bob applies a unitary depending on what Alice told him.
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Why LOCC Matters

LOCC operations are important because they cannot create entanglement.
They may:

@ create classical correlations,

@ rearrange existing entanglement,

@ or destroy entanglement,

but they cannot generate entanglement from scratch between spatially separated parties.
So LOCC provides the natural notion of “free operations” in entanglement theory.

This is exactly why so many entanglement measures are required to be monotonic under LOCC.
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Distillable Entanglement

Using LOCC, we can ask a very natural operational question:

How many maximally entangled states can be extracted from many copies of a given state?

Definition. The distillable entanglement of a bipartite state psp is the optimal asymptotic
rate at which Bell pairs can be extracted from many copies of pag using LOCC.

More precisely, D(pag) is the largest rate r such that, from N copies of pag, one can obtain
states arbitrarily close to rN Bell pairs using LOCC, in the limit N — oc.

Often this is defined asymptotically:
@ one asks for the fraction of Bell pairs per copy that can be distilled in the limit N — oc.

In other words, it quantifies how efficiently entanglement can be converted into a standard resource for
quantum communication. Not all the entanglement is distillable.
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Negative Partial Transpese and Distillability

A remarkable fact is that if the Peres criterion detects entanglement, then that entanglement is
distillable.

So if
Pag  OF  Pup

has negative eigenvalues, then for sufficiently many copies one can distill Bell pairs using LOCC.
Thus:

negative partial transpose = distillable entanglement.

But the converse is more subtle in higher dimensions than 2 x 2 and 2 x 3.
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Bound Entanglement

What happens if the partial transpose is positive?
Then there may still be entanglement, but it need not be distillable.
This kind of non-distillable entanglement is called bound entanglement.

So the Peres criterion detects a particularly useful form of entanglement, namely the kind that can be
distilled into Bell pairs.

This already suggests that different entanglement measures may capture different aspects of what
makes entanglement useful.
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Why Entanglement Measures Are Hard

Quantifying entanglement is, in general, a difficult problem.
In fact, determining whether an arbitrary mixed state is separable is an NP-hard problem.

This means that any good entanglement quantifier is expected to be computationally difficult in general.

So in practice we often need to compromise:

@ either we use a very faithful measure that is hard to compute,

@ or we use a simpler quantity that is easier to evaluate but does not capture all aspects of
entanglement.
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What We Would Like from an Entanglement Measure

Ideally, an entanglement measure f(p,5) should satisfy the following properties.

Definition. An entanglement measure is a positive function on bipartite states such that:
© it is maximal if and only if the state is maximally entangled,
@ it is zero if and only if the state is separable,

© it does not increase under LOCC.

A quantity satisfying all three properties is a faithful entanglement measure.

Remark. Monotonicity under LOCC is the core requirement; the other conditions are largely
normalization choices. In more general settings there may be multiple incomparable maximally
entangled states, so a single scalar measure need not capture the full structure.
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An Important Warning

Not every quantity commonly used in entanglement theory satisfies all these properties.

For example, the entanglement entropy is extremely important and physically meaningful, but for
general mixed states it is not a faithful entanglement measure.

So one must always be careful about:
@ what exactly a quantity measures,
@ whether it works only for pure states,

@ and whether it captures all entanglement or only part of it.
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Entanglement Entropy for Pure States

For a pure bipartite state |V,5), the entanglement entropy is defined as the von Neumann entropy of
either reduced state:

Se(|¥as)) = S[Tra(|¥as)(Was|)] = S[Tra(|¥as)(Vas|)] - (9)

So for pure states, the entropy of subsystem A and the entropy of subsystem B coincide and define the
same quantity.
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Physical Meaning of Entanglement Entropy

For a pure bipartite state, the entanglement entropy has a very clear interpretation.
The total state has zero von Neumann entropy, so we have full information about the joint system.

But if the state is entangled, then erasing subsystem B leaves subsystem A in a mixed state.
So the entanglement entropy quantifies exactly:’

the ignorance about A that arises when the information about B is erased.

This is one of the deepest and most intuitive interpretations of entanglement.
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A Concrete Failure: Maximally Mixed Two-Qubit State

Consider the maximally mixed state of two qubits:

R 1
Pas = ZHA®HB'

This state is separable and contains no entanglement.

Yet its reduced states are
(17)

which have maximal entropy.

So if one tried to use reduced-state entropy as a mixed-state entanglement measure, it would assign a
maximal value to a completely unentangled state.

That is why entanglement entropy is good only for pure states.
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Can we generalize the Entanglement Entropy?

Suppose the mixed state has a convex decomposition
Pas = Zpi |¢LB><¢LB| .
i

For each pure state component |?,bf\B> we know how to quantify entanglement: we use the
entanglement entropy.

So we can form the average

(Se(Pap)) = Z Pi SE(W;;B»-

This is the natural first attempt at a mixed-state generalization.
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Why Minimization Is Necessary

There is a problem: the decomposition

Pap = Z Pi |¢i}3><¢£]3|

is not unique. I
Different decompositions may give different average entanglement entropies.

So if we want a quantity that depends only on the state itself, and not on an arbitrary chosen
decomposition, we must minimize over all possible decompositions.

That leads to the entanglement of formation.
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Definition of Entanglement of Formation

Definition. The entanglement of formation is

EoF (jas) i= pil?bf Zp; Se(|¥hs));

where the infimum is taken over all pure-state decompositions

Pas = pr |¢LB><MB| -

-

This is a faithful entanglement measure.
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The Idea Behind Entanglement of Formation

Distillable entanglement asks:

How many Bell pairs can be extracted from a state by LOCC?

Entanglement of formation asks a converse question:

What is the minimum amount of entanglement needed to prepare the state?

More precisely, it is defined as the minimum average entanglement entropy over all ensemble
decompositions of the state into pure states.

So entanglement of formation extends entanglement entropy to mixed states by quantifying the
minimal entanglement required to create them.
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The Idea Behind Concurrence

Concurrence is another entanglement measure inspired by a similar logic to entanglement of formation.

The difference is that, instead of using the von Neumann entropy of the reduced pure states,
concurrence uses a simpler quantity based on the purity of the reduced state.

So the basic strategy is: .
@ decompose the mixed state into pure states,
@ quantify the pure-state entanglement using a simple formula,

@ then minimize the average over all decompositions.

Eduardo Martin-Martinez - PSI RQI Course Quantifying Entanglement and the Church of the Larger

Pirsa: 26040036 Page 20/49



Definition of I-Concurrence

Definition (I-Concurrence).

Clpan inf j C(|9hs ),
[Pan] = {pjmg}zjjp C(|#hs))

%B> \/2 — Tr(3,))

Pjs = TI'B( MB><%B ) g
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Computational Difficulty of Concurrence

Like entanglement of formation, concurrence involves an optimization over all pure-state
decompositions.

Therefore, for arbitrary mixed states, computing concurrence is computationally hard in general.

So concurrence is another example of a faithful entanglement measure that is conceptually nice but
computationally hard.
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Definition of Two-Qubit Concurrence

Definition (2 x 2 concurrence).

Clpas] :== max{0, A\ — A2 — A3 — A\t },

are the eigenvalues of

F-\’ = \/‘\/ ﬁAB ﬁ V ﬁAB,

ﬁ = (O-)’A ® g}’B )ﬁZB(JYA & UYB)‘
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Relation Between Concurrence and Entanglement of Formation

For two qubits, concurrence and entanglement of formation are directly related:

o (14 /1= Cpan)?
EoF (jxs) = h( . ) ,

h(x) = —xlogs x — (1 — x)log, (1 — x). (32)

So in the two-qubit case, concurrence provides an efficient route to the entanglement of formation.
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Negativity: The Basic Idea

Negativity is inspired directly by the Peres criterion.

If negative eigenvalues of the partial transpose imply entanglement, then a natural idea is to quantify
entanglement by asking:

How negative i¢ the partial transpose?

This leads to one of the most widely used and computationally convenient mixed-state entanglement
measures.
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Definition of Negativity

Definition (Negativity). The negativity A is defined as minus the sum of all negative eigenvalues
of the partial transpose ﬁl-g or ,6:{;.

So if the partial transpose has eigenvalues
’\1; A2a S EEG

then negativity collects only the negative ones and measures their total weight.

Eduardo Martin-Martinez - PSI RQI Course Quantifying Entanglement and the Church of the Larger

Pirsa: 26040036 Page 26/49



What Negativity Can and Cannot See

Negativity captures exactly the entanglement detected by the Peres criterion.
Therefore:
@ it is very effective in 2 X 2 and 2 x 3 systems,
@ but in higher dimensions it may miss bound entanglement.
So negativity is not a faithful entanglement measure in full generality, because there are entangled
states with positive partial transpose and hence zero negativity.

Nevertheless, this is not a bug: negativity is still very useful because it quantifies the amount of
distillable entanglement.

So:
@ when negativity is nonzero, we know there is distillable entanglement,

@ when negativity is zero, entanglement may still be present, but it is not distillable by this criterion.
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Comparing Negativity and Concurrence

Negativity and 2 x 2 concurrence are related by inequalities of the form

C>AN>+/(1-CR+C2—(1-0C).

In particular, for pure states, the relation simplifies to

C=3N, (35)

So in the pure two-qubit case, concurrence and negativity contain the same information up to a simple
factor.
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Logarithmic Negativity

For computational and algebraic convenience, one often uses the logarithmic negativity, defined by

N = log,(2N +1). (36)

Its main advantage is that it is additive under tensor products, which is very convenient when
comparing multipartite resources or repeated copies of a system.

So logarithmic negativity is often easier to manipulate analytically than negativity itself.
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Summary of Common Entanglement Measures

Entanglement
entropy

Negativity

Concurrence

Easy to compute?

Yes

Yes

Only for 2 x 2

Works for mixed states?

No

Yes

Yes

Faithful in full generality?

No I

No

Yes

Clear physical interpretation?

Yes for pure
states

Yes, as distil-
lable entangle-
ment

Mostly
through EoF

So there is a recurring tradeoff:

@ quantities that are easy to compute are often

not fully faithful,

@ while faithful measures are often computationally hard.
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Mutual Information in Classical Information Theory

Mutual information measures how much ignorance about one random variable is removed when
information about another is provided.

Classically, it can be defined in two equivalent ways:

I(X,Y) == H(X) + H(Y) = H(X,Y),
I(X,Y) == H(X) — H(X|Y).

Here H(X) is the Shannon entropy, and the conditional entropy is

o= 5 e 7)

xeX,yeyY

So mutual information quantifies total correlation between the two variables.
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Why the Two Classical Definitions Agree

Starting from the conditional entropy,

P(x,y)
P(y)

HXY) = -3 Plx,y) 1og(

) = —ZP(X,y)logP(x,y)—I—ZP(XaJ/)lOgP( ), (40

X,y

The first term is the Shannon entropy of the joint distribution, and second term simplifies because

> P(x,y) = P(y),

H(X|Y)= H(X,Y)— H(Y).
Therefore
H(X)—H(X|Y)=HX)+ H(Y)—-H(X,Y),

which proves the equivalence of the two classical formulas.
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Quantum Mutual Information

For a bipartite quantum state p,5, the direct quantum analogue of the first classical definition is
i= 5(pa) + 5(pn) — S(Pan); (44)

where S is the von Neumann entropy.
I

This quantity measures the total correlations in the bipartite state.

If the total state is pure, then
S(ﬁAB) =0,

and the mutual information reduces to twice the entanglement entropy.
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Does Mutual Information Measure Entanglement?

For pure bipartite states, quantum mutual information is directly tied to entanglement.
But for mixed states it also captures classical correlations.

So quantum mutual information is not an entanglement measure in general. Rather, it measures:

5 i I >
all correlations, classical and quantum, present in the state.
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Why Discord Appears

Classically, the two definitions of mutual information are equivalent.

Quantum mechanically, if we try to mimic the second definition

JA(ﬁAB) = S(ﬁB) - 5(}53 | ﬁA)a
I
we run into a problem:
What does it mean to condition on subsystem A?

In quantum theory, gaining information about a subsystem requires performing a measurement, and
measurements disturb the state.
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Measurement-Based Conditional Entropy

To define a quantum conditional entropy, we must specify a measurement on subsystem A.

One defines

S(pg | pa) := min S(ps | {MAY),
N min (Pe | {M})

I 3f

where the minimum is taken over all POVMs on subsystem A.

So we choose the measurement on A that reveals as much as possible about B.
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Quantum Discord

Unlike the classical case, the two quantum versions of mutual information do not generally agree.

This leads to the definition of quantum discord:

Discord quantifies the mismatch between the two quantum notions of mutual information.
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What Discord Measures

For pure states, discord vanishes if and only if there is no entanglement.
For mixed states, however, discord can be nonzero even when entanglement is absent.
So discord is not simply another entanglement measure.

Rather, it captures a broader kind of nonclassical correlation that may survive even in separable mixed
states.

(Optional Discussion if you'd like about the origin of Discord)
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The Church of the

Larger Hilbert Space

& oa

Where mixed states are really pure states
living in a bigger world
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Why Talk About a Larger Hilbert Space?

We now return to a deeper conceptual question:

Where does mixedness come from in a quantum world?

We will see that mixedness can always be understood (at least mathematically) as arising from

entanglement with a larger system. 1

This idea is sometimes jokingly called:

the Church of the Larger Hilbert Space.

The idea is that any mixed state can be thought of as part of a larger pure state.
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Purification of a State

The first notion we need is purification.

Definition (Purification). A state j, is said to be purified by [¢,5) € Hag if

Pa == Trp([than) (Yasl) -

(50)

So a purification is a larger pure state whose reduced state reproduces the mixed state we started from.
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