TitlelLecture - Relativistic Quantum Information, PHYS 777

SpeakerEduardo Martin-Martinez

Collection/SerRedativistic Quantum Information (Elective), March 30 - May 1, 2026
SubjectQuantum Information

DateMarch 30, 2026 - 2:15 PM

URL:https://pirsa.org/26030054

Pirsa: 26030054 Page 1/68



&

Relativistic Quantum Information

OH AlicE. Youre ) | BV N A
THE ONE F Wl
AN W
_‘ L
: (
4 [,
o )
- " f I
f 3 5 |
; \
(

Quantum field theory

General relativity Quantum information

Ot Thermodynamics Relativistic Quantum Optics

Pirsa: 26030054 Page 2/68



A Measure of Ignorance

Surprise and Shannon Entropy

Eduardo Martin-Martinez

Eduardo Martin-Martinez A Measure of lgnorance

Pirsa: 26030054 Page 3/68



Why Start with Ignorance?

In this section we introduce a fundamental concept of classical information theory that will help us later
understand its quantum counterpart.

The central question is:
How do we quantify information?

Equivalently, how do we mathematically describe our knowledge, or our ignorance, about a system?

A useful way to think about this is:
@ When is the outcome of an experiment surprising?

@ How much do we learn when we observe that outcome?

As we will see, it is often easier to define a measure of ignorance than to define information directly.
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Information, Knowledge, and Surprise

Quantifying information is subtle. Somewhat paradoxically, what is easier to define is a measure of
ignorance.

Consider a random variable
Xe{x,....,xn}
with probability distribution
P(X), P(%) = Py
We want a quantity that measures how ignorant we are about the outcome of this random variable.
The guiding idea is:
@ If an outcome is very unlikely, then seeing it is very surprising.

@ If outcomes are often surprising, then we were quite ignorant about the system.
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A Measure of Ignorance

Let Su(P(x;)) be a function that measures the surprise associated with the event X = x;.

Then a natural measure of ignorance is the average surprise:

N
H(X) = P(x)Su(P(x;)) = (Su(X)).

i=1

So the logic is:
@ first assign a surprise value to each outcome,

@ then average over all possible outcomes using their probabilities.

This quantity H(X) will become our measure of ignorance.
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A First Intuition: Rolling a Die

To build intuition, imagine rolling a fair die 1000 times and consider two possible outcomes:
1) we get the number 6 on all 1000 rolls,
2) each face appears approximately the same number of times.

Outcome 1) is much more surprising than outcome 2), because for a fair die we expect something much
closer to 2).

This suggests that a probability distribution carries a notion of surprise:
@ rare events are surprising,

@ typical events are not.

Our measure of ignorance should therefore capture the average surprise we experience when sampling
the distribution.
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Why Average Surprise?

It is important that ignorance is measured by the average surprise, not by the surprise of a single event.
For example, consider a biased die that gives 6 most of the time.

If in one trial we get a 1, that particular event is very surprising. But that does not mean we know little
about the system. In fact, we know quite a lot:

@ we know that 6 is strongly favored,

@ and therefore most trials are predictable.

So the correct measure of ignorance must be obtained only after averaging surprise over many possible
outcomes.
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The Goal: Determine the Surprise Function

We now want to determine what form the surprise function should have.

We will do this axiomatically: we will write down a few basic properties that any reasonable notion of
surprise should satisfy.

Once those axioms are imposed, we will see that the form of the surprise function is essentially fixed.

This will then lead us directly to the Shannon entropy.
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Axioms for the Surprise Function |

Let X' denote one or more observed outcomes, with joint probability P(X).
A surprise function
Su(X) = Su(P(X))
should satisfy the following properties:
1) It should be monotonically decreasing with P.
So:

@ larger probability = less surprise,

@ smaller probability = more surprise.

This is the most basic requirement for any sensible notion of surprise.
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Axioms for the Surprise Function Il

A second natural requirement is positivity:

2) Su(X) > 0.

The meaning is simple:
@ observing an outcome can teach us something,
@ or teach us nothing,

@ but it should not give us “negative information”.

So the surprise associated with an event should never be negative.
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Axioms for the Surprise Function Il

A third requirement is that if an event is certain, then it should produce no surprise at all:

3) Su(X) =0 «= P(X)=1.

If we already knew the outcome beforehand, then observing it teaches us nothing.

So certainty should correspond exactly to zero surprise.

Eduardo Martin-Martinez

Pirsa: 26030054 Page 12/68



Page 11 of 25

Axioms for the Surprise Function IV

The most important structural axiom is additivity for independent events:

4) For independent outcomes with probabilities P; and P;,

SU(Plpg) = SU(Pl) + SU(PQ)

This means:
@ the information gained from observing two independent events together

@ should equal the sum of the information gained from observing each one separately.

This is the key axiom that will force the logarithm to appear.
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Differentiating Again

Now differentiate the previous equation with respect to Ps:
Py P, Su”(PyP;) + Su'(PP;) = 0.
At this stage, the variables P, and P> only appear through the combination
P = P1Ps.
So we can rewrite the equation as
PSu"(P) + Su'(P) = 0.

Thus the functional equation has been reduced to an ordinary differential equation.
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Starting from the Additivity Axiom

Let us begin with axiom 4:

SU(P1P2) = SU(Pl) + SU(P2)

Differentiate with respect to P:

P2 Su’(Png) = SUI(P]_).
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Differentiating Again

Now differentiate the previous equation with respect to Ps:
Py P, Su”(PyP;) + Su'(PP;) = 0.
At this stage, the variables P, and P> only appear through the combination
P = P1Ps.
So we can rewrite the equation as
PSu"(P) + Su'(P) = 0.

Thus the functional equation has been reduced to an ordinary differential equation.

Eduardo Martin-Martinez

Pirsa: 26030054 Page 16/68



Rewriting as a Total Derivative

The differential equation

PSu(P) + Su/(P) = 0

can be recognized as

Therefore

for some constant k € R.
Hence

Now integrate once more.
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General Form of the Surprise Function

Integrating

IP :ﬁ
Su'(P) B

we obtain
Su(P) = klog(P) + C.

So the surprise function must be logarithmic.

Now we use the axioms to fix the constants.
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Fixing the Constants from the Axioms

From the axiom
Bi(P)=0 <= P=1,
we get
Su(1l) = klog(l)+ C = C =0.
So the additive constant vanishes:
Su(P) = klog(P).
Now recall that for probabilities 0 < P < 1, we have
log(P) < 0.

Since surprise must be nonnegative, we need
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Final Form of the Surprise Function

Therefore the surprise function must be

Su(P) = —log, P,
for some base a > 1.
So the only freedom left is the choice of logarithm base.

In information theory, the standard choice is base 2, because it measures information in bits.

Thus the surprise associated with an outcome X is

Su(X) = —log, P(X).

Eduardo Martin-Martinez

Pirsa: 26030054 Page 20/68



Page 19 of 25

Interpretation of the Surprise Function

The formula

has the right qualitative behavior:
e If P(X) =1, then Su(X) =0.
@ If P(X) is very small, then Su(X) is large.

@ Independent events have additive surprise because

— log,(P1P2) = — log, P1 — log, Ps.

So logarithmic surprise is not arbitrary: it is forced by the axioms.
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Definition of Shannon Entropy

Once the surprise function is fixed, the average surprise becomes

N

H=—Y Pilog,P:.
i=1

This is the Shannon entropy.

g

Given a probability distribution {P;}! , the Shannon entropy is

N

H=-Y Pilog,P:.
i=1

-

So Shannon entropy is simply the average surprise associated with a probability distribution.
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Postulates of Quantum Mechanics: Overview

Let H be the Hilbert space associated with a quantum system.

We will use three basic postulates at this stage:
@ Postulate 1: states are represented by density operators.
@ Postulate 2: observables are represented by self-adjoint operators.
@ Postulate 3: probabilities of outcomes are given by Born's rule.

At this point we will not yet discuss a measurement-update rule. We postpone that until after
introducing entanglement and more general measurement theory.
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States, Entropy, Measurements, and Entanglement
Density Matrices, POVMSs, Partial Trace, and Bipartite States
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Pure States

If we know exactly which vector |¢)) € H represents the state of the system, then the density matrix is
p= Y)Yl (8)

Such a rank-1 density operator is called a pure state.

So pure states are the states of maximal knowledge allowed by quantum mechanics.

Even then, measurement outcomes may still be probabilistic, but there is no additional ignorance about
which quantum state the system is in.
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Density Matrices as Mixtures of Pure States

A general density matrix can always be diagonalized in some orthonormal basis:

= pileel,
i

p; = 0, ZP;ZI-

The vectors {|e;)} form an orthonormal basis of H:

Z e} (e = 1. (11)

This makes the density matrix look like a classical probability distribution over orthogonal pure states.
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Important Subtlety: The Decomposition Is Not Unique

Although the diagonal decomposition is natural, it is not the only way to write a density matrix as a
probabilistic mixture of pure states.

In other words, the same density operator can often be interpreted as many different ensembles of pure
states.

So the density matrix does not encode how the state was prepared. It only encodes the observable
statistical predictions of the state.
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Example: One Qubit State

Consider the one-qubit state

. 1 3
p= 100l + 7 11)(1l.

This looks like a classical mixture of |0) and |1).

Now define

1 1
+) = 7(|0>+ 1)), =)= 7

We will now rewrite the same density matrix in terms of |+), |—), and |1) instead.

(10) = 11)).
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Rewriting the Same Density Matrix

Starting from

2 )01 + 2 1111,

we can write

p = 2(10)0] +11)(1]) + 5 [1){1].

Now note that
[+ {+ = %(IU) + [1))({0] + (1]),

[=N-I= %(IO) = [1))((0] = (1))-

L3
Adding these two projectors gives

[+) (] + [=) (= = 10){0] + |1)(1].
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Pirsa: 26030054 Page 29/68



Alternative Ensemble Decomposition

Therefore,

TG+ 2 )+ 5

So the same density matrix can be interpreted either as:
@ a mixture of |0) and |1),

@ or as a mixture of |[+), |—), and |1).

This is a concrete illustration that the probabilistic decomposition of a density matrix is not unique.
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General Non-Uniqueness of Ensemble Decompositions

In general, if a density matrix can be written as

p= Z pi [V (¥l , (20)

then there are in general infinitely many other collections of states {|¢;)} and probabilities {g;} such
that

p= Z pj 1)) (] = Z q; 167) (¢4 - (21)

So:
@ the density matrix determines measurement statistics,

@ but not a unique preparation history.
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Characterizing Pure States

If the state is pure,

Therefore,

So any pure state satisfies
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Why Tr(pQ) Detects Purity

Conversely, suppose

p= ZP: lei)(eil -

p*=> p?leeil,
i

Tr(p?) =) pi-

Now:
@ if one p; = 1 and all others are zero, the state is pure and Z;p,-z =1,

@ otherwise, if more than one probability is nonzero, then >~. p? < 1.

So

Eduardo Martin-Martinez - RQI Course States, Entrc  gq > (NS ) ntanglement
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Definition of Purity

This motivates the following definition.

r

Definition (Purity). The purity of a state g is

P() = Tr(#?).

%

Interpretation:
@ P(p) = 1 iff the state is pure,

@ smaller values of P correspond to more mixed states.
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Bounds on Purity

For a finite-dimensional Hilbert space of dimension d, purity satisfies
<P(p) <L

The upper bound corresponds to pure states.

The lower bound corresponds to the maximally mixed state

1
Amax = —1.
p d
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Purity as a Measure of Mixedness

To see that purity really measures how mixed a state is, consider the family

p=alp) |+ (1-a) 1.

When:
@ a = 1, the state is pure,
@ a =0, the state is maximally mixed.

Now compute p? and then its trace.
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Purity Along an Interpolation Between Pure and Mixed

p=alp)(el+ (1 - a)-1,

we find

P =2 W)+ a1 = 3)5 [Pyl + (1 - 2)? 51

d2
Taking the trace gives

2
Tr(p%) (37)
= . (38)
This is a monotonically increasing function of a, so purity increases continuously as the state becomes

less mixed and more pure.
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From Shannon Entropy to von Neumann Entropy

In the classical case, entropy was defined as the Shannon entropy of a probability distribution.

In the quantum case, the density matrix

p= Z pi |ei)(eil (39)

already provides a probability distribution over orthogonal pure states through its eigenvalues {p;}.

So the natural quantum generalization of Shannon entropy is defined as the Shannon entropy
associated with the state as a probability distribution of orthogonal pure states.
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Definition of von Neumann Entropy

.

Definition (von Neumann entropy). For a quantum state g, the von Neumann entropy is

S(p) == —Tr(plog p) = pr log pi,

where {p;} are the eigenvalues of p.

(40)

The von Neumann entropy is simply the Shannon entropy of the spectrum of the density matrix. The
ignorance you ahve about the state.
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Basic Bounds on von Neumann Entropy

The von Neumann entropy satisfies

where d = dim H.
Interpretation:
@ S(p) = 0 for pure states,

@ S(p) = log d for the maximally mixed state.

So, just like purity:
@ low entropy means little ignorance,

@ high entropy means much ignorance.

In quantum information it is standard to use logarithm base 2, so entropy is measured in bits.
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Bipartite Systems

Consider a bipartite system AB.

If subsystem A has Hilbert space H, and subsystem B has Hilbert space H;, then the joint Hilbert
space is

HAB — HA ® HB- (42)
If {|a;)} and {|b;)} are orthonormal bases of H, and Hjy respectively, then

ai) [6;)} (43)

is an orthonormal basis of the joint system.
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Reduced Density Matrix and Partial Trace

Given a joint state p,g, the state of subsystem A alone is obtained by tracing out subsystem B:

Py = TrB(ﬁAB) = Z(II-A X <bi|)ﬁAB(]lA & |bi>)-

:

Equivalently,

Pa=_ (bilpan|bi) . (45)

i

So the partial trace corresponds to erasing the information about subsystem B and keeping only what is
left for subsystem A.
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Pirsa: 26030054 Page 42/68



Example 1: A Bell State

Consider the pure bipartite state
1

|¢AB) = \/5

(10405) + [1415)) -

Its density matrix is

ﬁAB = |¢AB>(¢AB| .

Now let us compute the reduced state of subsystem A by taking the partial trace over B.
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Reduced State of the Bell State

Compute

P = TrB(ﬁAB) = Z <".B|ﬁAB|iB> L
ie{0,1}

Carrying this out gives

L 1 _1
Pa=75 (104) (0] + [14)(14]) = 2]1A-

So subsystem A is maximally mixed even though the total bipartite state is pure.
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Definition of a Maximally Entangled Bipartite State

Definition. A bipartite state is maximally entangled if:
@ the total state is pure,

@ and tracing out either subsystem leaves the other in a maximally mixed state.

So maximal entanglement means:
@ total knowledge of the joint system,

@ but complete ignorance about either subsystem on its own.
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Bell States

For two qubits, the four maximally entangled Bell states are

[0F) = = (10,0) & [1,1,)),

|wi> — 7 |0A >:|:|1AOB))'

These four states form an orthonormal basis for the Hilbert space of two qubits.
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Example 2: A Classically Correlated Mixed State

Now consider the mixed state

1
Pas = 5 (10415)(0a1s[ + [1405)(1405]) - (52)

This is not a coherent superposition. It is simply a classical probability distribution over two product
configurations.

So it can contain classical correlations, but not necessarily entanglement.
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Reduced State of the Classically Correlated Example

Taking the partial trace over subsystem B gives

Pa = TrB(ﬁAB) = Z (iBIﬁAB“B) (53)
i€{0,1}

1 1
= 5 (1020 + [L) (L)) = 5L (54)

So the reduced state is again maximally mixed.

But this time the origin of the mixedness is not entanglement: it comes from the fact that the original
state was already mixed.
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Example 3: Maximally Mixed Product State

Now consider

. 1
Pag = Z]]-A ® L.

This is the maximally mixed state of two qubits.
It is also a product state, so the two subsystems are completely uncorrelated.

Its reduced states are again maximally mixed, but now the reason is different again:

@ we started from maximal ignorance of the total system itself.
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