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Abstract:

Current waveform models of binary black hole mergers incorporate a large amount of an
phase. In contrast, post-merger descriptions typically rely on phenomenological ansatz«
the quasi-normal mode frequencies providing the only direct analytical input. In thi:
introduction to black hole perturbation theory and the Green s function approach, which

response of a black hole to a dynamical source, e.g., an infalling test particle. | will
study the dynamical excitation of quasi-normal modes during the plunge merger ringdow
highly eccentric ones, and discuss its implications for ringdown modeling. | will conclu

modelling of the prompt response, fundamental to correctly capture the signal emitted dt
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Structure of the talk

* Review of current analytical merger-ringdown model
* Gentle introduction to the Green’s function of a Schwarzschild black hole

* First-principles model to describe dynamical excitation of QNMs during plunge-merger
* Stationary QNMs amplitudes dependence on inspiral computed analytically
* Hints of horizon signal at late times

* Analytical expression of the Green’s function prompt-response valid for post-Minkowskian
sources

9 Marina De Amicis
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Ringdown models and phenomenology
Available post-merger template:

h’fm(t) = g(t - rstar[) E Afmnie_iw”ﬁm’g(t—%m")

nt

Perturbation theory inspired, but phenomenological

* Free ad-hoc parameter ¢,

* Validonly ~ 10 — 20M after peak

Marina De Amicis
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Ringdown models and phenomenology

Available post-merger template:

hzf’m(t) = 9(1‘ - rstart) E Afmnie_imfm"i(t—rm")

nt

* Perturbation theory inspired, but phenomenological

* Free ad-hoc parameter ¢,

* Validonly ~ 10 — 20M after peak

. i i i 1 i i ; [Kamaretsos + (2012)] [ London + (2016), (2020)][Zertuche + (2024)]
Amplitudes fitted from simulations show imprints of inspiral [Cheung + (2024) [[Carullo (2024)1[Zhu +(2024)][Nobili + (2025)]

. . . . . . . . | 2010 1[Zh. (201
* Analytical amplitudes predictions present in test-particle imit (i Goom e Ao 0os)]

[Della Rocca + (2025)]
* How many modes are excited? [Baibhav + (2023)] [Mitman + (2025)]
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Ringdown models and phenomenology

Available post-merger template:

hzf’m(t) = 9(1‘ - rstart) E Afmnie_imfm"i(f—%m")

nt 5

* Perturbation theory inspired, but phenomenological

* Free ad-hoc parameter ¢,

* Validonly ~ 10 — 20M after peak

. i i i 1 i i ; [Kamaretsos + (2012)] [ London + (2016), (2020)][Zertuche + (2024)]
Amplitudes fitted from simulations show imprints of inspiral e e e o]

. . . Lw . . . . | 2010)1[Zh (201
* Analytical amplitudes predictions present in test-particle imit (. Goos e Ao (0os]

. [Della Rocca + (2025)]

* How many modes are excited? [Baibhav + (2023)] [Mitman + (2025)]

* Not valid near the peak: -time-dependent linear amplitudes [Chavda+,(2025)1, [De Amicis + (2025}
- non-]inearities [Ringdown Review, Berti et al(2025)]
-non-modal contributions [Oshita+(2025)][De Amicis +(2026)]

12
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Merger and early ringdown models

: » : " 4-4 A ".I fll.llll |IJ '|
Available merger “early times” templates: ’ WV
4 e ¥ \V
* Require continuity and/or differentiability of inspiral-plunge + 9/ il
ringdown model on a matching region
[Buonanno+(2007)], [Buonanno+ (2009)] 2.5
dk ins N-1 N-—-1 N-1 2t/
B sp—pl _ 1, QNM — — -
dfk [hfm (tmatch + kA,) hfm S(tmatch i kAI)] =4 ’ s 2 ’ 2 1, 2 l\-nl 0 100 150
- :
® hfm(t') — l Afm(t) ei r]q!’ (fm(t) i eiwfm()r ] //.’_____.---——__ i VAV A /
| *k 5 /
l’ g
Activation functions: g /
=T |
Ap(®) = cft tanh (cft +cf) +cf, V=097
N I, PN/
e 1 +cfec! + cf e72%! |
Gem(t) = — ¢/ In Y ; .-
l -+ C3 -+ C4 % 50 _ 100 150
” [Damour and Nagar (2015)]
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Merger and early ringdown models

Available merger “early times” templates:

!
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Pen(®)
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- e lmt’mﬁt

Activation functions:

[Damour and Nagar (2015)]

Apy(t) = ¢t tanh (cft+cf) +cf,

Gpm® =—c? In

_ef et
1+ cfe" + cf o722

1+cf+cf

L
* Same functional form both for non-linear comparable

masses and linear test-particle cases.

* Non-linearities encapsulated in free coefficients of the fit
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Ideally: find a first-principles, analytical model for the plunge-merger-
ringdown in the test-particle limit

16
Marina De Amicis
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Ideally: find a first-principles, analytical model for the plunge-merger-

® [ ] ® L ] [ )
ringdown in the test-particle limit : : :
g P First step to build better informed
Test-particle in Kerr ?  models for comparable masses
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Test-particle on a Schwarzschild background

* Regge-Wheeler/Zerilli equation:

07 — 02 + Vi (r)] W (2, 1) = Sy, (8, 1)

2

St 1) = €= ™0 | £, (8, 1) 6(rs — r*(}:)) + 8om(t, 14)0,,8(r+ — (1))

L

.G | solution: - Retarded Green’s function Physical signals travel
eneral solution: on/inside light-cone

iy, .
¥, (t—r) =Ht’J dri S, (&, 1)) Gt 1 ey 12)
- o & >

18
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Basic tool: Green’s function

Green'’s function: [atz - 5%* + me(r*)] G, (&, 1 1y, r*? =6(t —t)o(rs — 1)

Dictates how perturbations propagate on the curved background
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Basic tool: Green’s function

L

Green's function: [af — 6,2,* + me(r*)] Gy, (t, 1 e, 1) = 6(t — t)0(rs — 1+)

Dictates how perturbations propagate on the curved background

102

0.002 | .
Early times —¥ prompt response:
i
ol 00004 T 107
= a 1 -
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gr TR il 9 Cannizzaro(2026)]
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Basic tool: Green’s function
Green’s function: [ag — (3%* + me(r*)] Gy, (t, s, 1) = 6(t — t)0(rs — 1+)

Dictates how perturbations propagate on the curved background

[0
0.002 4 .
E&I’ly times ""—} prompt response:
E:E 0,000 T -, 1075 - .
% ~0.002 "—“‘Si " * POlynomlal Of Order f I_Dc Amicis and
(%7 el e , Cannizzaro(2026)]
Fo=
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B 0.000 4 \ - 10 Late [imes '_} tail:
> & [Price, Phys. Rev. D 5,
:ﬂé ~0.002 1 = o . power—law decay 2419 (1972)]
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Basic tool: Green’s function

Green’s function: [ag — (3%* + me(r*)] Gy, (t, ;s 1) = 6(t — t)0(rs — 1+)

Dictates how perturbations propagate on the curved background

10—
0.002 4

1073 -

0,000 u-“v

Re(h22)
“1'}'.:!

—0.002 108
r=10

—0.004

{vigdd
0 100 200 00 400 500 600 700 0

100

200 300 400 500 600 TO0

1-?
0,002 4

1079

(L0001 bt

”?331

~0.002 1 [0

r'=50

Re(h22)

=100 4

T T r {add
0 100 200 300 400 500 (00 700 0

1060

200 300 404) 500 60 T

102

0.002 4

0,000 1

lhgzl

—0.002 10-%

Re(h122)

r'=200

— {1044 4

. v - . ' . — o=
0 100 200 300 M 500 600 TOH) 1]

T — Tpeak

Pirsa: 26020040

100

200 300 400 So0 600 700
T — Tpeak
22

Early times —# prompt response:

- Polynomial of order ¢

[ De Amicis and
Cannizzaro(2026) |

-longer the further 7.’

Late times ~—¥ tail:

[Price, Phys. Rev. D 5,
- power-law decay

2419 (1972)]

- larger amplitude the further r,’

Intermediate times ~§ QNMs:

- exponentially damped vibrations
[Leaver, Proc. Roy. Soc. Lond. A402, 285 (1985)]

Marina De Amicis
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[Leaver, Phys. Rev. D 34, 384]

Basic tool: Green’s function

Complex frequency domain: [— a%* — @ me(r)] C”}fm(a); Ty Fs) = O(Fs — 1%)

» Re(w)

iyt

Aol - -

23 Marina De Amicis
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[Leaver, Phys. Rev. D 34, 384]

Basic tool: Green’s function

Complex frequency domain: [— 6%* — o me(r)] Cm}fm(a); Te, 12) = 6(1s — 12)

T et T et S SRS -
1 , _ 7 ™
4l Y — —iw(t—1) ; / e S
m .
Gy,,(t =t 14, 14) do e Gy, (@; 1, 15)
2” I“ // ’ M
A * Im(w) \
; hY
; e Y
xr \‘
Ly 5
; | VIl
- F - » Re(w)
Lo X : Iy x
R sy §, R
X X
x | 3] x
3 Ly
24 ¥ Marina De Amicis
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[Leaver, Phys. Rev. D 34, 384]

Basic tool: Green’s function

Complex frequency domain: [— (3%* — @ me(r)] C”}fm(a); Te, 12) = 6(1s — 1)

1 ——
Gy, (t = U1, 1i) = o dw e @) Gy (@ Ty i) = -7
¥ K Im(w) \
1 —iw(t—t) / T
= 2 dw e Gy, (@; 1, 1) : |
7 JARCS ;

Aol

25 Marina De Amicis
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[Price, Phys. Rev. D 5, 2419]

Green’s function: TAIL [Leaver, Phys. Rev. D 34, 584]

: 1 . N~
Gt —trn)=—— dw e G,

ZE[BRANCHCUT

Limitsr > land w < 1 N
L3 P

.- Observer at £, radiative tail: L Im(w) %
£+1 ; |
Tail(; _ g o () a1
Gefm (t L5 Vs, r*) ~ Cp (t e — tf)f+2 Y ‘
| | R
w=icw » Re(w)

- Observer at finite distances:

- Late times : Price’s law

_ ;)f+1
G2\t — 1 r, 1) R dy

(rr
(l‘ _ t’)26'7+3

. Intermediate transient: radiative tail

27 Marina De Amicis
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Grc cn’s fun CtiOﬂ: QNMS [Leaver, Phys. Rev. D 34, 384]

Gt = t5rsr) = ) Res {e™™™G,, (w3, 1)} =

» Re(w)

iylie—

— —iw mn.._(t—!’*)
- Z S Btfmni
n,x

Aol -

29 Marina De Amicis
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GI‘CCH’S fun Cti on: QNMS [Leaver, Phys. Rev. D 34, 384]

GSEMSU =t e, L) = Z Res. {e @G, (@; I+, r:;)} -

Geometrical exitation Im(w) Y
coefficients : ; 1 .
QN eigenmodes ;
I‘!Z f’ ‘1
= |J Al i Fl I
= = f > Re(w)
n=t 3
30 t Marina De Amicis
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GI‘C en’s fun Cti()n: QNMS [Leaver, Phys. Rev. D 34, 384]

GSEMS(I — Ty = Z Res. {e™ "G, (0; i)} =

Geometrical exitation b Tt "\
Retarded ; ; () \
: coefficients . , 3
outgoing wave QN eigenmodes ;
,T\ /1 | B! ; \
2, \
; i I |
- — - QNM/ s s ' T
o ud’mni(t ) T4) F > Re(w)

I Observer at large distances

Aol

3 Marina De Amicis
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arXiv:2506.21668,

To appear on PRD as Editor’s suggestion
with Enrico Cannizzaro, Gregorio
Carullo, and Laura Sberna

Dynamical quasinormal mode excitation

* Regge-Wheeler/Zerilli equation:

(62 = &, + V(1)) B (t, 74) = Splts 1) 7

7
Sty 1) = €™M0 | £, (8, 1)8(rs — 1(0)) + 8py(t, 14)0,,6(rv — (D))

* QNMs-propagated - Retarded Green'’s function —, Physical signals travel
solution: on/inside light-cone
PNt — 1) = dt"J dri Sp(t', i) GIM(t, 13, 1)
5 € >

32
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Green’s function: QNMs

1 o =
Covnd G = 1 7as ) =—[ dwle ™" G(w; rs, 12)
A 27 I

1

~ N

Contour closed imposing
regularity on @™ — + o0

Im(w)

33 Marina De Amicis

Pirsa: 26020040 Page 30/83



Green’s function: QNMs

I —iw|t — ro — C(t', 13)]

M —o0: e G(w;re, i) & |regular| - e
k

For w

Regular for t — r«. > C(¢', 1)

- S, | ’-\{ o r_r,
-{ Lower half-plane Ct,ri) =t +ri—2r,log
/ Im(w) L ’
vy \
: = r;
Re(w)

34 Marina De Amicis
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Green’s function: QNMs

|

—iw|t —r. — C(t, 1))

For@™ —» —oco: e G(w; r, 1i) ~ |regular| - e

Regular fort — r« > C(¢', ry)

[ EEmm s ——,H“K\ L‘" \
\\‘\ | r\j / r’_ rh
[ Lower half-plane C{t,ri) =t +r.—2r,log

!

Condition to close in
lower-half plane
< -
GIM(t — 1, re,ri) = Olt — 1 — C(¢', 14)] X
L3

- [—r« NM
Z € D (=1+) Bfmni ubgmni(t” )

& >

Leaver’s GF

35 Marina De Amicis

Pirsa: 26020040 Page 32/83



(QNMs causality condition

1301

* For a source at (¢, r) (901
QNM signal observed at
110
! ! / ’ rf — rh

bis — T = Cll )=t +r—2rlog | —— -
: 4 2 100

ﬁ%: &
Fe obs = 100M 90

80 —-—- Scattering

|

!

! —— Light cone

|

|

[ —— QNMS: tobs — rons 2 C(t' =0, r")

2 3 + 3 6 7 8 9 10

2
()]
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(QNMs causality condition QNMs travel on

hyperboloidal slices in
the minimal gauge ’

1301
* For a source at (¢, r) 5 S
QNM signal observed at
, 110
. ’ ’ F="r,
bis —Toops = O, i) =t 411 - 2n;log f _.,5,
\ g 100
,r\\: &
1
Fe obs = 100M 901 |
i — Light cone
80 : —-—- Scattering
1imi | QNWIS fobs — Fobs 2 C(:‘d =0,r)
* Limits |
2 3 4 5 6 7 8 9 10
r'—r, , t—r2t—r. Onlight-cone propagation r

38 Marina De Amicis
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(QNMs causality condition QNMs travel on

hyperboloidal slices in
the minimal gauge

L

1301
* For a source at (¢, r) 1301
QNM signal observed at
f 110
! ! ! ’ r—= rh
Livg — Tiohs = Clt ) =t +1.— 2 log f 2
’ r 2100
R
1
Fe obs = 100M 90{ |
| — Light cone
80 : —-—- Scattering
PR | = QNNIS fobs — Fobs = C(!‘J =0, r")
* Limits
2 3 4 5 6 7 8 9 10
r'—r, , t—r2t'—r. Onlight-cone propagation 4

r'>r, , t—r:2t'+r: Scattering off the light-ring/potential peak

2 Marina De Amicis
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______________
.....

Retarded Green’s function: regularity

» Retarded Green'’s function (GF) is regular for ri, = — oo S S T

Gf;?; Mt -t r, 1) = 0t — e — C(t', 10)] Z e 0emst=1) B,

mn=t
< > nt
Selects retarded propagator & >

Leaver’s GF [Phys. Rev. D 34, 384]

NM
uzgmni(t” I’;)

For ri, —» — oo:
QNM

zf’mni(t” e = — 00) = 00

 Leaver’s GF diverges as u

e C(t',ry > —00) > 00

& * Causality condition @ [t — . — C(t, r;;)] pushes divergence at late times

I 1—rs . . NM / ! ! '
e~ @emi=(1=7+) cancels divergence in u?mn i(t, ri) ~ exp [lIm(a)fmnp) | C(7, r*)]

* Physical interpretation: signals emitted at the horizon are infinitely redshifted

43
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Convolution with the source

G};M(I — 1)) =0[t—r.— C(t,1))] Z =i tmns(1=T+) By ”2,1:2_1[ (. 1)

n,t

Spm(t, 1) = 7 MPD | £, (8, 7)S(rv — 15(1)) + 8p(t, 14)0,,8(r — 1u(D)))]

Trajectory (r«(?), (7)) , apparent trajectory (7,7«) / t—r«= C(f,7+)
Convolution result:

TganM(t — r*) = Z e_fwfmni(’:_r*) Bzf’m';e‘—" [Cfmni'(t - r*) fe ifmni(t - r*)]

n,x

45 Marina De Amicis
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Convolution with the source

GS;M(I — 151, 12) = Ot — re — C(t, 1i)] Z e CemsT) B, u}iﬁ(tﬂ rs)

n,t

S,(t, 1) = =MD [ Jom(t, 1)0(re — 1e(t)) + 8, (L, 74)0,.6(rs — r*(t))]

Trajectory (7«(?), (1)) , apparent trajectory (f,7«) / t— r« = C(f, )

Convolution result:

TganM(t —r) = Z g Omi7T) Bo"mni [C&"mni(t — o+ ifmni(t - r*)]

n,xt
(6.0
« Activation coefficient: _ 1
N oy Cfmnp(t — 1) = - J dri " , Uemnpdem — ari ua"mnpgﬁ’m
hereditary, accumulates in time FuE=7) Fe(2(rs)) (t(r),rh)
) - - - -
. Impulsive coefficient: ()= [P = 8] gy (7 )8 (F: 7o)
) = .
local term e -3 [2,,% e ,:2] — 7

47 Marina De Amicis
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Activation and impulsive coefficients

F
5.22 3.97 3.00227 2.01 2.001 2.000
—— |B220+ €220+
== |Bo- -c20-|
1011 === 1B220< *i220|
il '\\‘
\c
A s LA T % \
™ VY %k
\ { e il
i|.jI \\, \'\__/ ....
1 »
; I N
P ] \
-3 ] .,/ "
10 1.2 | .:; ‘ . \'
=50 —-10 0 7 20 30 50
T—TLR

Fundamental mode:
* Activation saturates to a constant at late times
* Impulsive vanishes at late times

¥
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Activation and impulsive coefficients

r F
522 397 3.002.27 2.01 2.001 2.000 [02.22 397 3.00227 2.01 2.001 2.000
— B+ e+ (02
== |Bxo- - ¢220-|
A 0 |
0=t “77 |B220+ 220+ 1
] 10721

i _
N 10~ e -
1072 \ ;’ﬁ\\ \\ 100 = |B2224 - C2224]
] l‘i I!f \\\;\_-ﬂ'—-\.\ L 1018 | S |B?'22_ ‘(..222_ |
|| N " ' ==== B2 +i21 4+
: I N ]U_IU ] i
’ ] \\ |B'7 O +|
102 2° ; \ N 222+ " 1222+
-50 -10 0 7 20 30 50 10750 -10 0 7 20 30 50
T—TLR T—1TLR
Fundamental mode: Overtones:
* Activation saturates to a constant at late times * Activation and impulsive grow at late times

* Impulsive vanishes at late times
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Activation and impulsive coefficients: near horizon

r E
5.22 3.97 3.00227 2.01 2.001 2.000 102.22 3.97 3.002.27 2.01 2.001 2.000
— B0+ < €220+ (02|
== |Byg- <C220-1
. 0]
g Mecices |B220+ * 1220+ | i
= 1072 1
P £ €221 41
' N 10~ ]
\ == 1B~ ~c221-]
102, ‘\\ ,’r\\\ \\ 10-6 | — B2+ - 22241
t ! NN @ == |Bass. -iCo0n|
11 \ M e 10 1
i N bl === 1By 4 i1
. 1] \\ ][}—Iﬂ 1
S’ I . 1B222+ + 12224 |
1073 e I \ + +
Pl . I - ; o 10-12 £ : - : .
=50 —-10 0 7 20 30 50 =50 -10 0 7 20 30 50
T—7TLR T—TLR
j+1 .
r<rLR o J+1 2?’; Imfmn:t T(f—!‘*) (0 - (t'” ?‘*)
zf’mnp(t r*) = Ccomnp(r - I‘LR) + Z YJ fmnt Z 'J/j c”mn+rh 1 (A h e emnt
j=0 j=0
r<rLR(t — Iy ) Zﬁ P‘)+1 2r,i Dt o~ 21, 7,.'! (f re) ;mfm_,_(z T)
ef’mnp - JfmnE" p
Jj=0
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Activation and impulsive coefficients: near horizon

£ r
5.22 3.97 3.002.27 2.01 2.001 2.000 102.22 3.97 3.002.27 2.01 2.001 2.000
— B0+ < €220+ (02|
== |B220- - c220-1
; 0]
10-1] ~777 B220x + 1220 -
] = 10721
ST, _ 2214 €221 4|
\ N
\ H =="1Byi- ~c2z1-]
10=2 “\\ 2% N 106 | — B4 - 2224
] / \
‘11 i ", ‘\.\ -y == 1Bon< e |
Bl R T s ¥
| b ==== B+ "i221 4|
-10 ]
e i 0 |B222 4 = i202.4 |
1073 ; g i \ + +
1w A : >, 10-12 £ : : : : .
=50 -10 0 7 20 30 50 —50 -10 0 7 20 30 50
T—1TLR —TLR
r<rLR(t - ) c (r 7 ) e r_;+1 2r, i 1O g~ Z’h (f r+) sz,,,,,+(r rs)
fmnp *) = Y“mnp\" — LR Yj mnt yj mnt" p
j=0 J=0
1 -
A
fmnp(r re) o 2 Bepaltss e 1 —2r,|Im(w,,,,) | > 0 — vanishes
j=0 %'““'— -
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Activation and impulsive coefficients: near horizon

¥ ¥
5.22 397 3.002.27 2.01 2.001 2.000 102.22 3.97 3.002.27 2.01 2.001 2.000

— B0+ 220+
220+ * €220+ T — 102

== |B»o- -c20-|

-1 “77 |B22ox 220!
] 10721

10744

1072 1079
Y
1079
]U_IU J
107
] ’I T T L _If:l T T T T T
=50 -10 0 1 —5{] —10 0o 7 20 30 50
T—1TLR —TLR
"<’”LR _ JH1=2ry i@ s Zr Ll (t-r.) twfm,,i(f I'e)
fmnp(t r*) :I'Co"mnp(r - rLR) T Z Vifmn+t— Z 7;, o"mn+rh e 7 /7
[ Jj=0 j=0
r<rLR I’J+1 21y i0p s l(t_r*) 10 e (T— 1) :
bt = 14) 2 ) B puns T e Tn e tm 1 —2r,|Im(w,,,,) | > 0 — vanishes
= e eeon ..
j=0 —
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Activation and impulsive coefficients: near horizon

r r
5.22 397 3.002.27 2.01 2.001 2.000 102.22 3.97 3.00227 2.01 2.001 2.000
— B0+ - €220+ (02
meems (Baog. <Copp-|
A 0|
10-t] === |B220s 2204 i
L= - ]0—2 ]
- '\
: -4 |
\ 10
—ag 0 \
1072 1 1070
] \\ll ! \\"\‘\"'_'\
! \ : 1074
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- ! 10710
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1077~ | .:5 . . <] —y ' | | . |
=50 -10 0 7 20 30 50 =50 —-10 0o 7 20 30 50
T—1TLR —TLR
r<rLR(t i ) c (7" 7 )+ r;+l 2r, i O mnsgp ~ Z’h (f rs) mifm,,i(t )
fmnp *¥) = Y¢mnp\" — "LR Vifmnt — yjo"mn+ h
j=0 j=0
k ”
+1
F<E, +1-2r; iw S—(t—rs) -7 .
fm,;‘j(f — ) = zﬁ,fmnw’ h i Wemns g =2, T @i mnalt=1) 1 = 2r,|Im(wy,,,) | <0 — diverges
. .+t .
j=0 — >
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QNMs propagated signal: late times

QNM
mnt

—_ e_i(l)fmni(t—rz)Bfmni [Cfmnt(t — r*) _+_ ifmni(r —_ r*)]
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QNMs propagated signal: late times

+1
r<r +1-2r, iw,, 4 (t—r*) i f—7r.
Com ;‘_‘f_(t — 1) & Cfmn"“(r rLR) + } :yj fmnt 2 :yjfmm-rJ g e @epf(1=T4)

Jj=0 j=0 rd _
;«Li(r_ ez 2 B, fmﬁriﬂ 214 0 =2y 1) gl fal=r2) rDivergence regularized in full QNMs signal,
mn . . s
j=0 7 | originates redshift terms, x, = 1/(2r})
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QNMs propagated signal: late times Redshift factor k, = 1/(2r;)

+1
"<r i+1=2r, iw,, ., —5—(—r) i Yo
Com ;_f't_(r — i) Cfmn+(r rLR) + E , Vijgmnt — E :yj fmu+rJ By o, ' @Cemnz(I=T+)
Jj=0 j=0

r<rLR _ JH1=2r,iw,,,+ 2r (! r«) m; s (E=T)
e;"'m.rz+(r r*) - Z ﬂu’ fm”"'"rk Hense 2 A
j=0

QNM
mnt

—_ e—iﬂjfmni(t—rt) Bfmnj-_ [Cfmnt(t —_ r*) + ifmni(t —_ r*)]

Regular late-times 2 71z + 15M signal:

\PQNM, late timeS(t —r) = E AHereditary + ANearHorizon e~ Ppmns(t=T+) + Z A_Redshift e~ UrDr(t=r)
£m fmnt J.fm

mnt
nt j=0

4

Constant amplitude QNMs decay
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QNMs propagated signal: late times Redshift factor x, = 1/(2r,)

o0 o0 i

r<r - i+1-2r, iw,,,. . —%(f—f'*) iw 1—7s

s — ) = fcfmni(r = 1R D, Vitmne = D, Vigmuay T2 hemzg ™ 2, (1) gi0malt=r)
k J=0 j=0

r<rLR _ JH1=2r,iw,,,+ 2r (! r«) 10) s (=T)
e;"'m.rz+(r r*) - Z ﬂu’ fm”"'"rk Hense 2 s
j=0

\P?HI\IIIE = e_imfmni(t_r‘) Baf’mni [Cfmni(t - r*) -+ ifmni(t - r*)]

Regular late-times 2 71z + 15M signal:

lPQNM, late timeS(t —r) = E AHereditary e, ANearHorizon e~ Opmns(t=T+) + Z A_Redshift e~ UrDrt=r)
£m fmnt J.fm

mnt
ik * =0

%

Constant amplitude QNMs decay
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QNMs propagated signal: late times Redshift factor x, = 1/(2r,)

S o R e o R
69 ;;_?_(t - r*) — Cfmn+(r ?’LR) + Z ]/j Zmnt = 2 }G fmn+r] h*Cemnrp  2ry e emn( )
J=0 j=0

r<rLR _ JH1=2r,iwp,,.+ 2r (I F«) ;g) s (E=T+)
zf"mn+(r r*) - Z ﬁu’ fm”"'"rk e R
j=0

‘P?Sﬁ =e Ia)fmn+(t f‘t)B mni [Cfmni(t — r*) + ifmni(t — r*)]

Regular late-times 2 71z + 15M signal:

TS}EIM, late timesa —r) = E ( A Hereditary ANcarHorizon) o~ iOmns(t=1) 4 Z AjR;gshift e ~U+ DK (=r)

mn=+ £fmnt
n+ j=0
/ J
Constant amplitude QNMs decay Redshift terms x;, = 1/(2r,)
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QNMs propagated signal: late times Redshift factor x, = 1/(2r,)

P

i+ 1=2r iy, —(t=rs) s
;<’;§(t — T%) & Cpppa(F = 11g) + Z T 2 y; ,!f’mnirf- i s =5 1 T%) 005 (1—12)
J=0 =0
: . i+ 1
r<rLR _ - JH1=2r,iwp,,.. —L—(t-r) 1604 (1=T+)
é"irm'z+(r Ta) = Z ﬁj,fmnirh g SR g -fmnt
j=0

‘P?Sﬁ =e Ia)fmn+(t f‘t)B mni [Cfmni(t — r*) + ifmni(t — r*)]

k
Regular late-times 2 71z + 15M signal:
QNM, late times 5 __ - Hereditary Near Horizon =1 gy (1= T) Z Redshift ,—(j+1)x,(t—rs)
PN (1= r) = ), (Aerdiory . gNewHorizon ) g-ivyusti=r) 4 ) ARG o=(it D,
nt

j=0

\

Redshift terms x, = 1/(2r;)
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QNMs propagated signal: plunge-merger-ringdown

e_iwfmi(zﬁr*) Bfmni [Cfmni-(t - ?‘*) g if’rmzi()’f - r*)]

2.000

N
lPQNM -
‘m
- n,t
4.68 3.97 3.00 2.13 2.01 2.001
1.51 === Numerical
\ N=0
1.01 |
\ —_— N=1
\
N=2

Re(h22)

N
N
N
N=6

T —10 0

50

Im(h22)

3.97

3.00

r
2.13

2.01

2.001

2.000

0.5
0.0
0.5

—1.01

0

T—TLR

20

30

50
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QNMs propagated signal: plunge-merger-ringdown

N

PAM _

‘m

2.13

n,t

2.01

e_iwfmi(zﬁr*) Bfmni [Cfmni-(t - ?‘*) g if’rmzi()’f - r*)]

Re(h22)

2.000

r
2.001 2.000 4.68 3.97 3.00 2.13
=== Numerical 1.51
N=0
1.0
— N=1
A
(]
(]
= 0.0y
£
-
—0.51

—1.01

10
T—TLR

20

30 50 .7 ~10 0 10

T—TLR

* Signal is regular during plunge-merger
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QNMs propagated signal: plunge-merger-ringdown

N
NM _ —i t—rx :
‘P?m — e Oemns (=T )Bfmni [Cfmni-(t — )+ lf’rmzi()’f - r*)]
= n,t =
r r
4.68 397 300 213 200 2.00l 2.000 4.68 397 300 213 201 200l 2.000
=== Numerical 1.5
N=0
1.01
— N=1
< = 004
[ P]
& E
~0.51
~1.07
~1.5]
25 -10 0 10 20 30 50 ~25 -10 0 10 20 30 50
T—TLR T—TLR
* Signal is regular during plunge-merger
* Higher overtones are more relevant during plunge
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QNMs propagated signal: plunge-merger-ringdown

N
NM __ —iw t—r. .
T?m . € emns{(=T%) Bfmni [thmni(t - ?‘*) + lfmni(t - !‘*)]
= n,t =
r r
4.68 397 300 213 200  2.001 2.000 4.68 397 300 213 201 200l 2.000
1.51 =- == Numerical 1.51
7 AR N=0
1.0 AN \ 1.0
=t re.q
0.5 - N=2 0.5
Vet A
o -l
(] [ |
= 00 = 0.01
D] E |
[a' —
—0.51 =0.51
N
~1.01 N=4 ~1.01
N=5
= N=6 ~1.51
-25 —10 0 10 20 30 50 -25 ~10 0 10 20 30 50
T—TLR T—TLR

* Signal is regular during plunge-merger
* Higher overtones are more relevant during plunge
& * Promptand branch cut contributions needed for plunge merger phase N Dy Ao
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QNMs propagated signal: plunge-merger-ringdown

4.68 3.97 3.00 2.13 2.01 2.001 2.000
0.45
07 — 2+ V,, (r)| ¥ ylts 1) = e ™OF, (1, 14)
0.401 t 7 m\" ¥ Em\*s 1 ¥ Em\*> " ¥
k
0.351 . . - . .
o * Frequency is driven until light-ring crossing (at
“< 030 .
orbital frequency peak)
0.251 ¥ %
——3y System behaves as driven oscillator
0.201
= T0Y
IS ]
= 104
# ]
& 107!
10—3: -
=25 -10 0 10 20 30 50
T—1TLR
——=- Numerical — N=3
N=0 —— N=4
— =] m— N=)
- N=2 — N=6
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