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Abstract:
Decoded Quantum Interferometry (DQI) has been recently proposed as a new quantum algorithm for optimization. Hamiltonian

Decoded Quantum Interferometry (HDQI), an extension of DQI, adapts this paradigm to Hamiltonian optimization and Gibbs

state preparation. In this work, | will introduce HDQI for general Pauli Hamiltonians and discuss its application to the
approximation of Gibbs states.
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Background

Optimization problem:

mfx / mml:[]_ f ("}j) (Hard to solve in general)

w
- I e.g., finding the ground energy N

Quantum algorithms for optimization: Grover’s algorithm, quantum adiabatic algorithms, VQE, QAOA ...
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Overview of DQI

Quantum Algorithm

max / mln f (ﬂ:) i Classical Decoding (Basic Idea)
xT xT 3

Article Openaccess Published: 22 October 2025
Optimization by decoded quantum interferometry

Stephen P. Jordan &4, Noah Shutty B9, Mary Wootters, Adam Zalcman, Alexander Schmidhuber, Robbie

King, Sergei V. Isakov, Tanuj Khattar & Ryan Babbush

Nature 646, 831-836 (2025) | Cite this article
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Overview of Hamiltonian DQJ o—

Hamiltonian
Quantum process

H = ZciPaul'z-, ¢; €ER P(H)Z
i=1 + + + pp(H) = TP (Basic Idea)

Classical decoding
Polynomial P

P(H)? . g PH
If the degree | is large enough, then output state pp(H) = W is close to the Gibbs state m
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Introduction of DQI

Quantum Algorithm

ImMax / mlﬂ f (."E) Classical Decoding (Basic Idea)

N

Article Open access Published: 22 October 2025
Optimization by decoded quantum interferometry

Stephen P. Jordan B4, Noah Shutty &3, Mary Wootters, Adam Zalcman, Alexander Schmidhuber, Robbie

King, Sergei V. Isakov, Tanuj Khattar & Ryan Babbush

Nature 646, 831-836 (2025) | Cite this article
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Introduction of DQI

Example: MAX-LINSAT
Input: B e Fy'*" v € Fg'

Goal: Find an assignment x such that it satisfies as many constraints as possible

max {’-5 . b@CC — Uz}‘ b; is the i-th row of B

zcF1
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Introduction of DQI

Example: MAX-LINSAT
Input: B e F3*"" v e F"

Goal: Find an assignment x such that satisfies as many constraints as possible

max f(@), f(z) = Y (1)t

Tely

DQI can prepare a “DQI” state

IP(f)) X Z P(f($))[$> P is any polynomial of degree |

xE€Fo
using the decoding on the code

C-={yecF":B y=0}
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Introduction of DQI

[Dicke) ® [0)  |Dicke) oc > |y)

Z" — — Apply Pauli Z y:ly|=t
Dicke ZV2 o @ —— 7"|Dicke) ® |0)
B Matrix Multiplication -
— R
Z"m matrix | syndrome — Z ( 1) |y> ® IB y>
10) multiplication | | decoding becoding yly|=l
10} ——— i — > (-1)"¥|0))®|B"y)
: y:ly|=l
0y ——m8 || Apply Fourier transform Z P(f(l)) ‘:L>
&£

Hence, if we recover y from BTy for |yl <l
That is, decode | error for C+ = {y € F§* : BTy = 0}

[Jordan, Shutty, Wootters, Zalcman, Schmidhuber, King, Isakov, Khattar, Babbush, Nature 2025]
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Introduction of DQI

[Dicke) ®[0)  [Dicke) ox Y |y)

Z" N — Apply Pauli Z wilyl=t
Dicke 702 - @ —— 7"|Dicke) ® |0)
e Matrix Multiplication ”
— _1\vy
Z"m matrix | syndrome — Z ( 1) |y> X IB 'U)
10y multiplication | | decoding becoding yi|y|=l
0y —— = — ) (-1)"¥|0)®|BTy)
5 y:ly|=l
[0y —M8M8M8™ - —.F ) Apply Fourier transform
= — ) P(f(2))z)
R T
Hence, if we recovery from By for |y| <1 |P(f)) Z P(f(z))|z)
That is, decode | error for Cct = {y C IF;”' : BTy = 0} | z€Fs;

Sampling x w.rt probability P(f(x))?

(Satisfied constraints) = Z f(@)P(f(x))?

[Jordan, Shutty, Wootters, Zalcman, Schmidhuber, King, Isakov, Khattar, Babbush, Nature 2025]
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Introduction of Noisy DQI

Dicke
state

|0)
|0)

10)

Z"n
Zv2

matrix
multiplication

syndrome
decoding

-
-
—@  noise

5 :

i
F &5

Noise:1-qubit depolarizing noise with noise rate p

Te[X]I
2

EX)=01-pX+p

(Satisfied constraints)neisy = [Ei(1 — p)'b”](Satisﬂed constraints) Noisless

(Exponential decay with respect to the weight of the matrix B)

[Bu, Gu, Koh, Li, Quantum Science and Technology, 2026]
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From DQI to Hamiltonian DQJ

DQI in Hamiltonian form

m

flm) =) (~1hets Hamiltonian ~ Hy =Y (—=1)"Z% Hj|z) = f(z)|z)

1=1 i

DQI generate the sampling according to P(f(z))?

Hamiltonian DQI (HDQI)  [Schmidhuber, Lu, Shutty, Jordan, Poremba, Quek, arXiv:2510.07913]
Consider Hamiltonian H = Z(—l)”"’- Pauli; v; € Fy
i

HDQI aim tckgenerate some density matrix
P(H)?
Tr[P(H)?]
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From DQI to Hamiltonian DQJ

DQI in Hamiltonian form

m

f(z) = Z(—l)bmrw ! ' Hamiltonian Hy = Z(—l)”*’-Zb‘ Hy|z) = f(z)|x)

=1 i

DQI generate the sampling according to P(f(z))?

Hamiltonian DQI (HDQI)  [Schmidhuber, Lu, Shutty, Jordan, Poremba, Quek, arXiv:2510.07913]

Consider Hamiltonian H = Z(-l)"” Pauli; v; € Fy

: x

HDQI aim to generate some density matrix

P(H)?
pp(H) = TS
Tr[P(H)?]
If the polynomial P is a good approximation of g Pel2 - P p(H) is a good approximation of the Gibbs state
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From DQI to Hamiltonian DQJ

DQI in Hamiltonian form

m

f(z) = Z(—l)b"ﬁw 1 Hamiltonian ~Hjy = Z(—l)”*‘Zb‘ Hy|z) = f(z)|x)

=1 i

DQI generate the sampling according to P(f(z))?

Hamiltonian DQI (HDQI)  [Schmidhuber, Lu, Shutty, Jordan, Poremba, Quek, arXiv:2510.07913]

Consider Hamiltonian H = Z(—l)""’f Pauli; v; € Fy

k

HDQI aim to generate some density matrix . .
A nature question arise:

oo PH ) How about the physics/chemistry Hamiltonians?
PP = Tip(y

-Bx/2

If the polynomial P is a good approximation of e . pp(H) is a good approximation of the Gibbs state
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Part 2: HDQI for General Hamiltonians




Introduction of Noisy DQI

zZ"
Dicke ZU2
state -
- matrix
10y multiplication
|0)
[0)

syndrome
decoding

-
-
—@  noise

[F] '? A

[Bu, Gu, Koh, Li, Quantum Science and Technology, 2026]
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Noise:1-qubit depolarizing noise with noise rate p

Te[X]I

EX)=(1-p)X+p 5
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Introduction of DQI

Example: MAX-LINSAT
Input: B e F**" v eFY
Goal: Find an assignment x such that satisfies as many constraints as possible

max f(2), f(x) = 3 (1)

Tely
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Introduction of DQI

Example: MAX-LINSAT
Input: B e F'*" v e FY

Goal: Find an assignment x such that it satisfies as many constraints as possible

max {’-’, : b?’ﬂf = ’Uz}l b; is the i-th row of B

zeFy
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Introduction of DQI

z" = —
Dicke ZV2 || @
state .
& matrix | syndrome —1m
10) multiplication | | decoding
0o —— 4
o — .

Hence, if we recover y from BTy for |yl <1
That is, decode | error for C+ = {y € FJ* : BTy = 0}

[Jordan, Shutty, Wootters, Zalcman, Schmidhuber, King, Isakov, Khattar, Babbush, Nature 2025]

Dicke) ®[0)  [Dicke) ox Y |y)

Apply Pauli Z y:ly|=l

— 7"|Dicke) ® |0)

Matrix Multiplication

— > (-1)"|y)®|B"y)
y:|y|=l
Decoding
— Y (-1)"Y0)®|BTy)
y:|y|=l
Apply Fourier transform
— > P(f(z))x)

[P(f)) x Y P(f(2))le)

T EFs

Sampling x w.r.t probability P(f(z))?

(Satisfied constraints) = »  f(z)P(f(z))?
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Hamiltonian DQI for general Pauli Hamiltonians

m

Given an n-qubit Hamiltonian H = Zciﬂ;, ci €R, el <1
i=1 R
e.g., Ising model, Hubbard model
P
v 3
} v
l |
o P(HY
Goal: prepare the state pp(H) = W where P is any degree-| polynomial

[Bu, Gu, Li, arXiv:2601.18773]
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Hamiltonian DQI for general Pauli Hamiltonians

Pauli operators and its symplectic representation

=[vol #=[o 4

1-qubit Pauli can be written as W (a, 8) = TP Zex? a, B €Fy

—

n-qubit Pauli can be writtenas W (&, 8) = W(ay,51) @ W(az,82) ® ... @ W(an, Brn),

w(&, B)W(d',B') = (-1){ @& 0w (&, fYW (&, B), by

So the vector (f"i, I’ ) € IF%” is called its symplectic representation for a Pauli operator P, denoted by Symp(P)

w- Group homomorphism: symp(PQ) = symp(P) & symp(Q)

NOT, H
[symp(P)) 40—> P ® I|Bell,,)
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Hamiltonian DQI for general Pauli Hamiltonians

Using symplectic representation

H=3 cP, B" = |symp(Py) symp(P,) --- symp(Py)| € F"*™
i=1 l | ‘

(Classical Linear Code) C+ = {y € F5' : BTy = 0}

Assume there is an efficient decoder

DW|y)|BTy) = [0)|BTy),V|y| <

For example, if the columns are linear independent, then using Gaussian elimination to decode

R
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Commuting case

P(H)*

Given: H = Zcipi Goal: pp(H) = TY[P(H)?]
i=1

Step 0: rewrite the polynomial P(H)
l

!
For any degree-| polynomial P(zx) = Zajg;j consider P(H) = Z a;H’
j=0 3=0

7

! ' -
It can be rewrittenas P(H) = E E a;j! E —
yeFy \Jj=0 HELT :|p|=j,u=y mod 2 H
Mo H1 . M . . A o . = .
=" Gy v B = pal - po!l - oo - poy,!
.

*

vy — 5 Y2 | . Y
PY— p¥i.pY2. . pY
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Commuting case

1 ct
Step 1: prepare a reference state to encode P(H) |R'(H) =N Z (Z a;j! Z ) ly)

yeFy HELT | p|=7,u=y mod 2

Step 2: Apply control-Pauli operators between the reference state and Bell states on 2n qubits

l

L5 T ajil 3 * V1w & (P, @ iBell,) <@ " a4 3 “ ) 1v) @ 1Symp(P))
p! N !

yEU"E' 3=0 peL | ul=3,p=y mod 2 7=0 MEET | u|=F,p=y mod 2
Symp(P,) = B'y

Step 3: Decoding

v (i%ﬂ >, j‘) Pelsmen) @ Y (Zw I .

1!
1,:€TF‘” 7=0 ;;EZT:“li:.j,”Ey mod 2 yEIF‘” =0 #EZ‘_T_‘:“H:_;[,_;J,Ey mod 2 #

4

)(P ® I)|Bell,)

= P(H) ® I|Bell,,)

Step 4: Take partial trace
P(H)?
Tr[P(H)?]
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Commuting case

[R'(H)) |

[Bell,) |

Control-Pauli

Decoding

o
o
_ PH)?
pp(H) = Tr[P(H)?]
o
o
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Preparation of the reference state

Claim: The reference state is an MPS with bond dimension |1+1

IR (H)) = Y v AD (1) - AT (ym)vrly)

1
where vy, = (N,,O, can

—
{ =]

AE}E‘. ) —

b

(=]

Vp = (aa[] '0!?(11 . ]_'?

Cl
1!
0

0
0

,a;-l!

5]
3!
0

Cr

1!
0
0
0

)T

0
Cf
3!
0
Ck
1!
0

» The reference state (MPS) can be prepared in time O(mk; poly (1))
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Commuting case

@
[RY(H))
@
Control-Pauli Decoding 3
P(H)
Bell,) ort) = Ty
i |
i
[ |IR'(H)) can be prepared efficiently] + [ Efficient decoding* ]

Efficiently prepare  pp(H)
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Noncommuting case

We need introduce the commutation graph based on the commute and anti-commute relations of the Pauli operators

Eg. H=27Z1Zy+ Z2Z5+ gX> ZiZy ® ZaZ3
X2
il = P o P Pse Py Pon-1% APy,
H — E Z? Z’.t.—i—l + g E -qu’_, . z -‘_‘\ J/,- \\\\ /-,//
i=1 i=1 Pani Pan P

k

{Z,;ZHl for1<i<2n,

Xg(g_gn) for 2n+1<i<3n,
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Noncommuting case

R, (H)) {

Control-Pauli

|Bell,,)

Decoding

In the noncommuting case, the reference state is quite complicated

However, we can still express it into an MPS, and time complexity for preparation is

O(m - poly(l) - exp(M))

M : maximal size of the connected components in the commutation graph of H

_ _P(H)
- Tr[P(H)?]

R
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Noncommuting case

o
|RL(H)) {
o
Control-Pauli Decoding 5
P(H)
Bell or(H) = mrpiy
|Bell,,) ) [P(H)?|
i
o
2n n Py« P, Pya, » P Pin-1e Py,
For example, [H — Z ZiZii1+ g ZX% 4 W //
i=1 i=1 Y B 7

In this example, the maximal size of the connected components is 3, E.e‘*M =3
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Noncommuting case

o
R, (H)) -
o
Control-Pauli Decoding 0
P(H)
|Bell,,) / [P(H)?]
i
o
2n n P e P Pye. Py Py, N AP,
For example, [ — Z BFiin+ 0 ZX% % e A \ 7
1=1 =1 F . 1 \.', ‘n.'ij

In this example, the maximal size of the connected components is 3, i.e., M = 3

So the time complexity to prepare |R.(H)) is O(m - poly(l))
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Application: approximating Gibbs state

o
|RL(H)) {
o
Control-Pauli Decoding )
P(H)
H)= =t
[Bell,) | or(H) = mp(my]
o
i}
2n n

2
For example, H = Z ZiZi1+g Z X5;, we can choose some polynomial P with degree [ < 1.12(2 + [g])8n + 0.6481n 3
i=1 i=1

lop(H) — =P /Tx[e™?H]|l1 < 6

|
And the total running time is poly(l,n) = poly((2 + |g|)5, In S,n)
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Summary and outlook

T

In this work, we introduce a quantum algorithm to generate a function calculus on Hamiltonian H = Z ¢;Paulij, ¢; € R, || <1

i=1

1

Preparation of a reference state

(MPS) + Classical decoding

>

Future directions: (1) More efficient algorithm for noncommuting case

(2) Other applications
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Thank You!
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