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Abstract:

Carrying the insights of conditional probability to the quantum realm is notoriously difficult due to the non-commutative nature
of quantum observables. Nevertheless, conditional expectations on C* and von Neumann algebras have played a significant role
in the development of quantum information theory, and especially the study of quantum error correction. In quantum gravity, it
has been suggested that conditional expectations may be used to implement the holographic map algebraically, with quantum
error correction underlying the emergence of spacetime through the generalized entropy formula. However, the requirements
for exact error correction are almost certainly too strong for realistic theories of quantum gravity. In this talk, we provide an
overview of the multifaceted nature of quantum conditional probability by exploring different non-commutative generalizations
of conditional expectations which meet the demands of non-exact error correction. We then exemplify the utility of these tools
through two examples. First, we demonstrate how operator valued weights can be used to classify the possible symmetries
(including non-invertible symmetries) of a quantum system. Then, we introduce a generalization of Connes’ spatial theory
leading to a fully non-commutative form of Bayes' law. This allows for an exact quantification of the information gap occurring in
the data processing inequality for arbitrary quantum channels. When applied to algebraic inclusions, this further provides an
approach to factorizing the entropy of states into a sum of terms including an emergent area operator that is fully
non-commutative rather than central.
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Motivation

The goal of this presentation is to contextualize and expand upon a
program of recent work concerning the algebraic approach to
quantum field theory and quantum gravity.

Especially, | will promote the viewpoint that organizing our approach
to these subjects around operator algebras, with Hilbert spaces
appearing only as a derived, emergent feature, broadens our view in a
necessary way.

In particular, | will show that, given an abstractly defined algebra (e.g.
an algebra defined intrinsically as opposed to as a subset of bounded
operators on a preferred Hilbert space) the collection of
representations of this algebra classify its possible backgrounds and
global symmetries.

In quantum gravity, this provides an angle toward addressing the
problem of background independence and analyzing relevant physical
processes which intertwine between different spacetimes.
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Lessons from Superconductivity

Superconductivity is a very useful model system for illustrating
background independence (broadly interpreted) and its
phenomenological signatures.

Let us briefly introduce the BCS theory [Haa62].

% is a spatial surface and 1" (x),%4(x) are spinor fields satisfying the
usual anticommutation relations

{0:(x),9°(y)} = 876(x — y). (1)

We will denote the algebra of smeared spinor field operators by 2A(1).

The dynamics of this algebra is specified by the BCS Hamiltonian
which includes the four point interaction

1

U=+ f dxdxdydy'v(y, y' )1 ()2 (x + y)¥? (X + y' W' (X). (2)
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Quasi-local Observables

@ A typical quasi-local observable in this theory is of the form

Q(x) = /dyl...dyndzl...dan(y,-,zj ) er (x + yi) stj (x + z).

@ The spatial average of such an observable commutes with all smeared
field operators:

@AA =0, T= lim — | deO (4)

Vooo V
o Let m: A — B(#) be an irreducible representation of the
algebra (1) (In other words, there will be no bounded operators on
A which do not belong to the weak closure of the algebra (1))

@ The observables 7(Q) belong to both the algebra and its commutant
and thus lie in the center. In an irreducible representation, this means

that 7(Q) € C.
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Diagonalizing BCS

@ The fact that spatial average of a quasi-local observable is a
C-number allows us to conclude that

[ ey (BT Tx )+ B4 )0 ) )

implements the same dynamics as the BCS interaction in an
irreducible representation.
@ Here,

mn:/wmuwm, (6)

for v a function to be determined. This is called the gap equation.
@ The interaction being quadratic, we can diagonalize the Hamiltonian
by means of a Bogoliubov transformation

P (p) = u(p)y'(p) — v(p)Va(—p),
2(p) = v(—=p)T1(=p) + u(—p)¥*(p).
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Diagonalizing BCS

For each choice of ¢, we therefore obtain a vacuum state {2, defined
by v"(p)Q2, = 0.

The function ¢ is directly related to the Feynman propagator in the
vacuum state:

p(2) = (Qp| ¥*(2)91(0) |2) (8)

The vacuum state also determines the value of @ for each quasi-local
obserable through its VEV

To(Q) = (o 7o (Q(x)) [) - (9)

The allowed forms for ¢ are determined by the gap equation. This
equation has trivial solution ¢ = 0 along with a one parameter family
of non-trivial solutions labeled by o € U(1).
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Degenerate Vacua, Irreducible Representations and Broken
Symmetries

The BCS theory therefore possesses a one-parameter group’s worth of
vacuum states, €2,. Each vacuum ., determines a distinct irreducible
representation of the algebra AN, 7, : AN = B(7,).

The appearance of this ground state degeneracy can be traced
back to a spontaneous breakdown of symmetry; in the algebraic
formalism we say that a symmetry is spontaneously broken if it

preserves the algebra of observables but not a given state (e.g.
representation).

In this case, we have the U(1) global symmetry

O5(v) = ey, Oy(¢) = e Y. (10)

@ This transformation takes the representation m, to the representation
Ta © 0y = Tat24.
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Superselection and Quantum Reference Frames

@ A useful way to understand a broken symmetry is that it coincides
with a scenario in which the symmetry is implemented by an
operator that does not belong to the algebra of observables on
which it acts.

In the case of the BCS theory, this coincides with either the operator
N which counts the number of Cooper pairs, or its ‘conjugate’
operator ® which describes the phase of the many-body state
describing these Cooper pairs.

The eigenvalues of these operators label disjoint representations
which are referred to as superselection sectors.

The unobservability of these operators imply that there are no
physically allowed processes which move between these sectors.

The choice of vacuum state can be likened to a choice of a
non-dynamical quantum reference frame, or, suggestively, a
background.
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The Josephson Effect

@ From the point of view we have cultivated, the existence of
superselection indicates that there is a non-dynamical background
structure in the theory.

@ One way of 'restoring’ a broken symmetry is to introduce a new
interaction that promotes the quantum reference frame to a
dynamical feature of the theory.

@ This idea is beautifully illustrated by the Josephson effect:
Insulator

/ Superconductor Superconductor
»

|y |e P | YRl elpR

@®

Cooper pair
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The Algebraic Josephson Effect

@ The Josephson effect extends the observable algebra to include the
relative phase between two superconductors.

@ This new observable has precisely the interpretation of implementing
the spontaneously broken U(1) symmetry.

@ The inclusion of this new degree of freedom goes by many different
names depending upon the context in which it is analyzed:

e The crossed product (in the algebraic context),
o Gauging a global symmetry (in the representation theory context),
e Internalizing a quantum reference frame (in the relational formalism).

@ At the Hilbert space level, this effect ties together the irreducible
representations described previously while also introducing non-trivial
overlaps quantified by the correlators of these new operators:

(QalQp) ~ (¥ X Ag [9) - (11)
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QOutline of Talk

© A Gravitational Josephson Effect
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Null Quantum Gravity

@ Equipped with our lessons from superconductivity, let us now consider
a gravitational system.

@ A null hypersurface embedded in spacetime can be characterized by a
Carroll structure [FJa23] (.47, q, £, k) where

@ .V is a codimension one manifold relative to spacetime,
@ g is a degenerate metric on .4,

© [ is a null-normal vector: ¢?q;, = 0,

Q k is a one form dual to ¢: ?k, = 1.

@ We may view g as a Riemannian metric on a codimension 2 manifold
%, with volume form ¢ = \/|q|d?x.

@ The manifold .4 then acquires a volume form ¢ = k A .

@ The derivatives of g and ¢ define ‘conjugate’ variables

1 1
E(ﬁﬁq)AB — EQqAB + oaB, DQE“/V = -—(H,ka -+ Wa)e‘/’/. (12)
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Covariant Phase Space and Constraints

@ Associated to the Carroll structure we have the following
presymplectic structure:

o :/ e (%UABanB — ud(In+/|q|) — Waéﬁ"”). (13)
N

@ The ‘coordinates’ of the associated phase space can be read off as
(s In\/]gl, 7a, €2, 048, gag), where = k + 30.
@ This phase space comes equipped with a pair of constraints that can

be regarded as projections of Einstein’'s equations to the null
hypersurface:

(Eg - 9) 0 = pul —oage™®  (Raychaudhuri)

(ﬁg - 9) 7a = Dap— DBoag (Damour). (14)
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Symmetries

There exists a large subgroup of diffeomorphisms which preserve the
Carrollian phase space:

Gc = Diff(#) x C*(%). (15)

We will refer to the first factor as superrotations and the second
factor as supertranslations.

The diffeomorphisms contained in G¢ should not be regarded as ‘pure
gauge'. Although they preserve the presymplectic structure, their
contraction with the presymplectic form is non-zero.

In this sense, elements of G are sometimes referred to as large
gauge transformations.

Consequently, these diffeomorphisms admit non-zero charges that

should be included in the quantization of the gravitational theory
[CFL24].
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Perturbative Quantization

@ Let us consider a one parameter family of spacetimes (.#, g(\)). At
zeroth order, we assume that (.#, g(0)) admits a bifurcate Killing
horizon which splits the overall spacetime into four regions:

Figure: [KFLS25]

@ We will study the ‘physical’ region % which is globally hyperbolic
with Cauchy slice H .
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First Order

@ At first leading order the Raychaudhuri equation becomes
L4060 = 0. (16)

Enforcing 06 = 0 ensures that the perturbed spacetime retains a
bifurcate Killing horizon at a displaced position.

The covariant phase space at first leading order reduces to the phase
space of linearized gravity.

The set of classical observables is generated by smeared metric
perturbations

oglf] = / Vol(x)F?P(x)dgap(x),  flPPl=0=wv,f®b  (17)

The latter condition ensures that the observable dg[f] is invariant
under linearized diffeomorphisms.
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First Order

@ By the linearized equations of motion, the smeared metric
perturbation can be related to a smeared shear on the horizon:

5g[f] = 47T16N50[5], 5ols] = / M Ao (18)

Here sag = (Ef)ag|y-, where E = G_ — G, is the commutator of
the linearized Einstein equations.

The Poisson bracket is given by

(Gelfl. bglfl} = | Vol(f*(ERsl,

which can now be canonically quantized.

As a result we obtain the CCR algebra, 21, generated by the
smeared field operators dg[f].

The ‘exterior’ algebra, Q[L(@), is the subalgebra generated by dg[f]
where supp(f) C Z.
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Higher Order Effects

The group G¢ acts symplectomorphically on the gravitational phase
space and therefore gives rise to an automorphic action

o Ge — Aut(AM).

However, only the subgroup G~C = Gigom. X C°(A) preserves the
form of the preferred quantum field theory vacuum state.

In other words, if we had attempted to work within a fixed Hilbert
space representation for A1), we would have found that G¢ is
spontaneously broken!

To repair this spontaneously broken symmetry, we can gauge G¢ in
analogy to our analysis in the superconductor.
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Representations for Non-Locally Compact Groups

o First, we extend the global algebra A1) — AL @ B(L2(Gc, dv)).

@ Some care must be taken in interpreting B(L?(G¢, dv)) because G¢
is a non locally compact group and therefore does not admit any
invariant measure [KKFS26].

Instead, L?(Gc,dv) is defined relative to a quasi-invariant measure
dv. This means that there exists a dense subgroup G¢ C G¢ and a
cocycle J, : G¢ x Gc — R such that

dv(¢1 0 ¢2) = Ju (b1, ¢2)dv(¢2) (20)

Given such a quasi-invariant measure, we may define the Hilbert
space L?(Gc, dv) consisting of square integrable wave functions with
respect to the chosen measure.

By quasi-invariance, this Hilbert space admits a unitary representation

given by
(ﬁy(cbl)&) (62) = J(d1, 87" 0 ¢2)2E(7 " 0 ¢2). (21)
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Extending the Algebra

@ For our purpose, we will require that dv is both left and right
quasi-invariant so that L2(Gc¢, dv) admits commuting left and right
unitary representations.

@ Then, we can ‘gauge’ the group G¢ by restricting to the algebra

A2 = (x e A0 @ B(LX(Gc, dv)) | ad,, (4)(%) = X ¥ € G} (22)

@ This is equivalent to the algebra generated by

Q /.(¢) for ¢ € G,
Q . (e%8lf]) = aeqb_l(e"‘Sg['c]) for supp(f) C %

which satisfy the algebraic relations
£, ($)ma(e81) = 1o 0 ay(e 1)L, (9). (23)

@ We can interpret

6,(4) = 97, (24)

where Qg can be interpreted as a co-dimension two gravitational
charge depending on higher order metric perturbations.
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A Gravitational Josephson Effect

@ This phenomenon is of precisely the same character as the Josephson
effect of superconductivity:

Insulator

" Superconductor Superconductor
|1,1'L|e"P|_ | ¥gl€'Pr
(o ®)
8.

Cooper pair

Figure: The constraint physics of a horizon creates a gravitational Josephson junction.

@ Turning on the gravitational interaction gauges the broken symmetry.

Qs which serve as

@ The algebra Q[L(e’;) contains new observables, e
inner implementers of the large gauge symmetry.
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A Hilbert Space Picture

@ The algebra Q[é? can be given a representation on the direct integral
Hilbert space .y, = féi dv(¢).7.

Excitations
A

> QFT Vacua/Backgrounds

s dod

ext

Figure: Visualization of the Hilbert space J% and the algebra AZ;".
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Qutline of Talk

@ Looking Forward
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What have we learned?

@ The two examples we have introduced exhibit the following general
structure:
© Let A be an abstract algebra representing a physical system.
@ The collection of (physically allowed) representations Rep(A) classify
the possible backgrounds associated with the system.
© Under reasonable assumptions, it is possible to reconstruct from

Rep(A) a (possibly non-invertible) global symmetry, H, of the algebra
A which is spontaneously broken.

The different representations correspond to superselection sectors
organized according to the charges of this symmetry.

When the broken symmetry H, or a sub-symmetry therein, is gauged
we obtain new operators called charge intertwiners which implement
‘background changing processes’.
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Observable signatures of quantum gravity?

General Case

Superconductivity

Perturbative QG

System

Superconductor

Horizon

Backgrounds

Definite particle number

Fixed (background) metric

Broken symmetry

u(1)

Diff (2) x C=(2)

Observable
consequence

Josephson currents

?
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Baby Universes as Quantum Symmetries

@ The standard (semiclassical) holographic dictionary identifies a
standard Hilbert space of the large N algebra of a sequence of CFTs
with the Hilbert space of gravitational perturbations around an
asymptotically AdS background.

Recent work [Ges25] has emphasized the incompatibility of this point
of view with the emergence of closed universes with non-trivial
physics leading to the slogan that the Hilbert space of a closed
universe is one dimensional.

This conclusion is not surprising however, from the point of view
cultivated in this talk. By choosing a fixed representation for the
gravity theory we have excluded operators that could create a baby
universe.

A more general, algebraic holographic dictionary should be capable of
supporting such operators which could, somewhat heuristically, be
identified with creation and annihilation operators for a sectors AKA
charged intertwiners in our language.
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