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© Entanglement is a key property of quantum mechanics.
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© Entanglement is a key property of quantum mechanics.

© It is a property of a given state at a particular time, defined in
terms of quantum correlations within a single time slice.
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Motivation

© Entanglement is a key property of quantum mechanics.
© It is a property of a given state at a particular time, defined in

terms of quantum correlations within a single time slice.

k

Generalize quantum entanglement to quantum correlations in the
timelike direction?

Suppose we have:

at t = ty: [Y(t)) = | Dal s+ | 1)al s
at t = t;: [P(t1)) =1 a

Is A at time ty entangled with B at time t;?

Z. Adamska, Quantum Information Seminar Timelike Entanglement arXiv:2502.12240v2 4/43
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Motivation

© Entanglement is a key property of quantum mechanics.

@ It is a property of a given state at a particular time, defined in
terms of quantum correlations within a single time slice.

Generalize quantum entanglement to quantum correlations in the
timelike direction?

@ It could open a new window into probing the dynamics of
many-body quantum systems.

@ It could provide a Ql-theoretic perspective on temporal structure
in holography.
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Motivation : RQFT

In RQFTs, quantities like Tr p4 g in space-like configurations (a)
depend analytically on the spacetime coordinates defining regions A
and B.

They can be analytically continued to timelike configurations (b).
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Motivation

Question

Tr e LT T

analytic continuation

where T g represents an analogue of the density matrix for time-like
separated regions A and B?
Z. Adamska, Quantum Information Seminar Timelike Entanglement arXiv:25602.12240v2 7/43
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A wishlist

Definition applicable to any quantum system, continuous or
discrete

Observable measure of "entanglement in time”
Computable
Bounds timelike correlation functions

Reduces to standard entanglement when the subsystems are on
the same time slice

«_ PP » B
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A wishlist

Definition of T,g applicable to any quantum system, continuous
or discrete ) v

Observable measure of "entanglement in time” v
Computable v/ (in some examples)
Bounds timelike correlation functions v

Reduces to standard entanglement when the subsystems are on
the same time slice v
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Expectation value of a local operator
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Reduced density matrix

PA = TFE(P)
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Spacetime density matrix

Dynamical correlation function

(0a(0)0p(T)) = Tr(pOaU'OpU)

Z. Adamska, Quantum Information Seminar Timelike Entanglement arXiv:2502.12240v2 12 /43
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Space-time density matrix

Dynamical correlation function

arXiv:2502.12240v2

<OA(0)OB(T)> = Tl'(pOAUTOBU) = TI’(TABOAOB)

5 )

Z. Adamska, Quantum Information Seminar Timelike Entanglement
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Back to our motivating question

How is this Tpg related to analytic continuation in QFT?
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Density matrix from path integral

X

pas(®y, 04,95, 05) = [ Do ¢ 45
x i 95

Euclidean time

Z. Adamska, Quantum Information Seminar Timelike Entanglement arXiv:2502.12240v2
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Renyi entropy
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Continue in Lorentzian time

Lorentzian
time

TAB(CbZ? gb;la QﬁEa Qﬁg):f ng

Euclidean time

Z. Adamska, Quantum Information Seminar Timelike Entanglement arXiv:2502.12240v2 17 /43
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Relation to analytic continuation in QFT

Lorentzian
time

Tap(04, 04,05, 65)=/ D4

Euclidean time

U

Z. Adamska, Quantum Information Seminar Timelike Entanglement
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T ag is not Hermitian!

B

Ut

bl

Tr( TABOA X OB) = (OA(O)OB(TI))

Tr(Ts04 ® Og) = (Op(t)0a(0)).

Z. Adamska, Quantum Information Seminar Timelike Entanglement arXiv:2502.12240v2
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Properties of T g

Q Trpls = Tr T g

analytic continuation

@ Trg(Tas) = pa

Q@ Tr(Tag)=1

Q TrTi <1

© Tas # Thg:[Tas, Tagl #0

@ Tag has singular values bounded by 1

Z. Adamska, Quantum Information Seminar Timelike Entanglement arXiv:2502.12240v2 20 /43
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Properties of Tsp

@ Trols = T Ty

analytic continuation

@ Trg(Tag) = pa

© Tr(Tag)=1

Q |TrTas|"<1

© Tas # Ths, [Tas, Thgl #0

@ T4 has singular values bounded by 1

Entanglement in time?

Z. Adamska, Quantum Information Seminar Timelike Entanglement arXiv:2502.12240v2
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Bounds on commutator

L3

Tag can be used to bound [{[O(0), Op(t)])| by applying Holder's
inequality:

{[OA(0), 0s(1)])] = | Tr((Tas — Ths)0a08)| <
< ||Tag — T}sllo||Oallal|O8llq;

1

1
“aZ
P q

Z. Adamska, Quantum Information Seminar Timelike Entanglement arXiv:2502.12240v2
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Entanglement p-imagitivity

L
T g can be used to bound correlation functions by applying Holder's

inequality:

{[04(0), Os(t)])| = | Tr((Tas — Tis)0a0B)| <

< [1Tas = Thello IOAllalIOslle;

P
_+_:1
P q
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Finite quantum systems

Theorem 1

For any bosonic operators O, Given T ag, there exist two bosonic
Og: operators D4, Opg such that

{[0a(0), Op(t)])] 1
|Oall2]|O6l|2 dim H 4

| Tas — Tgll2

< |1Taz = Tagllz < [{[0A(0), Os(2)])]
— [|Oall2[|O8]]2

| Tas — Tlglla # 0 <= 304, 05 : |{[O(0), O(t)])] # O

Z. Adamska, Quantum Information Seminar Timelike Entanglement arXiv:2502.12240v2 24 /43
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Causal Influence

How does unitary operation on A at t = t; affect measusements on B
att =17

Apply a local unitary operation on A,

Up = einOA: n< 1,

(0s(t1)) = Tr [0s(ts) p@] — inTr ([Oalto), Os(ts)] @) + O(P?).

A nonzero commutator signals quantum causal influence!

Z. Adamska, Quantum Information Seminar Timelike Entanglement arXiv:2502.12240v2 25 /43
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Tight Bounds on Commttators

Define Hermitian operators M and M+:

M :=i(Tas — T}5)

(MT)bb’ : a b’

aa’

For any operators 04, Opg that commute at equal times,

1{[0a(0), Op(t)])| < [|Oall2l|Os]]2|[M7]|co-

Moreover the bound is tight: there exist O 4, Op for which the
inequality is saturated.

Z. Adamska, Quantum Information Seminar Timelike Entanglement arXiv:2502.12240v2 26 /43

Quantumyl She”Chair?

Pirsa: 26010080 Page 27/44



Quantum Ising Chain

Hamiltonian

H=J (2?21 ZiZH—l + h 2?:1 Xi + B, Z?:l Z,) X
1

Z. Adamska, Quantum Information Seminar Timelike Entanglement arXiv:2502.12240v2 27 /43
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Quantum Ising Chain

Commutator in space-time

([0a(0), Os(t)]) =7 *

Z. Adamska, Quantum Information Seminar Timelike Entanglement arXiv:2502.12240v2 28 /43

Results for t* > 1* ©
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Results for n = 11

— IT=T"I211Z1]1211Xell2
— [{[Z1, XeD)|

0.00020 A

0.00015 A

0.00010

0.00005 A

0.00000 A
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Imagitivity obeys the Lieb-Robinson bound

— IT=T"|211Z1]12]Xs] 2 ¥
— |[Z1, X6])|

Lieb-Robinson
0.00015 BOU nd

— {[Oa, Os(1)])]

Ce—Hd(A,B) (evm . l)

0.00020 4

0.00000
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Tight bound on the commutator

I{[Y2, Ye])|

0.00020 4 \
a — |IVall2llYell2V maxA(M;M])
| — [Vl lYell2lIT = T2

0.00015
0.00010 A
0.00005 -

0.00000 A
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How to physically measure imagitivity?

2-imagitivity
IT - THE=2Tr (TT') —2 Re [Tr (T?)]

We can construct measurement protocols for Tr (72) and Tr (TT*)
by considering certain state overlaps and using a variant of the
SWAP test.

H HA

Z. Adamska, Quantum Information Seminar Timelike Entanglement arXiv:2502.12240v2 32/43
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Measuring Tr(T?)
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Measuring Tr( T2)

Tr T2 = (x|¢)

_ 1 R2 ®2
¢) = U™ |¢o)
— ®2 2
[X) = SWAPg, g, U*SWAP 4, 4, |1/0)®
Z. Adamska, Quantum Information Seminar Timelike Entanglement arXiv:2502.12240v2 34 /43
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Measuring Tr( T2)

=< replica 1

controlled controlled %

Swap swap  |replica 2

B1 and B»> A; and A, %
0

+)

control

Z. Adamska, Quantum Information Seminar Timelike Entanglement arXiv:2502.12240v2 35/43
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Measuring Tr( T2)

Measure the ancillary qubit in {|+), |-)} basis:

P(l+) =

P(1-)) =

Z. Adamska, Quantum Information Seminar Timelike Entanglement arXiv:2502.12240v2
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Measuring Tr(TT")

replica 1

controlled
swap repli
By and B>

swap

As and Ay

Z. Adamska, Quantum Information Seminar Timelike Entanglement arXiv:2502.12240v2
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Measurement Results

L3

We used ibm_sherbrooke device to implement these protocols for
a single qubit evolving in time.

Theory

Simulation

QPU

QPU w/ error
mitigation

Re(Tr 72)

1

0.882(2)

0.630(5)

0.96(9)

Im(Tr T2)

0

0.002(2)

0.699(4)

0+0.04

Tr 777

2

1.79(5)

1.50(1)

1.82(6)

Z. Adamska, Quantum Information Seminar
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Relation to timelike pseudoentropy

~ ~

Standard Entanglement Entropy Time-like Entanglement Entropy
Takayanagi et al., arXiv:2302.11695 (2023)

Analytically continue Trpj = (0,(x1)Tn(x2))

c, Ax Ax .m
Sspacelike = 3 log Fl — Stimelike = log ra + .'§c

Z. Adamska, Quantum Information Seminar Timelike Entanglement arXiv:2502.12240v2
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Relation to timelike pseudoentropy

SO

Standard Entanglement Entropy ~ Time-like Entanglement Entropy

Takayanagi et al., arXiv:2302.11695 (2023)

c, Ax Ax .m
Sspacelike = § log T — Stimelike = log T + .'§c

Microscopic interpretation?

Z. Adamska, Quantum Information Seminar Timelike Entanglement arXiv:2502.12240v2
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Relation to timelike pseudoentropy

space
In the case of infinite volume:

(on(0)Tn(t)) = Tr Tip

Z. Adamska, Quantum Information Seminar Timelike Entanglement arXiv:2502.12240v2
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Open Questions

@ Operational meaning and relation to temporal Bell inequalities?

@ Relation to holographic timelike entanglement entropy (Heller et
al., arXiv:2507.17847v2 , Nunez & Roychowdhury,
arXiv:2507.17805)

© What can we learn from quantities like Tr 7257
@ Out-of-time entanglement

© Temporal matrix product states

Z. Adamska, Quantum Information Seminar Timelike Entanglement arXiv:2502.12240v2 42 /43
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Summary

@ T,p is a generalization of a density matrix that encodes
correlations of timelike separated subsystems.

o entanglement imagitivity || Tag — Thgl|, efficiently bounds

{[Oa(0), O5(t)])

o We can measure || Tag — Tiz||, experimentally!
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