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Abstract:

Quantum codes achieving approximate quantum error correction (AQEC) are useful, and often fundamentally important, from
both practical and physical perspectives, yet still lack a systematic understanding. In this talk, we connect AQEC capability to
quantum circuit complexity in both all-to-all and geometric settings. We introduce subsystem variance, a parameter closely tied
to optimal AQEC precision, and show: (i) if subsystem variance is below an O(k/n) threshold, then every code state obeys
circuit-complexity lower bounds; (ii) if two code states admit circuit-complexity upper bounds, then subsystem variance must be
Q(1). Together, these results yield a complete “phase diagram” of AQEC codes. Our theory of AQEC provides a versatile
framework for understanding the quantum complexity and order of many-body quantum systems. Applications include
complexity constraints for (approximate) QEC codes with transversal logical gates and W-state preparation, as well as new
perspectives on topological order, criticality, and Lieb-Schultz-Mattis-type constraints. Ref: arXiv:2310.04710, 2510.04453.
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Quantum Error Correction

* Basic idea: Logical system is encoded in a subspace of a larger (entangled) physical system

to protect the information from noise

Physical
system

: Encodmg
Logical
system

* Abstractly, the encoding can be arbitrary. Exact codes only form a small subset.
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Motivation: Approximate QEC

Advantage:
* Higher rates or distance
Leung et al. '97, Crepeau, Gottesman, Smith ‘05, Liu, Zhou, Liu, JY 25

* Richer logical gates
Faist et al. ‘20, Hayden et al. '21

Necessity:

* Practical deviations: Imperfect system preparation, disorder, energy cut-off...
Albert et al. ‘18

* Physics: Codes from physical systems can have unavoidable inexactness
Brandao et.al. ‘18, JY, Ye, Gottesman, Liu ‘24
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Motivation: Approximate QEC

Understanding of AQEC is scattered. cCovariant codes, random codes, bosonic codes...
No systematic understanding like what we have for stabilizer codes.

e (Can we have a framework to understand AQEC?
Yes

* Can AQEC provide insights for physics beyond toy models?
Yes

Big picture: AQEC as a unifying framework to understand both QI and physical systems
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Main results

* A new code parameter for the inexactness of AQEC: subsystem variance
» The subsystem variance can detect circuit complexity for code states:

phase diagram for AQEC codes
» Application for both quantum info and quantum matter
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Main results

* A new code parameter for the inexactness of AQEC: subsystem variance

* The subsystem variance can detect circuit complexity for code states:
phase diagram for AQEC codes
» Application for both quantum info and quantum matter

Quantum information Quantum matter
» Strong toolbox for circuit * Topological order:
complexity. E.g. W state. lower bound for topological entanglement entropy
e Critical system:
* Complexity constraints from detector for universal CFT data
transversal logical gates ¢ Symmetry constraints:

Lieb-Schultz-Mattis type theorems

Pirsa: 26010069 Page 7/45



Outline

* Introduction to approximate error correction: code parameters
* Main theorems: AQEC vs complexity
* Applications to quantum information: W state/covariant codes

e Application to quantum matter: topological order/critical systems/symmetry
constraints
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Outline

* Introduction to approximate error correction: code parameters
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AQEC codes: generalities

o 03,08

q—ﬂL—

Exact QEC:
full recovery of logical information

Number of correctable erasure errors
= code distance
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AQEC:
partial recovery of logical information

No clear notion of distance
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AQEC codes: subsystem variance

We call any 2%-dim subspace of an n-qubit system an ((n,k)) quantum code.
To give a notion of distance, we consider the erasure noise on d-qubit regions R:

Definition: Subsystem variance

Reference state

= - _ ok
je(d) = (|g}|g>§||trR(lw><wl F)Hl) Dim S ) i
Adjacency graph 2 i=1

G : a notion of locality, R should be local with respect to G obvious from

* Lattice system: R is any connected regions with d qubits the Eontext

* All-to-all connectivity: R is any connection of d qubits IV, Ye, Gottesman, Liu Nat. Phys. '24

13
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AQEC codes: subsystem variance

e(d) quantifies the violation of the Knill-Laflamme condition for d-qubit erasure:

trg |y Y1 = trg | X, |

for any code states |1}y ,)
Intuition: £(d) gives a notion of local indistinguishability=> violation from exact codes

If code states are locally indistinguishable, local measurements cannot access logical
information, local noise can be corrected.

E.g. 1D chain with d=2 - @ - - -
JY, Ye, Gottesman, Liu Nat. Phys. '24

14

Pirsa: 26010069 Page 12/45



AQEC codes: subsystem variance

e(d) quantifies the violation of the Knill-Laflamme condition for d-qubit erasure:

trp |y X1 |= trg | X, |

for any code states |1}y ,)
Intuition: £(d) gives a notion of local indistinguishability=> violation from exact codes

If code states are locally indistinguishable, local measurements cannot access logical
information, local noise can be corrected.

E.g. 1D chain with d=2 - - @ - v
JY, Ye, Gottesman, Liu Nat. Phys. '24

15
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Generalized distance

* The subsystem variance gives a generalized notion of code distance

e(d) e(d)

A
I
I
I
I
Stabilizer Codes d d d

JY, Ye, Gottesman, Liu Nat. Phys. '24
16
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AQEC code parameters

Recall that in the literature: Bényetal, PRL'10
Definition: QEC inaccuracy

For encoding £ and noise channel A/ o Diamond norm

EWN,E) = m%nP(RoNo £,idr)

Intuition: the closest you can get to the original state after the noise and the recovery
Result: Subsystem variance & QEC inaccuracy

For noise given by replacement channels (incl. erasure, reset, complete depolarizing...)
€
1 <& <2k /¢ (Under same locality)

JY, Ye, Gottesman, Liu Nat. Phys. '24
17
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Examples

|0) =100...0), |[1) = |11...1)

_ _ 1 T
|0) = |00 ...0), |1) = |W,,) = ﬁ;m---mio---
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Repetition code
W state code

Toric code:

e(d) = 0(1) foranyd

e(d) = 0(d/n)

e(d) = 0 for small enough d

JY, Liu, Li arXiv: 2510.04453

JY, Ye, Gottesman, Liu Nat. Phys. '24
18
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Examples

* Repetition code e(d) = 0(1) forany d
Low complexity code states

|0) =100...0), |[1) = |11...1)

* W state code e(d) = 0(d/n)
" Both low and high complexity code states

0} =100...0), |T) = [Wp) = —= 3" j0---01,0---0)

* Toric code:
e(d) = 0 for small enough d

Q High complexity code states

JY, Liu, Li arXiv: 2510.04453

JY, Ye, Gottesman, Liu Nat. Phys. '24
19
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Outline

Main theorems: AQEC vs complexity
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Quantum circuit complexity

Definition: Quantum circuit complexity

Minimum number of layers of disjoint 2-qubit gates that generate the state

All-to-all
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Quantum circuit complexity

It’s especially important to study the distinction whether a state has O(1) circuit complexity
Quantum info : NLTS, gPCP...
Quantum matter: topological order, anomaly constraints...

» If state has O(1) circuit complexity, we call it short-range entangled (SRE)

* |If state has w(1) circuit complexity, we call it long-range entangled (LRE)
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AQEC captures circuit complexity

Theorems (informal statement) relating the subsystem variance to circuit complexity

* |feis small, all states in the subspace must be LRE

* If the code contains two SRE states, € must be large

Intuition: if two low-complexity states are locally indistinguishable,
they will also be globally indistinguishable.

JY, Liu, Li arXiv: 2510.04453

JY, Ye, Gottesman, Liu Nat. Phys. '24
23
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AQEC captures circuit complexity

Theorems (informal statement) relating the subsystem variance to circuit complexity

£,

* If €is small, all states in the subspace must be LRE
(LRE region) 0(1)
a(1/n)

3

* If the code contains two SRE states, € must be large
(SREs region)

Intuition: if two low-complexity states are locally indistinguishable,
they will also be globally indistinguishable.

Marginal

0
0(1)

SREs
0(1)

om) k

n: physical qubits, k: logical qubits

e: e(d) forsomed > 0(1)

JY, Liu,

Li arXiv: 2510.04453

JY, Ye, Gottesman, Liu Nat. Phys. '24
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AQEC captures circuit complexity

Theorem 1: Small € = high complexity
If H,(e(d)) < k/n, then for any code state [¢)):
Z([¥) > (D)

Theorem 2: Low complexity = large &
If there exist two orthogonal code state [, ;)
C(lY12)) <t = e(f(t) >

ef(4t)

0(1)

o(1/n)

Marginal

0
0(1)

Theorem 2

Y

SREs
0(1)

Theorem 1

om) k

f(t): lightcone size of a depth t circuit Hz(p) = —plogp — (1 — p)log(1l — p) 25
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AQEC captures circuit complexity

Theorem 1: Small € = high complexity
If H,(e(d)) < k/n, then for any code state [¢)):
Z([¥) > (D)

Theorem 2: Low complexity = large &
If there exist two orthogonal code state [, ;)
C(lY12)) <t = e(f(t) >

ef(4t)

* Same locality for € and the circuit complexity
* Applicable for robust notion of complexity (minimum
complexity in a 6-neighborhood of a state)

0(1)

o(1/n)

Marginal

0
0(1)

Theorem 2

SREs
0(1)

Theorem 1

om) k

f(t): lightcone size of a depth t circuit Hz(p) = —plogp — (1 — p)log(1l — p) 26
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Complexity “phase diagram” for AQEC

* LRE region: Toric code Theorem 2
All code states are long-range entangled &4 /
SREs
o(1
* Marginal: W state code e Marginal o)
B ~ | o a(1/n)

|0) =100 ...00) |1)=%Z|o---o1io---o> Vit

1=1

2 0(1) o) k
* SREs region: Repetition code
Multiple code states are short-range entangled
27
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Outline

Applications to quantum information: W state/covariant codes
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Toolbox for studying circuit complexity lower bound

To prove circuit complexity lower bound for state |i), one can:
* Find a state [y’), such that |[) and |y’) form an AQEC code in the LRE region

* Find an SRE state |¢’) , such that |) and |y’) form an AQEC code in the marginal region

i

SREs

0(1) 0(1)

Marginal

6(1/n)

JY, Liu, Li arXiv: 2510.04453

JY, Ye, Gottesman, Liu Nat. Phys. '24
29

0 0(1) o) k
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Example: W state complexity

The W state code lies in the marginal region, so the W state must be LRE

Corrolary: For § < 1/10, the geometric circuit complexity for |WW},) on a 1D chain is:
€ (W) = Q(n)

For § < 1/n% with a < 1/2, the all-to-all circuit complexity of |W,) is:

€°(|W,)) = Q(logn)

%°: minimum complexity in the 6-neighbohood

Robust and optimal bounds beyond known results!

JY, Liu, Li arXiv: 2510.04453
30
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Covariant code

O
G-covariant code: QEC codes with transversal G gates I code s

n o 29
(®VJ(Q))U =UVL(9) Vge G encoding: U .
a 4,9

Eastin-Knill theorem: : ;
) Faist et al. ‘20
Transversal gates for exact QEC cannot form a universal gate set Eastin, Knill ‘08

&

Such universal transversal gate set will be possible for AQEC codes: SREs

0(1)

Marginal

. o . " o(1
lower bound for subsystem variance = the code lie in the marginal region °/"

. 0(1) om) k

JY, Liu, Li arXiv: 2510.04453
31
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Covariant code: example

O
Examples: a W-state encoding: L code ¥
— 29
) = D=, Lyeey L)+ | Loty Ly ) oot | L, L, 9) e
WL,
Faist et al. '20
While in the marginal region (¢ ~ 1/n), every code state is still LRE Eastin, Knill ‘08
&
SREs
0(1) 0(1)

Marginal

If the transversal logical gates form a universal gate set:

stronger constraints on the code state complexity oCt/my

¢ 0(1) om) k

JY, Liu, Li arXiv: 2510.04453
32
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Covariant code: complexity

Our theorems show this constraint from transversal universal gate set is general:

For a code with the subsystem variance in the marginal region,
If it’s covariant under transversal universal gate:
all code states are LRE.

Intuition:
 if a code state |1) is SRE, any other [y’) can be connected to |y) by a ‘

transversal gate O] I— o(1)
* so|y’)is also SRE 5(1/m)

* the code must lie in the “SREs region”.
Contradiction!

¢ 0(1) om) k

JY, Liu, Li arXiv: 2510.04453
33
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Outline

Application to quantum matter: topological order/critical systems/symmetry
constraints
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AQEC is a universal property of quantum phases

A unifying insight: low energy subspaces of physical systems are associated with AQEC
codes that reflects universal properties of quantum phases

* LRE region:

topological ordered phase SREs

0(1) 0(1)

Marginal

* Marginal region: o(1/n)
gapless phase

0
* SREs region: o(1) o) k
symmetry protected topological phase (SPT)
discrete spontaneous symmetry breaking phase (SSB)

JY, Liu, Li arXiv: 2510.04453

JY, Ye, Gottesman, Liu Nat. Phys. '24
35
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Topological order

Major field in condensed matter physics.
A central question: What features of quantum systems are associated with topological order?

* TQO (topological quantum order) Hastings/Wen "05,
Code condition: close to a QEC with macroscopic distance Bravyi/Hastings/Verstraete 06,
*guarantees gap stability under perturbations Bravyi/Hastings/Michalakis *10
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Topological order

Major field in condensed matter physics.
A central question: What features of quantum systems are associated with topological order?

* TQO (topological quantum order)

Pirsa: 26010069

Code condition: close to a QEC with macroscopic distance
*guarantees gap stability under perturbations

LRE (long-range entanglement)
Complexity condition: states cannot be prepared by finite-depth
circuits, i.e. has superconstant complexity

Hastings/Wen '05,
Bravyi/Hastings/Verstraete ‘06,
Bravyi/Hastings/Michalakis 10

Chen, Gu, Wen ‘10
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Topological order

Major field in condensed matter physics.
A central question: What features of quantum systems are associated with topological order?

* TQO (topological quantum order) Hastings/Wen "05,
Code condition: close to a QEC with macroscopic distance Bravyi/Hastings/Verstraete 06,
*guarantees gap stability under perturbations Bravyi/Hastings/Michalakis *10

* LRE (long-range entanglement)
Complexity condition: states cannot be prepared by finite-depth Chen, Gu, Wen ‘10
circuits, i.e. has superconstant complexity

* TEE (topological entanglement entropy)
Entropic condition: nontrivial TEE (corrections of entanglement area law,  Kitaev, Pfesfi” ‘05
related to the anyon data) Levin, Wen ‘05

Connection between the 3 features is not clear.
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Topological order as an AQEC code

Claim: Any (perturbed) topological order should stay in the LRE region v, L, Liy, Li, Zou arXiv: 2510.22867
* TQO (topological quantum order)

From our main theorems: g,

* LRE (long-range entanglement) o SREs
Marginal ot

One can also prove that: 5(1/n)

For any topological code in the LRE region,

0
there is a TEE lower bound for all code states 0(1) om) k

* TEE (topological entanglement entropy)
JY, Ye, Gottesman, Liu Nat. Phys. '24

39
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Critical quantum systems & CFT codes

* Gapless systems are much less understood from code perspectives.

* Important roles for understanding holographic systems (AdS/CFT)

Almheiri, Dong, Harlow "15, Pastawski et al. "15, Harlow, Ooguri "19...

* Code subspaces: CFT low energy sectors.
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Critical quantum systems & CFT codes

* Gapless systems are much less understood from code perspectives.

* Important roles for understanding holographic systems (AdS/CFT)

Almheiri, Dong, Harlow "15, Pastawski et al. "15, Harlow, Ooguri "19...

* Code subspaces: CFT low energy sectors.

Result: CFT as AQEC code Spatial dimension
1
Ford = 0(loglog (n)): £ = (:)(n“?/D)

Minimum scaling dimension

AQEC provides a detector for CFT data!
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Symmetry constrains for many-body systems

* The AQEC framework can lead to Lieb-Schultz-Mattis-type theorems: Lieb et al. ‘61

Under certain symmetry constraints, a system must be one of the following
i)  Symmetry breaking

i) Gapless

ili) Topological order

A condition under which the system must be non-trivial

* An equivalent formulation: Gioia, Wang 21

; " s " Liu, JY, Zhou, Zou 24
Under certain symmetry constraints, a state must have high complexity Liu. IY. Zou ‘25

JY, Liu, Li arXiv: 2510.04453
42
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Lieb-Schultz-Mattis-type theorems

Theorem 1: If [1) is a translational invariant state that is U(1) symmetric with fractional

A~

filling 27i()

exp( 7 )|1/;> — em |q/)> em % 1 Lieb et al. ‘61

Then |y) must be LRE.

Theorem 2: If 1) is a translational invariant state with nonzero momentum:

T|p) = ePly), € #1 Glola, Wang ‘21

then |1) must be LRE.

JY, Liu, Li arXiv: 2510.04453
43
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LSM-type theorems from AQEC

Our framework provides a streamline understanding for LSM theorems:

Key insight: Any state [y) satisfying the symmetry constraints lies in a non-trivial AQEC code

gil

Proof sketch: assuming that |1) is SRE, we can find another SRE

(1)
Using the symmetry constraints, we can show: )
|1y} and |y’) form an AQEC outside of the SREs region ot/m)

Contradiction!

= |1) is LRE.

Pirsa: 26010069

SREs

0o(1
Marginal 1)

‘ 0(1) omn) k

JY, Liu, Li arXiv: 2510.04453
44
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Take home message

AQEC provides a powerful lens for understanding complexity and quantum phases.

Quantum information Quantum matter
* Strong toolbox for circuit * Topological order:
complexity. E.g. W state. lower bound for topological entanglement entropy
e Critical system:
* Complexity constraints from detector for universal CFT data
transversal logical gates «  Symmetry constraints:

Lieb-Schultz-Mattis type theorems

JY, Ye, Gottesman, Liu Nat. Phys. '24

JY, Liu, Li arXiv: 2510.04453
45
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Outlook

* Extending to CV, fermionic, or more general QEC settings

* More connection between AQEC & complexity theory

* Information theoretic understanding of quantum phases

i)  Entropic scaling of quantum phases from error correcting properties Jv, L, Liu, Li, Zou arXiv: 2510.22867

i) Notion of order/disorder from entropic bounds 1 VEANg: 0. appenr
i) Complexity for open quantum systems (Ongoing work)

JY, Ye, Gottesman, Liu Nat. Phys. '24

JY, Liu, Li arXiv: 2510.04453
46
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Proof Sketch: TEE lower bound

* Keyidea: Non-negativity of CMI Y I(A;:Ci|B;) =0 Kim 13

S(AmBmCm) < S(A1B1) + ) S(BiC;) — S(B).

i=1

Assuming area law for some state in the subspace S(A) = al(A) — b(A)y + o(1)
LHS = k,RHS =(m — 1)y + 0(e)

C2 Cs Cs
| B2 Ba Ba
Ci B A+ [Bi| Cs Az As
| B: Bs Bs
C2 Cs Cs

JY, Ye, Gottesman, Liu Nat. Phys. '24
53
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