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Compositional structure
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A full definition of a theory should specify all
possible transformations on all system types.

Quantum and classical theory satisfy the
no-restriction hypothesis for transformations.

But in general, a theory must specify
exactly which transformations are possible.

Theories with larger state spaces must have smaller effect spaces,
and often smaller transformation spaces.

-E.g., boxworld has more states than a qubit, as we saw, but fewer
effects, and nontrivial reversible interactions between pairs of such
systems are logically impossible.
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Bipartite state and effect spaces 'H~ +|~

The state space of a composite system is not fully
specified by the state space of the components.

Min tensor product (for state spaces):
Allow only product states and mixtures of them. (separable only)

Max tensor product (for state spaces):
Allow all states that give valid
probabilities on product effects.

(typically includes
entangled states)

Min and max tensor product for
effect spaces are defined analogously

-Max tensor product for one of these implies min tensor product for the other.
Intuitively: allowing more states/effects restricts the possibilities for the other.
-Classical theory is min tensor product for both.
-Quantum theory is between the two extremes.
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If bipartite states can have holism, then there can be even larger state spaces.

e.g., recall rebit states:

pap=3(181+ Y aoi®l+ > bjleo+ » T;0i®0)
ie{z,z} j€{z,z} i,j€{z,z}

+t(oy ®0y),

Products of real-valued effects live in a 9-dimensional space, with no YQY term.
So what does it even mean to “allow arbitrary states whose inner product with
these is in [0,1]77

Either we wouldn’t allow states with Y)Y, or if we did allow it, these could have
arbitrarily large component in that axis.

In other words, the concepts of min and max tensor product implicitly assume
that all bipartite states and effects are in the linear span of the local states and
effects.
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Tomographic locality:
Any two distinct processes in the theory can be differentiated
by the statistics they give on some localized states/effects
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Tomographic locality

Alternative characterization: every process
is in the linear span of states and effects

i
- S

T 4}

Classical example: 1
nl
E S ij

i 4} [0,...,1,...,0]
181

Pirsa: 26010057 Page 7/33




Can use this to reduce facts about sequential composition
to facts about parallel composition (often easier to study)
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Every GPT is closed under arbitrary
(type-matched) compositions
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When constructing a theory, this is a key condition to check.
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Deriving the
GPT framework




Process Theory G Diagram Preserving map

collection of processes n: G -G

(On_SOIjﬂe systems) takes processes from one theory to
which s C_|05€d under processes of another such that
composition diagrams are preserved
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formally, these are categories and functors
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This notation for the map 7] is manifestly diagram-preserving:
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/

-systems

\

(Unquotiented) Operational Theories

L

-process = laboratory procedure 4 T }

-probability rule A “ :
= Pr(E|S)

o Ve /

process theory + probability rule
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A tester (or dual process) relative to a given process T is a process
that generates a closed diagram via composition with T
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Probability rule

/E\
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must factorize over independent experiments:
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=Pr(E,P)€[0,1]

p

&

Pirsa: 26010057 Page 15/33



Moreover, if T} is a procedure that is a mixture of 75 and
T5 with weights w and 1 —w respectively#, then it must
hold that for any tester 7, we have

— I I
Tillrl =w |7l +(1-w) |Ts||T
i i —

Additionally, if one operational effect E; is the coarse-
graining of two others, E5 and F3, then Pr(E7,P) must
be the sum of Pr(FE,,P) and Pr(Ej3,P) for all P.
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Operational Equivalence of Two Procedures

[ |5 — —
T el T iff vr T (7] | = T |7
A A :p :p

Example: dephasing map via mixtures of unitaries;
dephasing map via nonselective measurement in the Z basis
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Let’s group processes that are operationally equivalent:

Equivalence class

T = (j"—,’ CT) 0 Procedure
/N S

Equivalence Class Contexts

-density matrix -which ensemble generates a given mixed state
-CPTP map -which purification generates a given mixed state
-POVM element -prism or diffraction grating

-etc
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Quotienting map
-removes context information

|
(T,CT) — CZ‘:'

|
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Quantum example

Unquotiented process: Quotiented process:
-detailed lists of lab instructions -density ops, POVMs
-includes “context” information -no context information

*1. flip a coin
2. prepare 0 if heads, 1 if tails
33. forget the coin flip outcome

quotienting

B8
3 map

1 @ E

i
' 1. pass through a polarizer |
%2. check if photocell clicks S

0
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For processes that are closed diagrams, we can always
choose the representative of the equivalence class to be
the real number given by the probability rule.
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(Here we are viewing real numbers as processes in
the quotiented theory with no input and no output)
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Pr: ClosedDiagrams[Op] — Op

and of course, ~:0Op— 6;)

Moreover, the two must have the same action on closed diagrams, since
by assumption, the equivalence class of a closed diagram is taken to be
represented by the real number given by the probability rule Pr

Thus, we can view the quotienting map
as an extension of the probability rule!

(they act the same on closed diagrams, but ~ also acts on non-closed diagrams)
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so the quotiented theory
makes same predictions as
the original (unquotiented)
operational theory:

real number

v N

complete description
of an experiment

/e\
\/
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P
real number

Pr(E,P)
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Every quotiented operational theory
satisfies the principle of tomography:

two processes differ if and only if they
behave differently in at least one experiment.

I 7 T
T # T\ % |T|IT #
| A | A I

for some T
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proof:

Intuitively: the only way they can be different
after quotienting is if there was a tester
before quotienting that saw the difference.

then, the quotienting of that tester
provides the discriminating tester.

j: 7& f’f; by definition:
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Getting to a vector representation:

-take a fiducial (tomographic + minimal) set of testers

{Fa}a=1,2,...,mA_*B

B e I E—
thatis: | T |#|T' | < 3Jae{l,.mA>B}: | T |7, | # |T'||7.|
a4 a — | |
define a vector: Can then prove that:
= _ -composition is a bilinear map
[Ri:]a A Q -so transformations act linearly on states
| I -and thus p(e|s) =e s

this vector representation is clearly not unique (more later) 201
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Quantum theory example

-tester for states = an effect

-fiducial set of effects = X,Y,Z,| projectors
-state can be specified as a real vector
of probabilities for these

Bloch representation!

The same idea works in any quotiented operational theory,
and gives a real vector representation
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