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Monte Carlo Methods

Dustin Lang
Perimeter Institute for Theoretical Physics

PSI Numerical Methods 2026

These slides are available at
https://github.com/dstndstn/MCMC-talk
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Monte Carlo

>

>

A set of computational approaches that &g
uses repeated random simulations

Often: numerical integration,
optimization, and sampling from s
probability distributions -

Monte Carlo is a casino in Monaco — a reference to the
randomness used in these algorithms

Developed at the very beginning of computing: 1940s, Los
Alamos, nuclear bomb work (diffusion of neutrons in
fissionable material)

Compute Expectation values over probability distributions:

E(¢(X)) = [p(X)p(X)dX ~ £ 37 6(X;)
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Monte Carlo: Examples

From https.//en.wikipedia.org/wiki’/Monte_Carlo_method

r = 398
i n=r-+b=>500

Monte Carlo estimator:
A N
0= % Zi=1 ¢(93z)

Variance: var(d) = ~var(é(X))

(of the distribution X)

Sample v:

var(f) = & (wy S(e(@:) - 6)°)
see

https.//mpaldridge.github.io/math5835/lecture
for proofs
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Monte Carlo examples: Path Tracing

NCEE

Credit: Wikimedia,
https.//commons.wikimedia.org/wiki/File:Path_tracing_001.png
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Monte Carlo examples: Quantum Monte Carlo

Dealing with multi-particle wavefunctions often involves
many-dimensional integrals

The Curse of Dimensionality

Variational Monte Carlo: uses Monte Carlo sampling of
electron positions in real space to estimate the
ground-state wavefunction, given a Hamiltonian

Parameterized wavefunction |y (a))

i a)|H|v(a
Estimate E(a) = W()é ()al)h%))))

B f |?/J(X,a)|2 Hy(X,a)

ie, the integral E(a) = TR aif))l(;fd;g

From htfps://doi.org/10.1
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Monte Carlo examples: Quantum Monte Carlo

Hy(X,a
S (X.a) 2 BT dx

ie, the integral E(a) = (X ) 2dX
Treat this term as a probability distribution

- a 2
function: p(X) = f|lzb((;f_—{;))|lzdx
X ,a)

Then we've got E(a) = [ p(X) 52y dX
Monte Carlo it!
~ 1 Hy(X;,a
LOES Doy
with X; drawn from the
“trial wavefunction” ¢(a)

From htfps://doi.org/10.1
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Markov Chain Monte Carlo

Dustin Lang
Perimeter Institute for Theoretical Physics

PSI Numerical Methods 2025

Borrowing heavily from Dan Foreman-Mackey’s slides
https://speakerdeck.com/dfm/data-analysis-with-mcmc

These slides are available at
https://github.com/dstndstn/MCMC-talk
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the ger view
of data analysis

Data
3 sketch of

The graphical model of my research.

Pirsa: 26010006  Page 10/15



p(data | physics)

likelihood function/generative model

p(physics | data) o< p(physics) p(data | physics)
posterior probability
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An example

» Perlmutter+1999 (htips.//arxiv.org/abs/astro-ph/9812133)

» Measured the observed peak brightnesses of a sample of
type-1a supernovae (in astronomer “mag” units), and the
redshifts (“z”) of the supernova host galaxies

» mag = mag; i insic + lUminosity_distance(z, parameters)

Perlmutter+1999 Supernovae
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An example

» Generative model:
mag; = Mag;,rinsic +uminosity distance(z;, parameters) -+ ¢;
» Probability of a data point given a model (“likelihood”):
p(mag; | params) = Gaussian(mag; | © = f(z;, params), o2)
» Probability of whole data set given a model:
p({mag;} | Qn, Qn) = [1; N (mag; | mag, + Dr(2i, Qar, ), 07)

Perlmutter+1999 Supernovae
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An example

» Use Bayes’ theorem to convert data likelihoods into
contraints on the model parameters 8 = {Q7, Q5 }

> p(0|data) < p(@) p(data | )
> p(Qnr, Qs | {mag;}) o
p(Qr, Q) [1; N (mag; | magyne + Di(2i, Qur, Qa), 07)

Perlmutter+1999 Supernovae
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An example

» Then they ran MCMC...
» Resulting parameter constraints (blue ellipse):

3I'II|I'\'|\\I
No Big Bang
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