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Abstract:

Entanglement bootstrap (EB) is a framework that aims to explain all the universal prope
entanglement conditions. In this seminar, | will talk about our efforts in building such &
phases. Many interesting properties that do not exist in non-chiral gapped states, such
corner contributions in entanglement entropies, can be derived in this framework. To carg
entanglement Hamiltonians, we defined a quantum-information-theoretic primitive called
derived several instantaneous modular-flow equations that generalize the well-known
entropy and chiral central charge. If time permits, | will also discuss a few applications
1+1D and 2+1D with fuzzy sphere.
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Emergence in many-body systems

Few local rules lots of many-body phenomena

@/ AEmENMO® O
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Phases of matter and Universal properties

Many-body systems are so many!

Group them \ Systems within a phase share the

* Robust against (some) perturbations
* Many are
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Goal of Entanglement Bootstrap

%) - Questions: Given a state|v) ,
which phase (or critical point) it represents?

1. What universal properties it has?
2. What are the origins of these universal properties?
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What is Entanglement Bootstrap (EB)?

Bootstrap approach:
from relations among local degrees of freedom (axioms) to

eg: in conformal bootstrap
symmetry properties of correlation functions = scaling spectrum of the operator contents

ﬂntanglement bootstrap: \

of a representative state |¥)

Reduced density matrices: pa = Tr4|W)(¥| / : 1sin{pa}a Or {KA}AX
A

Entanglement Hamiltonians: K4 = —logpa (Axloms) J
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Many faces of EB

Explore structural properties
of phases of matter or critical ﬁ

points
% EB axioms

Diagnose and search for
unknown phases of
matter or critical points

@/ AEmENMO® O
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Explore structural properties of phases of matter or
- "

critical points L

Strategy:

Step 1: Build a framework based on RG fixed point representative states

_ Axioms: RG fixed point condition
. g RG monotone: 5F(17))1g.y = 0
2 — v,.) —
/k ¥ £(1)) >0 .
® RG ‘ff)(ul pt (oo efunction of 141D svstems 'U'

¢ . 195> o N R {Universal property}

Step 2: (Robustness) Extract marginal and relevant
perturbation directions (spectrum of the Hessian matrix)

@/ QBN O
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Ans: The key is to find and utilize a zero-correlation-length RG fixed point condition!

Pirsa: 25120057 Page 9/59



AO and Al as an RG fixed point condition

PA = Tr;t\l’}(‘lq definition box

[+> @ Sa=—Tr(palog(pa))

Sa= QI8A| — % |+ fcorner”' T

topological entanglemetn entropy (TEE):
v=1log(D), D=3, d3

Cancel the non-universal area law term
AO0: (SBC+SC_SB)|\I;>:0 T(A =« -0

I(A:C|B Oand I(A:C\|D

@/ AEmENMO® O
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AO and Al as an RG fixed point condition

PA = Tr;t\l’}(‘lq definition box

[+> @ Sa=—Tr(palog(pa))

SA — 05!814' — ¥ -+ fcorner"' e

@ topological entanglemetn entropy (TEE):
v=1log(D), D=3, d3

Cancel the non-universal area law term
AO0: (SBC+SC_SB)|\I;> =0 I(A :(

~ Zero correlation length RG fixed point

T8 (o7 aY . H2 |
I(A:C|B 0and I(A:C|\D 0 rec\“4H) b - HreclL

@/ QAEN® O
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Ans: Check A0 and A1 &b Al: (Spc+Scp— SB—5p)jg) =0

Ans: Perturb the state (e.g. by short depth circuit)
and run gradient descent to minimize the violations.

- gd.flow o} minin'.;?aa AOA AL
Ans: We can use it to extract universal data, and,t the data is

guaranteed to be correct!
@/ ABENO O
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Ans: Check A0 and A1 &b Al: (Spc+Scp— SB—5p)jg) =0

Ans: Perturb the state (e.g. by short depth circuit)
and run gradient descent to minimize the violations.

- gd.flow o} minin'.;?aa AOA AL
Ans: We can use it to extract universal data, and the data is

guaranteed to be correct! Important feature for exploring the territory of
unknowns.
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EB in 2+1D gapped p

Axioms: A0 and Al Structure of UMTC (Theory of anyons)
AO: (SBG + So — SB)W) =0 Existence of anyons
Al: (Spc+ Scp—SB— SD)|q;) =) Wjoiathe GaR SHE: . .
> 2(@)- /N
Ao Al b =

Quantum dimension and fusion rules

OF ® - e = S(@) - S(®)
@ dady = 3 Nade @
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Besides UMTC (theory of anyons), are there other
universal properties of 2+1D gapped phases?
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EBin 2+1D gapped p

Axioms: A0 and Al Structure of UMTC (Theory of anyons)
AO: (Spc +Sc — SB)jgy =0 Existence of anyons
Al: (Spc +Scp — S5 —Sp)gy =0 Ehfasiie Tk S .-
@ IRV
Ao Al b -

Quantum dimension and fusion rules

OF OF e = S(@) - S(®)
@__o dady = 3 Nade @
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AO and Al as an RG fixed point condition

PA = Tr;t\l’}(‘lq definition box

[+> @ Sa=—Tr(palog(pa))

SA:CK|8A'— Y +fcorner"

@ topological entanglemetn entropy (TEE):
v=1log(D), D=/, d3

Cancel the non-universal area law term
AO: (SBkc-{-SC—SB)Nj) =0 T(A - (

~ Zero correlation length RG fixed point

@/ QBN O
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Besides UMTC (theory of anyons), are there other
universal properties of 2+1D gapped phases?
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Besides UMTC (theory of anyons), are there other
universal properties of 2+1D gapped phases?

Yes, if the phase is chiral!
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EB of 2+1D chiral gapped phases

Chiral gapped phases are very different from non-chiral ones

Thermal Hall effect and (or) electric Hall effect
dI®(T) mc_ Iz v

= /5 Oxy =

dT 6 E, 2n
Chiral central charge c_: # of left movers - # of right movers

Defining property of chiral gapped phase

Ungappable edge described by CFT. Edge CFT itself is anomalous,
cannot exist on its own in a tensor product Hilbert space

Universal corner entanglement contributions S(A) = a|0A| — v + funiv(#) + - -

No commuting projector parent Hamiltonians in tensor product
Hilbert space with finite local dimensions

@/ AEmENMO® O
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Bulk/edge correspondence

Bulk/edge correspondence is the key in almost every study of chiral gapped phases.

1>

@ Pb"Tl‘:u. 247

It

Extract TEE [Kita= kil 2
and anyon quantum dimension

g
Sa = «[3Al = Va
& d'_p D
Ya= log 5, = lag -

1
R n\"‘ﬂ‘ax

828

i)

@~ A':"

Spec (k)

Wee LHepp)

Extract topological spin and higher central charge

1'2'“' ’ﬂa o
B, =€ /‘ S . dab.
o= |5, 4267

(,;NJ(,,an& WQ‘,}J‘A b:E
Aarsd pumeny &.

Construct wavefunctions

Laughlin wavefunction of v :é

General construction of chiral TO state

x
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EB of 2+1D chiral gapped phases

Part I: EB of the gapless edge

Em@rgence OF edge CFT frOl’T"l entaﬂg|ement Bulk/edge Correspondence

Part II: EB of the bulk

Algebra of bulk entanglement Hamiltonians

@/ AEmENMO® O
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EB of 2+1D chiral gapped phases. part |: edge

I+

@ @ Q: Suppose we are given a state, how to “diagnose” the edge is
described by a CFT?

/2 A

Seeking for a local condition [C] from which we can “bootstrap” all
the structural properties of a CFT.

Robustness of [C] = robustness of the edge CFT

@/ QBN O

Pirsa: 25120057

XIANG LI ==

Page 23/59



A summary of the result (take home message)

* a function c that can measure edge robust gaplessness.

* |ts stationarity => conformal geometry --- an intrinsic distance
measure. => emergence of Virasoro algebra

* CFT does not need protection from translation symmetry.

N c. W I" z
purely’ wngappable chiral edge

P = ri:_{
i
/ - ?"i""‘"J-‘?_t“ Lmsafpﬂ{nlc 4

Nof—chipad ettge

<" = ®

\ : .

oaf D efap - C H ) =
s aof pedeAge . fixed- points Bc=0

@/ QAEN® O
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Goal: Looking for a local entanglement condition from
\é/Fh_ll_ch we can derive all the structural properties of a

Df(s")
Virasoro algebra e iy

To talk about Dif f(S1), we need an “intrinsic” distance measure.
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Towards an EB axiom of edge CFT

If we assume the edge is described by a CFT groundstate

1¥>

é—mQﬁ
Sa = SCFT 4 o

SOFT — Nk log (Zi>
6 €

We want to remove the area law term in the bulk and the cutoff &

@/ QAEN® O
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Towards an EB axiom of edge CFT  sem =t ()

g O fR 5

e b b c
QQE A(AA',B,CC") = Saas + Scc'B — Saa — Sce
x_ QCFT CFT _ gCFT _ QCFT
a a’ - Sag 7+ Sbc Sa Sc
b < = — " log(n,)
6
[ 11 L
Ji&l_ _&L (Tt (1 [
cross-ratio ab b - _
[('4‘ ' [-f,’
Ng = ﬁ I(A:C|B) = Sap+ Sc — SaBc — SB
_ ab * tbe = EbFT + SﬁFT . EbET _ SEFT
s 4 Cto
a : = = — tﬁt log(1 —nyg)

@/ AaEmENMO® O
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Towards an EB axiom of edge CFT

Jaiﬁl_ o AR FS

b c

A(AA,B,CC") = Saas + Sco'B — Saa — Scor
Qamﬂ _ Sé}bFT + S&FT B SEFT B SSFT
Remove the area law term in thé=buik and the

= g3
a b - .

cross-ratio bc
[c': ’ Z(l’
Ng = [ Z I(A:OlB)ESAB'FSBC”S;ABC"SB
A ek - = 55"+ ST — BT AT
a - Fe = —Ctﬁf’t log(1 —ng)
@/ QBN O
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cross-ratio XIANGLI _

]u : /
]ub ’ /hf.‘

Towards an EB axiom of edge CFT

Assuming edge CFT: g =

Cto
A(AA’, B, CC’) = —% 108(7?9) e—GA/c,(,,, oJi e_sj/cm -1
I(A:C|B) = — " log(1 — ) e

G

Without knowing the edge is described by CFT

E—GA/(tot + e_GI/Ct.(Jt. — 1

A(AA', B,CC") £ — 5% 10g(n)

6 <:> = Ctot

! Cto
I(A:C|B) = —iﬁ.}- log(1 — n) 5 =g

*GA/Ctot

Pirsa: 25120057 Page 29/59



Towards an EB axiom of edge CFT

Without knowing the edge is described by CFT

A(AA”B?CC!) i _c'ﬂ?m log(n) e~ 68/ ctot + e—61/ctor — 1
I Ctot <:> =  Ctot
A = ——1] I =
I(A:C|B) 6 los(l—n) e et

el

Could this be a diagnostic of CFT?

No! There are non-CFT states that satisfy these entropy formulas.
We need some RG fixed point condition!

Stationarity condition of Ctot
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Towards an EB axiom of edge CFT

Reminder box:
EMINGErBOX " \Without knowing the edge is described by CFT

A(AA',B,CC") £ - 5‘-(?3 log(n)

A and [ are two linear
combinations of entanglement
entropies such that the bulk
le—Gf_\./cl.,t e S/6at — 1 contribution is cancelled.

(M o] o
753/&:;1

= 7fn=e

I(A:C|B) = —%"mgu —1)

c

Stationarity condition

space of states space of states

ctot (| ¥)) is stationary against any norm-preserving perturbation of |¥)

0ot (|¥)) = ot (|¥ +d¥)) — 1ot (P) =0
@/ABN®O Ctot (| ) = ot (] )) — ot (V)
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Towards an EB axiom of edge CFT

Another motivation: c.¢(|¥)) as a measure of edge ungappability

B - ' '
g~ 6I(AC|B) fewor | o—BA(ALBCC ) bror, — Ctot Monotonously decreases

decreases \ /

e—GI(A:C|B)/cm,, o+ e—ﬁI(B:D|C)/c,,m =1

measure of gap

I(A:C|B) ~ e la/tamov Gy} =0 ~ EMarkov =0 oOr 00

Ctot is stationary if both I(A: C|B) and I(B: C|D) are “stationary”.

A

@/ AEmENMO® O
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Towards an EB axiom of edge CFT

Another motivation: c.t(|¥)) as a measure of edge ungappability

: - / ’
gl AeC ) et o pmOALALLBEC )t - Ctot Monotonously decreases

,gecreases \ /

¢ —S1(A:C|B)/ctor | o—6I(B:D|C)/ctor _ |
measure of gap

I(A:C|B) ~ e LB /Enmarkov dest) =0 ~ Eifnskoy =0 oroo

Ctot is stationary if both I(A: C|B) and I(B: C|D) are “stationary”.

If the edge is gapped, then both I (A: C|B) and I(B: C|D) (approximately) vanishes ¢io; ~ 0

@/ QA@BNO O
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Towards an EB axiom of edge CFT

Another motivation: c.¢(|¥)) as a measure of edge ungappability

B - ' '
g~ 6I(AC|B) fewor | o—BA(ALBCC ) bror, — Ctot Monotonously decreases

decreases \ /

¢—S1(A:C|B)/ctor | o—6I(B:D|C)/ctor _ |
measure of gap

I(A : ClB) ~ G_EB/‘EMMkDV 6(Ctot) =0 B gMarkov =0 or oo c,

Ctot is stationary if both I(A: C|B) and I(B: C|D) are “stationary”.

If the edge is gapped, then both I(A: C|B) and I(B: C|D) (approximately) vanishes ¢io; ~ 0

If edge is ungappable, then it at the fixed point is minimized and non-zero.
O/ AENP®O
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What does the stationarity condition tell us?

Is the edge still described by a CFT groundstate if
translation symmetry is explicitly broken?

Yes!

We just need a different distance measure.

Stationarity condition gives us one!
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Emergence of conformal geometry

m = n(a,b,c) 'ﬂz—?}(bcd
\“) Octor =0

il 11 mn2
a,be,d) =
Ll ) (1—n1)(1—n2)

A(AA',B,CC') =Saa+ Scce —Saa — Scer t t a dist
A= E1B) = Bis+ Sper— Bage =55 construct a distance measure @

!
4
Y
_—
&
s
q b <

e_GA/Ctot _I_ 6—6.[/5';01_ — 1

= Ctot
—6A/Ctot

= n(a,b,c) =e
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What does the stationarity condition tell us?

Is the edge still described by a CFT groundstate if
translation symmetry is explicitly broken?

nﬂh Yes!

We just need a different distance measure.

Stationarity condition gives us one!
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Emergence of conformal geometry

m = n(a, b, c) n2 = (b, c,d)
[nibitil| j
\“) 5Ct0t:O

B T M2
n(a, be, d
ELILY ") = T a—m)

A(AA',B,CC') =Saa+ Scce —Saa — Scer t t a dist
I(A:C|B)= Sap+ Spc — Sasc — SB construct a distance measure @

c r
P 4
—_—
)
I .
Q b [~

6_6A/Ctot _I_ 6—6.[/(:';0( — 1

= Ciot
—6A/C(;ot

= 7n(a,b,c)=e
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Towards an EB axiom of edge CFT

Without knowing the edge is described by CFT

[« A(AA’, B,CC") 3 _Ct?ot log (1) e~ 68/ ¢tor | g=6I/ctor — 1
I(A: C|B) £ -2 10g(1 — ) <:> = Cyot
6 = 9= e 88/ ¢ctot
Ric
Alele

Could this be a diagnostic of CFT?
9

No! There are non-CFT states that satisfy these entropy formulas.
We need some RG fixed point condition!

Stationarity condition of Ctot
@/ QABINOO
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Construction of Virasoro algebra

Diff ; (S') = {el 2 *nLn}

! b c
. _‘f::, / ' [Lma Ln] = (m —y n)Lm+n “+ ﬁ(m?’ = m)5m+n,0
\ a
f (g-s.|Ln|g.s.)crT = 0,Vn
o' \q\
L <

One can extract L,, with the helpof ¢ £, = Z Aa K4 dctor = 0
(without assuming any symmetries) A @

o

i3 h
Ka—Kgp+Kc—Kp+ Ky —Kpr+Ker — Kpr = ;ODHKAB’KBC“KP) 60

e.g.
~ag(Ly + L_3)
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Construction of Virasoro algebra

Diff ; (§1) = {e 2n AnLn}
b’ . c 3
—‘f% /q' [Lm’ Lﬂ] = (m . n)Lm+n + ﬁ(m - m)am-i—n,{)

(g9-8.|Ln|g-s.)crT = 0,Vn

] T
One can extract L,, with the helpof ¢ £, = Z Aa K4 dctor = 0
(without assuming any symmetries) A @

s %>

1

Ka—Kp+Kc—Kp+Ka — Kp + Koo — Kpy == ?(‘I'HK“‘B’KBC“‘I’) oh
" ~op(Ly hl_o

e/ HIDE
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A summary of the result (take home message)

* a function c that can measure edge robust gaplessness.

* |ts stationarity => conformal geometry --- an intrinsic distance
measure => emergence of Virasoro algebra

* CFT does not need protection from translation symmetry.

Py S c. " I E
purely’ wngappable chinal ad.gse

c=fc-|

/
/ “pu "\"J-‘?_t“ ng afpﬂ{n“c
Nof—chipad ertg e

C= C4
4 o

K : .

fixed - points dc=0

Spau ‘rf
9apped Dtabs

@/ QAEN® O

3 L L
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Example of “bulk entanglement algebraic relation”

mC_—

(V|[Kap, Kpcl|¥) = —=
14>

(R

Ans: Due to bulk/edge correspondence — it
knows about Virasoro algebra

Chiral central charge c_: # of left movers - # of right movers
Virasoro algebra

ILma LTJ — (m = n)Lm-i—n -+ (mS = m)67n+n,0

2
12
€_ =€&—¢€

Pirsa: 25120057 Page 43/59



Example of “bulk entanglement algebraic relation”

mC_—

(V|[Kap, Kpcl|¥) = —=
14>

(R

Ans: Due to bulk/edge correspondence — it
knows about Virasoro algebra

Chiral central charge c_: # of left movers - # of right movers
Virasoro algebra

ILma LTJ — (m = n)Lm-i—n -+ i(mS = m)(smri-n,() ...
12 Ans: This is incorrect but close. The correct one

c_=c—¢C is more interesting!
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Instantaneous modular flow

Ans: The best way to describe their algebraic relations is through
instantaneous modular flow.

Ix(t) : [¢) — pi|¥), with px = Trgl¥)(¥| This is a (non-linear) map of states.
=) Vrda)x ®la)x T ()|y) Z VPapila)x ® layx = Tg(O)lY), VI¥)

Instantaneous modular flow Zas(t) 0 Za(s)|¢) = Zz5(t) 0 Za(s)|d) = Za(s) o Iz5(t)|9) = Za(s) o Zas(t)|d)

R
“ordinary modular flow”  p' o5 |0) £’ p'k 5| 0)

@/ AEmENMO® O
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Instantaneous modular flow: applications

Ix(t) : |9) = pX|9), with px = Tr|v)(¥]

N I(A:C|B)yy = (Sag + Sec — Sac — SB)jy) =0
Markov condition & Tap(t) oZpc(t) o Zape(—t)In(—t)|¥) = |¥),VteR

No-go theorem about chiral gapped state: zero-correlation-length RG fixed point )( finite local dimension

/ L iin-MoCresvys _ i{(U|[K ap, Kpc||¥) = % | \

[}
Tan(t) 0 Tno(s) o Tas(—t) 0 Tpo(—8)|W) = e 724 [¥),

14>

6 Sap+SBc+Sca—Sa—8—Sc—Sapc =7
A/
4 LTC— o
Zag.Boca(—t) o Zapc(t) o Za,p.c(t)|Y) = exp (I’Yt + 1?t ) 1Y),

'_i-k‘

Ix,v,z(t) = Ix(t) o Iy (t) o Iz(t)
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Instantaneous modular flow: appllcatlons

Ix(t) : [¥) = pk|¥), with px = Trg|y) (Y|

These instantaneous modular flow equations are “generating functions”.

(T|[Kap, Kpol|¥) = 75
14> [}
@.Q ZaB(t) oZpc(s) o Zap(—t) o Ipc(—s)|¥) = e%“i% Vs, t €R

050¢|s,.=0 on both hand sides @

(8B%KAB — 0aBKpc +1i[Kap,Kpc]) |¥) = —|7)

‘ K‘I’(t) .
? Oy Kx = lim =X———%X, |U(t)) = Iy (1)|¥) = p¥| V)

F,. = (8,4, —8,A,) —i[A,, A
@/ QAEN® O
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3
{ . 4 g

L. .
Instantaneous modular flow: More applications oo

Ix(t) : ) > P, with px = Trs|v) (¥

It is also easy to be generalized in higher dimension

Tasc.sep.cpaap(—t) o Za p.o.p(t) o Tapep(2t)|¥) = 40| W)

Iwx,y,z(t) = Iw(t) o Ix(t) o Iy (t) o Zz(t)

What is the 8(t) if the edge is chiral?
e.g.

@ Tap,Bo,ca(—t) e Lapc(t) o Za pc(t)|Y) =exp (i‘}t + iﬂ-g—_tz) |4}

@/ QBN O
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Many faces of EB

Explore structural properties
of phases of matter or critical ﬁ

points %
EB axioms =

|

Diagnose and search for
unknown phases of
matter or critical points

@/ QAEN® O
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Part 2: Diagnhose and search for unknown
phases of matter or critical points

Goal: Explore the entire “landscape” of space of states.

/3 Z@’W—f /
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1+1D CFT detector

L
IR limit
Heritical = E hiit1 —— Hcrr
£a 2e i=1
'l]a T ——
c [
| Z -
a

) Ka (ng) |g-5->critical ~ g h(ng) |g-3->critical

cot(w/L
He = % Z (K41 — K3)

c
Ka(ng)lg-s.)crr = *3'1’1(7?5;)|9-S‘)CFT

2m y
Ka(1g) = Kab + Kpe = 1g(Ko + K) — (1= 1) (Kabe + Kp)  SPeC(Hrec) ~ {Ai} up to a shift
h(z) = —zlog(z) — (1 — z) log(1l — x)

This equation is satisfied very well even in very small systems!

no need to take very large L

@/ QAEmIN® O
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1+1D CFT detector

H = Z (ZiZis1 — hZ; — gX;)  IstherelIsing SSB transition when h # 0?
i

Hrec = (%ﬂm Z (Ki_-%‘+l - Ka)
We can use VFPE to check. :
27
C oY — 3 1
Kﬁ(n)lg's')critic&} =~ Eh(n)‘g's')critical SpGC(HrC,:) L {Ae} up b6 Bsleie

o(K,), anti-ferro Ising Reconstructed scaling dimension

¢, anti-ferro Ising

3
2
1
, ()
-1
-2
-3

-4

3.0 ising CFT
“ reconstructed spectrum

-3 -2 -1 ] 1

g
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1+1D CFT detector

= Z (ZiZiv1 — hZ; — gX;) Is there Ising SSB transition when h # 07?
i

cot(w/L)
Hrerz -5 (Ki,e‘ ‘_'Kl)
We can use VFPE to check. L Z 8

27
C o — . H
KA(n)|g-8-)critical & gh(ﬂ)‘g-s-)critical spec(Hrec) L {4} up to a shifs
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application: when the symmetry is
emergent
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1+1D CFT detector
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err vs. ¢, along gradient descent of the err function
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results for d=3




Pirsa: 25120057 Page 55/59



Pirsa: 25120057 Page 56/59



Pirsa: 25120057 Page 57/59



Pirsa: 25120057 Page 58/59



Pirsa: 25120057 Page 59/59



