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Abstract:

Entanglement provides a powerful framework for characterizing quantum phases. The re
region is known to encode non-trivial information about the phase of matter, as demo!
entropy and the Li-Haldane conjecture. We argue that this RDM harbors a much richer st
the genuine multipartite entanglement (GME) shared among different partitions of th
comprehensive toolkit based on bipartite and multipartite entanglement witnesses to r
distributed in quantum matter. Using these tools, we will explore a range of quantum ph
guantum spin liquids as well as measurement-induced phase transitions. In the end, we
more collective form of entanglement, Genuine Network Multiparty entanglement (GNME
guantum information and foundations, and see how it serves as a sharper tool for detec
matter.
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Multiparty Entanglementin
(Quantum Matter

Information, Causality, and Matter

Liuke Lyu, Université de Montréal,
Perimeter Institute Seminar, Dec 9 2025
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Outline

*} Entanglement in quantum matter
*) Genuine Multiparty Entanglement (GME) in quantum phases

** Truly Collective Entanglement: Using Causality to go beyond

area-law in GME

** Long-range Multiparty Entanglement in measurement-induced

phase transitions
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Characterizing quantum phases

Local Hamiltonian H = Z h.  Ground State | V)

*k Local Order Parameter

*k Ferromagnets
** Crystals
** Superfluid
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Characterizing quantum phases

Local Hamiltonian H = Z h.  Ground State | V)

*k No Order Parameter

** Quantum Spin Liquids

*® Fractional Quantum Hall States
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Entanglement in a Local Subsystem

Local Hamiltonian H = Z h;  Ground State | V)

pa = Tre(| ¥ )(Y])

Reduced Density Matrix (RDM)




Entanglement in a Local Subsystem

“od &Py pa = Tro( | E)P])

** Entanglement Entropy (EE)
Sy =aX|0A| -y
Area Law Topological EE

6 [Kitaev, Preskill, Levin, Wen 2006]
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Entanglement in a Local Subsystem

e G ) ‘;; ] . o —H
i & , i, ' b o pA — TrE( | ‘y)(llj | ) =e ™
’ ** Entanglement Hamiltonian H,

B A B
L P d
I TN |
1 <
Bisognano—\Wichmann theorem

Li-Haldane Conjecture
[Li, Haldane, 2008]
[Dalmonte, Eisler, Falconi Vermersch 2022]
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Entanglement in a Local Subsystem

** Pure Separable States

|Wag) = lyu) ® [wp)

*} Mixed Separable States

PAB = 2 Pk;f’fc4 ® Pl?
k

*} A state is Entangled if
it's not separable
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Entanglement in a Local Subsystem

Papc = Tre(| )Y )

*1sA,B,C Entangled collectively?

** Is such entanglement robust?

** How do entanglement change with

distance, temperature, parameters?
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Hierarchy of pure states

) Tripartitely entangled

A-BC B-AC C-B Bipartitely entangled

\é@ Fully separable

[Ddr, Vidal, Cirac, 2000]
10
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Hierarchy of pure states

1000) + | 111)

)
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SLOCC

=AQBRCly)

504

A-BC

B-AC

C-AB

A-B-C

| 100) + | 010) + [001)

[Acin, Brul}, Lewenstein, Sanpera, 2001]



Hierarchy of mixed states

\\\
GHZ class .
** Fully separable states / /-JF*HE\/?'-* S \
/ BI AC \\\CIAB ) \ \\\\
fsep __ A R B ® G f / \ / \‘\\ / \ \
P = L PP O P O D | [ Welass NI f5 ]/ \
| W P 4 /
# N A/ /
\ \| - f/
\ \ ABC /
*¢% Bi-separable states N A

PP = 3 it ® P+ qipl ® pC + mipfl @ it
k

** A state is Genuinely Multiparty Entangled
(GME) if it's not bi-separable 12

[Acin, BruB, Lewenstein, Sanpera, 2001]
[Gilihne, Toth, 2009]
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Witnessing Multiparty Entanglement

o
1

Dy = D*(po, p1)

** Optimization function D = Pt}

*k Non-linear Optimizations / B

*® Convex Optimization

*® Semidefinite Programs

generalised Bloch sphere

4 update
7 £ .
A / 2 — s,
4 R -
/ . Wy e
/ ° sl

A
|SDP SDP |spp
: update i 3
B . —
13 generalised Bloch sphere
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Quantum Ising model

*k Sample reduced density matrix through Quantum Monte Carlo

¥ 1 L
T 7 T ™\

® p 1Al 9 p 12

[
|
.
\

)

1A e

\ \
\ y

T o3

|
| {
~BH |
0 |
\

4 A FM Ising PM

[Wang, Song, Lyu, W.K., Nat. Comms. 16, 96 (2025)] 15 Quantum Critical Point (QCP)
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Bipartite Entanglement

, Logarithmic

6 Negativity
0.1
*k Concentrated 5 % — In ‘ pl
e 10.08
near criticality 4
.o o 0.06
udden death 0.04 -

2
with temperature

0.02 -7!_7L-

[Wang, Song, Lyu, W.K., Nat. Commes. 16, 96 (2025)] 16
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Bipartite entanglement

*} Entanglement is maximal near

.
QCP. Tl
. . 1071} -
** Entanglement is suppressed in -
w .
higher dimensions (monogamy) g
** Entanglement is finite for finite dL—24 3-20L=18  3dL—1
10-21 —4-1dL=48 F-2d L=24 3dL=6
—]1d Exact 3dL =8
? \ \ I

h (power law decay) >
h/he

17" [Lyu, Song, Wang, Meng, W.K., Phys. Rev. B 111, 245108 (2025)]
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Tripartite entanglement

. . [ 3-iar=24]
** Entanglement is maximal | —§-1d L= 18
— 1d Exact
2i 2d L =16
k- dL=
near QCP (v') 107 Far-n I o
[ +3dL=6 | j“'-ah
*k Entanglement is more T o oy
103 -
suppressed in higher
dimensions (v) 10
0 0.5 1 1.5 2

h/he

18 [Lyu, Song, Wang, Meng, W.K., Phys. Rev. B 111, 245108 (2025)]
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Bipartite entanglement

*} Entanglement is maximal near

.
QCP. Tl
. . 1071} b
** Entanglement is suppressed in -
% .
higher dimensions (monogamy) O
** Entanglement is finite for finite dL—24 3-20L=18 34 L4
10-21 —4-1dL=48 F-2d L=24 3dL=6
—]1d Exact 3d L =28
? \ \ I

h (power law decay) 3
h/he

17" [Lyu, Song, Wang, Meng, W.K., Phys. Rev. B 111, 245108 (2025)]
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Tripartite entanglement

. . [ 3-iar=24]
** Entanglement is maximal | —§-1d L= 48
— 1d Exact
2i 2d L =16
k- dL=
near QCP (v') 107 F2r-n I o
[+ 3dL=6 | j“'--ah
*k Entanglement is more T o oy
103 -
suppressed in higher
dimensions (v) 10
0 0.5 1 1.5 2

h/he

18 [Lyu, Song, Wang, Meng, W.K., Phys. Rev. B 111, 245108 (2025)]
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Part Il

Multiparty Entanglement Loops in
Quantum Spin Liquids

19
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New tool: Genuine Multiparty Negativity

** Multiparty Entanglement Witness found

via a semidefinite program
PPT

/ mixtures

biseparable
states

N(p) = —mintr(pW)
subject to W = P, + Q1m
0< P

0 < Q. < I for all bipartitions m | m

** Guarantee global optimality

[Jungnitsch, Moroder, Glihne, 2011]
[Novo, Moroder, Otfried Guhne, 2013]
[Hofmann, Moroder, Ghune, 2014]

*}* Extend to 6 spins
20
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Kitaev Honeycomb Model

Exact Diagonalization (N=32
BN LTI ooratzaton (N=32
(i)}, I
h || [111]
[Kitaev 2006]
Non-abelian Intermediate = Paramagnet
QSL phase

51 [Lyu, Chandorkar, Kappr, Takei, Sgrensen, W.K., 2025]
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(c)

I 1
0.08 ) !
| 1
| I
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2 1 1
0.04 1 |
I 1
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—r— party | ‘.'_J
0 ;s 3 L L i | e B2 ' .E ' ’
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h [111]
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Kagome J1-J2 model

Exact Diagonalization (N=36)

HAF= ZSIS_]+J2 Z SIS]
(i) (i)

/3 x4/3 order QSL q = 0 order

05 [Lyu, Chandorkar, Kappr, Takei, Sgrensen, W.K., 2025]
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0.01 - o«\. I 94"0’ Q +5 Spln BOWiIe m
- ! & : —©0--6 spin Hexagon

0.02

N3

0.01

—6— 5 spin (partition A)
—d— 5 spin (partition B)

= ) * |
0.03 - —

C D
0.02

=8 4 spin (partition A) | |
= 4 spin (partition B)
= =3 spin and 2 spin

0.01 - -
A —e
0 & - S - - -
-0.15 -0.1 -0.05 0 0.05 0.1 0.15 0.2 0.25
J2
26 [Lyu, Chandorkar, Kappr, Takei, Sgrensen, W.K., 2025]
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[Lyu, et al 2025, arXiv:2505.18124]

U n |Ve rsal to al I QS L? [Song, et al 2025, arXiv:2509.09983]

Kitaev Honeycomb Kagome Heisenberg Kagome Chical Spin Liquid

\VARVARY/
V..Akvﬂkg
/ '\ V‘f‘
X AL

y ¥
String-net Kagome RVB BFG model
[Levin Wen 2004] [Balents, Fisher, Girvin 2002]

A
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Pi

Multiparty Entanglement loops

*}k Entanglement frustration:

Entanglement is absent in

small subregions

** Loopy entanglement:
Entanglement is present
exclusively in subregions

which contain loops

||||| : 25120052

Quantum Spin Liquid

Conventional Phase

SRS

,Q\O
CON b

28
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Part 1l

Beyond Area Law:

Causality and Multiparty Entanglement

29
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Area Law in GME

01
% GME reduce to bipartite o
=
entanglement for simple s
-
phases (FM,PM) il
0.005 - K2 — GMN!’
—
min
0.2 0.3 0.4 016 0.8 1 1.2 1.5 2 3 4

h

30 [Lyu, Lauand, Witczak-Krempa, in prep]
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Area Law in GME

GME = a X Area( min interface ) + ---

A B i C

Valence Bond Solid

31 [Lyu, Lauand, Witczak-Krempa, in prep]
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Genuine Network Multiparty Entanglement

A
*k Both states have GME (equal GMN) /
B C.

** Genuine Network Multiparty Entanglement (GNME)

Three bell pairs
% Distribute bipartite resource states

A
% Apply (classically correlated) local operations
Network State g 7 ] B C
Pret = Zp}tQA ® QB ® QC (GAB ® Opc ® GCA)
4 Two GHZ states

[Navascues, Wolfe, Rosset, P.K, 2020] 47
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Inflation Technique

YA,B,C,A,B,C,

*® If we can prepare p in a network, we can

prepare ¥ and 7 in the inflated networks.

** GHZ, cannot be inflated

® Yamn, = | GHZ3) |GHZ3) (. | (. |

% A, and A, perfectly correlated

[Navascues, Wolfe, Rosset, P.K, 2020]
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Convex Optimization for GNME
Gilbert Algorithm

£0

*®k New methods to quantify GNME via

. . D :D2(J,))
the geometric distance to the network Dy = Dty Po: 1

set, based on convex optimization o

D(p) = min d(p, )

oeSet

[Gilbert 1966]

34 [Pandya, Sakarya, Wiesniak, 2020]
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Convex Optimization for GNME
Gilbert Algorithm

£0

** New methods to quantify GNME via

. % Doy = D*(po.p1)
5 : 3
Dty = D*(po, 1)

convex optimization

D(p) = min d(p, o)
c€UQN

** Result:

** Network State p,, closest to p

B[ p
sk First method that Certify Network States R b ¢

[Shang, Ghune, 2018] 35 C -— —  —
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Tripartite GNME of 3 qubits

—e— GNME
GMN

o
n
o

0.4
i
pe = 0.481 b
"
e
=
£ g rN
048  0.49 02

Geometric Distance )
= o
N w

0.1

(=)
ia

"0 0f1/ 02 03 04 B 0.6
Noise p
Certified GNME by, P WWIFPY2" Gertified GME but no GNME

36
3rd level inflation 0.5 W3){W;5| + 0.5 (I/8)
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Tripartite GNME of 6 qubits

oG | 1

| T | |
‘ : : — 05

a) = GHZ GNME GHZ, GMN ngb
Q 104
- pe = 0.T1L(GHZ)
=
iz 403 2
= " Z
e =t
£ A =
b ! >
2 O 1020
=
o
%
- - 0.1

# 10

0.9 1
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Four-partite GNME of 8 qubits

eometric Distance D

G

_D4BGNME

0.8

0.6

MN N

s )
i
G

0.2

38
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Quantum Ising Chain

** GNME decay much faster
than GME

Geowetric Distance D

** GNME is finite for finite A

015 02 03 04 06 08 1 1215 2

Transverse field h

39
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Decay with Temperature

** GNME is lost prior to GME

** We can certify GNME in a

wide range of temperatures

% Faster Decay with distance

** GNME is a shaper indicator

of criticality
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Geometric Distance D

0.07 - , ; . . - ; , | | 10.15
—e— GNME, h=1
A B C !
: : GMN, h=1 ‘
1.5
0.05 -
—~ -8} 0.1
R
0.04 P 85! !
D ~|T. — TJ2! ‘
-9t - . 4
0.03 (1, = 0.646)
-9.5
-38 -36 -34 -32 -3 -28 _—
).05
0.02 log{L.—4)
0.01
(T. — T)+
0 ! 1 —-——AJ-—*—I 4]
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
T
40
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GNME in Quantum Spin Liquids

*k Strong GME, but no GNME\

Kagome Chiral Spin Liquid Kitaev Honeycomb Model
a1
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