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Outline: Using fundamental principles to constrain relativistic hydro!

Significant progress towards determining the regime of validity of relativistic
dissipative fluid theories!

1. General-relativistic magnetohydrodynamics with strong magnetic fields

I. Cordeiro

2. How choices in relativistic dissipative fluids impact causality

I. Cordeiro

3. NEW! Relativistic dissipative fluids coupled to Einstein’s equations

I. Cordeiro

E Ian Cordeiro | 1/45
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Hydrodynamics is a very general description of collective behavior

Only assumes general conservation laws and separation of length scales

Hydro assumes:
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A = microscopic “mean free path”

L = macroscopic length

A
Kn=— [ |
n L<<
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Hydrodynamics is a very general description of collective behavior

Only assumes general conservation laws and separation of length scales
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A = microscopic “mean free path
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Hydro assumes:
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7™ J; = gradient expansion!

Kn=— <« 1.
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The universality of hydrodynamics
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long time description!
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The non-relativistic fuid stress tensor
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Gradient expansion in Kn near-equilibrium

Navier-Stokes

=
Ty=T5 + T3 +O(Kn?
—~—
Ideal

Compression/Expansion 4+ Shear/Strain

O(Kn”) : Tg}) = Ps; + mnv;v;
O(Klll) . T(l _(S?'.?C()k“ 2!/()(,!‘”

“

sheared sheep
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Page 7/66

4/45




Non-relativistic Ideal Hydrodynamics

At O(Kn") conservation laws appear as

(0)

N

» Momentum: mo(nv;) + &7 (Pdi; + mnv;v;) = 0

» Energy: 6 + 0; (e + P)v*] =0

» Particles: dyn + 9;(nv*) =0
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Non-relativistic Dissipative Hydrodynamics

Expand conservation laws to O(Kn') = Navier-Stokes!

New terms = deviations from equilibrium — dissipation

O(Knl) x L= —C(');‘,‘nk, Mij 210005

MANY unsolved problems (e.g. Millennium prize)!!! LB
“!,}
sheared sheep
E Ian Cordeiro | 6/45
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How do we construct a relativistic

theory of hydrodynamics?
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Ideal Relativistic Hydrodynamics

» Replace with covariant counterparts:
(% —F \7,,, Vs — H‘”, 51’3’ — A;m = Yuv + Uy Uy
» O(Kn") conserved charges
T(f:;’ = eufu” + PA*, Jéﬁ]‘ = nuf.

» Impose conservation laws

VoTed = 0, (Energy-Momentum)

Vadeg = 0. (Baryon number)

Pirsa: 25120034
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Ideal Relativistic Hydrodynamics

» Replace with covariant counterparts:

[ N, U
Causality equivalent to 0 < ¢? < 1 where i
» O(Kn°) consery
(Krt) a= (%)
L =
85 S/n

“Hydrodynamic Speed of Sound”
» Impose conserv

X ‘ : A)

‘J‘{-
Vadeg = 0. (Baryon number)

E Ian Cordeiro | 7/45
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Let’s try and obtain relativistic Navier-Stokes the same way!

Replace with covariant counterparts: 0; — V,, v; — u

gt

L7
= ={ N u™; T _ 4 ('taavau” + AF - ) > g 2-1/V<“u“>

N

y

o / 7/

sheared sheep

F )

Bulk Stress Energy Diffusion Shear Stress

Pirsa: 25120034

Ian Cordeiro |

Page 13/66

8/45




Let’s try and obtain relativistic Navier-Stokes the same way!

Replace with covariant counterparts: 0; — V,, v; — u#

J
N =={V0"; q? = —K (uavau“ + AF V;T) s 21/V<“rz”>
| This approach 1s acausal and unstable
‘-” J
\ sheared sheep
ALt
Bulk Stress Energy Diffusion Shear Stress
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Acausality + dissipation implies instability

Superluminal signal at p: if A sees dissipation, there always exists a B that sees a

signal grow out of nothing = | INSTABILITY

E Ian Cordeiro | 9/45
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What are the challenges in finding a

causal and stable relativistic fluid theory?

o = (1, #)

p Unstable
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The challenge

0 =u*Van + nVau,

0=u*V,c+ EV u*+ Traﬁva't.zﬁ + Vg™ + uo‘q(gva'u,ﬁ,
0 = (Bu® + q%) Vau* + A¥*Vo(P + II) + Vorh® — u# (7% + u®gp) Vot? + u®Vagh,
i 0 o Bo. 1 Bout
II=—-(T _?v au® — TV“(]” — 09"V, ( T) + ?H + §HV“ ( - ;
(v 1
g = —kT e + ?u"vﬂu” (;? VHII — (1 — o) IIV# ((:};)) — %Vnﬂr
(1 51 , , Bru®
— (1 —m ) Vq (T) ?uﬂvaq‘ + q" L7 ( T
1 g 1 Fou™
ot = 29T [TV”‘(L” (; VHqY — v14"VH ((;1) %u,avaw“” + QW“”V ([QTU )} .
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The challenge

0 =u*Van + nVau,

R;u/ o

Don’t forget about me!

%’ng + Mgy = 80GT

0 =uVae + EVau® + 7%V, uP + Vag® + u*qgVaq uP,

e bt bl et ma—ust [0 o |uVag?,
quqlpatlon adds 14 new degrees of freedom: |#] € ¢a=0 “
[ J%u, =0
T = (e + A)u'u” + (P + IT) A* + QFu” + u# QY + wH¥, “
™%y = 0
)
JF=(n+N)u* + T i?) Sy ——T
\ Traa i 0

(11 [2

VH Y
u T

1
Tt = 20T [—

T e ¥ ( T ) T
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How do we introduce dissipation in ajphysically-consistent jmanner?

Consistent with fundamental principles!

Hvdro

Today, we establish exact non-linear constraints defining the
regime of validity of dissipative, relativistic hydrodynamics.

E Ian Cordeiro | 11/45
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The bare-minimum ingredient list for consistent theories

i Unstable
-

I’ [3
!
Stable ] 2 = (V. &)
- ‘f
\
[ 71\
’ by \
’ \
Il ‘\
\
\

’

Stable = small deviations return to global
equilibrium after finite time (in all frames)

Causal = no superluminal information
travel (necessary for stability in all Lorentz
frames)

E Ian Cordeiro | 12/45
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The bare-minimum ingredient list for consistent theories

i Unstable
-+

!’ [3
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Stable ] 2 = (V. &)
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Stable = small deviations return to global
equilibrium after finite time (in all frames)
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Causal = no superluminal information

-

1
Tocally well-posed — travel (necessary for stability in all Lorentz
i . : frames
unique local solutions exist ¢ )
*+*continuously w/ initial data Property granted by hyperbolic PDEs
E Ian Cordeiro | 12/45
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What properties make hyperbolic
partial differential equation so useful?

l 7._&!*-:

fma o o
s «/ﬁ%wmm

Existence Uniqueness
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A qualitative look at hyperbolic partial differential equations (PDEs)

Only non-linear class of PDEs with finite propagation speeds + local
well-posedness

Historical motivation

PDEs that look like hyperbolas

S ) ’
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U (t,x) — v202U (¢, x) = 0

Existence
\)
t2 o
=1
a2 b2
***where (0, 0,) — (¢, )
k Uniqueness
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Definition of Strong Hyperbolicity

DoF and their gradients appear non-linearly except for highest-order

Definition. Let £, be timelike. A|quasilinear|system of the form

(A“0y + B) U = 0 is said to be strongly hyperbolic if
L. Invertible. det(A*{,) # 0 and

2. Diagonalizable. for all spacelike (,, the solutions (A, r) of

(Ao + (o) A% =0

exist for A € R and the right eigenvectors r span a complete basis.

E Ian Cordeiro | 14/45
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Miiller-Israel-Stewart (MIS) theory

2. Expand an entropy current

1. Promote dissipative fluxes , R
to second-order in II, ¢*, 7/

LI, ¢", 7" to independent DoF q"
A St = sut + = + (2" order)

N\

3. Impose 2™ law: TV,S® > 0

E Ian Cordeiro | 15/45
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Miiller-Israel-Stewart (MIS) theory

2. Expand an entropy current

1. Promote dissipative fluxes . o
to second-order in II, g*, ©#

IL, ¢*, 7" to independent DoF q"
194 S = su# 4+ T -+ (211(1 OI'dCI')

\

- 3 Impose 2" law: TV,S* > 0

MIS relaxation-type equations

MUVl + 11 = —(Vou® + -

E Ian Cordeiro | 15/45
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Miiller-Israel-Stewart (MIS) theory

2. Expand an entropy current

1. Promote dissipative fluxes . o
to second-order in II, g*, ©#

I1, ¢", 7" to independent DoF H
: : St = sut + q? + (224 order)

MIS has linear causality,

stability, and strong hyperbolicity! \

MIS relaxation-type equationsW

MUVl + 11 = —(Vou® + -

e >

- 3 Impose 2" law: TV,S* > 0

E Ian Cordeiro | 15/45
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Today: New developments in the previously-

unknown non-linear consistency of MIS theories

Non-linear = no equilibrium assumption

Pirsa: 25120034 Page 28/66




MIS theory in the presence of strong magnetic fields

IC, E. Speranza, K. Ingles, F. Bemfica, and J. Noronha 2024 (PRL 133, 091401)

st e aneaon S o 2 fravent 0 [
affiers love svront Wiy affer Tepmnaime [T
eyl e fi (o fuu abiiiga |

st
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Black-hole accretion flows as an anisotropic, magnetized fluid

Black-hole accretion flow = plasma of moving, charged particles
= general-relativistic magnetohydrodynamics

E Ian Cordeiro | 16/45
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Why did we need a consistent formulation of dissipative GRMHD?

Vast majority of accretion flows believed to be radiatively-inefficient

(Sgr A* & M87*: hot Tion > Te ~ 10% K and dilute pe/pair < 10719)

Relative to B-field lines:

2[{5’.333,1' Ax T 1[]]“ 111

» Kn, = ??—l < 1 (collisional = ideal fluid)
S

A
> Kn = R| > 1 (highly collisionless!!!)

! LS-‘

Ian Cordeiro | 17/45
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How do we introduce dynamic magnetic fields?

New DoF described by

Maxwell’s equations

New terms in TH

2 2
T&’\{I _ b_uﬂulf + o AHY _ pipY Va (u®** — b%ut) = 0¥
- 4 F¥*infinite conductivity o — +o00.
Dissipative GRMHD
py _ i v J11%
T Tidoa.l fluid T Zii&%ipation T TEM

E Ian Cordeiro | 18/45
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The first non-linearly causal and hyperbolic theory of GRMHD

Exact causality constraints Strongly hyperbolic

y

s

Tz

MIS + Maxwell’s

Equations! / /

sheared sheep

Shear in the strong field limit (Extended GRMHD): 2024

IC, E. Speranza, K. Ingles, F. Bemfica, and J. Noronha 2024 (PRL 133, 091401)
M. Chandra, C. Gammie, F. Foucart, and E. Quataert 2015 (ApJ 810, 162)

E Ian Cordeiro | 19/45
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Visualizing the non-linear causality constraints

“Causality phase diagram”

3.0
—— lincar, AP =0

-===firchose inst.

2.5 . Anisotropic deviations from equilibrium
pressure:
2.0
_ 1
& P 4= P + gAP
- 1.5
& 2
1.0 3

(relative to b*)

[

Ian Cordeiro | 21/45

Pirsa: 25120034 Page 34/66



Definition of Causality

Causality = only timelike and null trajectories propagate information to each z’

Ly

g = (t', %)

& \ N

But how does this notion transfer to PDEs?

B T i
/) -~ /
/ N
4 h) k
/ \
/ \
L 3
\
\

Y
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ITan Cordeiro

\ , = Cauchy surface with initial data
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The Method of Characteristics

Idea: Characteristics define the maximum signal propagation speed

(a PDE “light-cone”).

This procedure is VERY general:

1. Uploac
e No near equilibrium assumption

(A0, + B)Y @ Equation of state (EoS) = arbitrary

e Metric = dynamic or arbitrary background

e Transport can depend on dissipation directly: jquation

n=n(e,n,Il, q,m) L]

3. Bind wave-speeds by c =

Roots = maximum wave-speeds!!!
0<vi<1

E Tan Cordeiro
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Definition of Causality for first-order Quasilinear PDEs

Definition. A quasilinear system of the form (A®0, + B) U = 0 is said to be
causal if, and only if

1. Real wave-speeds. the roots ¢ = ¢9(¢*) of det(A%p,) = 0 exist in R and

2. Subluminal wave-speeds. ¢, is non-timelike, e.g. ¢“po > 0.

E Ian Cordeiro | 24/45
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Example: Causality for a D = 1 + 1 quasilinear wave equation

2. Identify the principal part!
1. “Quasilinear wave equation” A08) = [1 0 2]
0 —v

82U — v202U + (6U)% = 0 |
A(EH(‘)(_!({)[)’U +B =0
4. Non-timelike + reality condition

on ¢F demands () < qb% < qbf
0<v*<1

3. Characteristic equation

(O, Ox) — Ou = (&1, Pz):
('1@1.(/{(:“5 badp) = (/)? — ’r.ﬁzq‘)_;;); =0

E Ian Cordeiro | 25/45
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The precise statement

Theorem. (Non-linear Causality) Let C # 0. Extended GRMHD with I = ¢ =0
is causal if, and only if Vk € [—1, 1]

0<

()g(

L >

AP + b?

<1,

E
.2(‘1 (“t ..2(w (w
K™Cgy + Cry KOy + Oy

Cy

(),

/T

2
K (/ﬂry .y C:I,'?J

+ 1}

.

K2Cy + Cyo

0<

OSH,Q(
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Ch ’

o2

K Gy + Cyrv
Cy

.2
K Cmy + ngv
Cy

1,

)+

Ian Cordeiro | 27/45
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What physical properties can we obtain

from causality constraints? ...or rule out?

Parallel pressure forces

Tighter bend grows
9 g squeeze tube out.

faster.

tension force
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Firehose Instability

Longitudinal pressure shreds field lines in the transverse direction!!!

Parallel pressure forces

Tighter bend grows
squeeze tube out.

faster.

. :
AP < —b° = APFirchose tension force

E Ian Cordeiro | 28/45
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“Causality phase diagram”

3.0

—— lincar, AP =0

-===firchose inst.

mirror inst.

1.0

0.5

Non-linear causality with ¢ = 0 forbids the firehose instability

Causality restricts Alfvén wave-speed
AP + b -

=4
VT PTPIAPB S

PJ_EP—l—%AP
2

Pi=P—--AP
| 3

Firehose instability

Ian Cordeiro | 29/45

Pirsa: 25120034

Page 42/66




Choices in defining out-of-equilibrium relativistic fluids

I. Cordeiro, F. Bemfica, E. Speranza and J. Noronha 2025 (arXiv: 2510.01512)
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