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Simultaneous Measurements of Noncommuting Observables.
Positive Transformations and Instrumental Lie Groups

Christopher S. Jackson® and Carlton M. Caves™' !

' Center for Quantum Information and Control, University of New Mexico,
Albuquerque, New Mexico 87131-0001, USA
(Dated: June 13, 2023)

We formulate a general program for describing and analyzing continuous, differential weak, si-
multaneous measurements of noncommuting observables, which focuses on describing the measuring
instrument autonomously, without states. The Kraus operators of such measuring processes are
time-ordered products of fundamental differential positive transformations, which generate nonuni-
tary transformation groups that we call instrumental Lie groups. The temporal evolution of the
instrument is equivalent to the diffusion of a Kraus-operator distribution function defined relative
to the invariant measure of the instrumental Lie group; the diffusion can be analyzed by Wiener
path integration, stochastic differential equations, or a Fokker-Planck-Kolmogorov equation. This
way of considering instrument evolution we call the Instrument Manifold Program.  We relate the
Instrument Manifold Program to state-based stochastic master equations. We then explain how the
Instrument Manifold Program can be used to describe instrument evolution in terms of a universal
cover we call the universal instrumental Lie group, which is independent not just of states, but also
of Hilbert space. The universal instrument is generically infinite dimensional, in which situation
the instrument’s evolution is chaotic. Special simultaneous measurements have a finite-dimensional
universal instrument, in which situation the instrument is considered to be principal and can be
analyzed within the differential geometry of the universal instrumental Lie group. Principal instru-
ments belong at the foundation of quantum mechanics. We consider the three most fundamental
examples: measurement of a single observable, of position and momentum, and of the three com-
ponents of angular momentum. As these measurements are performed continuously, they limit to
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IG. 1. Schematic of a sequence of indirect, differential weak measurements; full understanding comes after reading Secs. I A
nd II B. A system in a state |t} is indirectly measured by a sequence of weak interactions e " where each set of meters is ob-
arved after its interaction; that is, the system is continuously monitored. The incremental Kraus operator for the measurement

t time ¢, given outcomes th, is ¢/d" (dVﬁVt)<th|efint‘6>; under the conditions outlined in Sec. I1 A, this Kraus operator
= - - =2 : 7
i the differential positive transformation of Eq. (1.1), that is, 1/du(dW;) L ¢z (dW,), with Lz (dW;) = g~ X mdiFXVRdW, pe

icremental Kraus operators “pile up” to become, at time 7', the overall Kraus operator 1/Du[dW[O,T)] L[dW[O,T)], which is
ritten as a time-ordered exponential in Eq. (1.2). The overall Kraus operator gives the unnormalized final state at time T, as
hown in the figure. The collection of Kraus operators at time T', for all Wiener outcome paths dW[O,T), defines an instrument,
'hich can be analyzed on its own, independent of system states—simply omit |¢/) from the figure—a style of analysis we call
wstrument autonomy. The Kraus operators move across the manifold of an instrumental Lie group, which is generated by the
1easured observables; placing the instrument within its instrumental Lie group and analyzing its evolution there we call the
nstrument Manifold Program.
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registered by weak measurements. These differential positive transformations “pile up” as successive measurements
are performed; at time T the instrument is the collection of Kraus operators,

T—dt
{L[dW[D’T)] = Texp(/ — X% kdt+ X - \/Edﬁ/t) ; dV_I'/[O’T) is a Wiener path} ; (1.2)
0

where 7 denotes a time-ordered exponential. This scenario of piling up incremental Kraus operators is sketched in
Fig. 1. These instruments are contained in the Lie group G infinitesimally generated by the measured observables,

{X,,...,X,}, and the quadratic term X2, We call G the instrumental Lie group. At every time 7', the instrument (1.2)
is equivalent to a Kraus-operator distribution function,

Dr(L)= [ DuldWioun) 8(L. LidWioi)) (1.3

where D,u,[dW[O,T)] is the Wiener path measure and 5(L, L[dW[O,T)]) is a Dirac d-function with respect to the left-
invariant measure of G. The Kraus-operator distribution function describes how the instrument is distributed in the
instrumental Lie group. The Markovianity or group property of the instrument,

L[dW[O,t+dt)] - L(th)L[dW[o,t)] ) (1-4)
means that the Kraus-operator distribution function evolves according to a Fokker-Planck-Kolmogorov equation,

lth(L) = (gﬁ+1 X, X )[DT](L), (1.5)

K Ot

where X denotes a right-invariant derivative,
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Z, = / Du[dwiory] O (L[dwpp)] ),

dlutely trivial to solve,

oT/dt
ZT — (/ dﬂ(dw) @(IBHOQRdt—FQ\/Ethq—I—P\/Ede)) — e—%liT(a

of this article, however is entirely in the manifold diffusion process defined b
1 to define sample-paths in a finite-dimensional manifold. The infinitesime
P, and H,. By simply considering their Lie brackets to first order,

Q, P] =182,
H,,Q| = —iP,
[HoaP: — iQa
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owever is entirely in the manifold diffusion process defined by SPQM, where
ple-paths in a finite-dimensional manifold. The infinitesimal generators of
r simply considering their Lie brackets to first order,

Q. Pl =125,
[HoaQ: — _%Pa
[HoaP: — iQa
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A. Differential weak measurements and incremental Kraus operators

A differential weak measurement of multiple observables is made by doing a sequence of indirect weak measurements
of the several observables; these indirect measurements are implemented by coupling independent Gaussian meters
to the system, one for each observable. We call this a “differential weak measurement” because the Kraus operators
are differentially close to the identity; these incremental Kraus operators can then be regarded as fundamental,
infinitesimally generated differential positive transformations of a differentiable manifold. Although a differential
measurement is definitely weak, there ate measurements that are generally construed as weak but that have some

Kraus operators that are not close to the identity (e.g., jump processes). The “weak” in differential weak measurement
is thus both insufficient by itself and unnecessary when preceded by “differential”; it is included to throw a lifeline to
conventional usage.

The key accomplishment of this section is to show that at the level of differential weak measurements, the commu-
tators of the observables can be ignored, so there is no temporal order to the measurements of the several observables
and these measurement can be regarded as occurring simultaneously.
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Ly (dW) = XVRaW-Xrndt, (2.8)

brings the Kraus operator (2.4) into the form

Vg (gle " */M0) = \fdp(dW) Lx (dW). (2.9)

The (completely positive) superoperator for outcome dW,
dZx (dW) = du(dW) Ly (dW)® Ly (dW)T, (2.10)

we call an instrument element. We stress that the outcome increment dW is literally the outcome of the measurement,

scaled to have a variance dt. We also note that the exponential expressions here are exact in the sense that they hold

even when dt is not infinitesimal. The set of instrument elements corresponding to all outcomes is the instrument |
, “1]. Here we also introduce the “odot” (®) notation [*’—= ] for a superoperator, defined by

b

Ao B'(C) = ACB'. (2.11)
The ® is literally a tensor product, but if one doesn’t want to think about that, one can think of the ® as just a
placeholder for an operator on which the superoperator acts. We say a bit more about the odot notation below.

Integrating the instrument elements over outcomes gives the (unconditional) quantum operation associated with
the instrument,

Zy g = / 42 (dW)

— [ du(@w) Lx (@) o Ly (@)t
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freedom was used by Gross et al. [*(], who replaced Gaussian meters with qubit meters in a state-based formulation
of continuous measurements. The conditions for the emergence of Gaussian behavior should rightly be the subject of
further investigation.

The incremental Kraus operators (2.29) and the overall Kraus operators (2.41) were derived above from a meter
model in which a measurement of position, a continuous variable, is made on each of the meters; von Neumann
essentially introduced this meter model and called it an indirect measurement [/]. We ask the reader now to join us
in a shift in perspective, the first of three: regard the incremental Kraus operators for simultaneous measurements
of noncommuting observables, Ly = e of (2.29), not as derived objects, but as the fundamental differential positive
transformations, more fundamental in quantum measurement theory than von Newmann projectors. The forward
generator & plays the role for positive transformations that anti-Hermitian Hamiltonian generators, —iH dt, play
i generating unitary transformations. Continuously measuring commuting observables leads, over time, to von
Neumann’s original conception of eigenstates of Hermitian operators as measurement outcomes. The perspectival
shift is that Hermitian operators now play the more important role of generating positive transformations, acting via
exponentiation of the forward generator & to produce the incremental Kraus operators. For noncommuting observables,
these incremental Kraus operators, piled up over time, lead to ...— well, that is the subject of the rest of this paper.

Although several researchers have hinted at or touched on the significance of positive transformations [1+, 17, 7],
especially those who work or comment on linear quantum trajectories [, 2, (i, 5], none has had a complete
understanding of how differential weak, simultaneous measurements lead to the differential positive transformations,
L, = e® of (2.29), nor of how these transformations pile up to construct instrument manifolds.

The overall Kraus operator (2.41) is the solution to the SDE

Al Lyt = Lyl - — 1
= Lg(dW,) —1
(2.43)

1
:6t+§6§
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1 X111 = (% X105 o+ XlL)}fk%)f = X1, (2.75)

thus giving a commutator antihomomorphism,

[ﬁf XJ =—[X,Y]. (2.76)

18

The right-invariant derivatives inherit the commutators of the path generators X and Y, with a minus sign coming
from the right invariance. Although Egs. (2.74)—(2.76) are instructive in showing how the commutators emerge as
vector fields from their action on an arbitrary function, the relation (2.76) follows immediately from letting the
derivatives act on linear functions, as in Eq. (2.73).

It is useful to appreciate that for left-invariant derivatives, defined by

= lim f(LEhX) — L) !
h—0 h

_ df(Le™)
X[f1(L) = —an

(2.77)
h=0

we have
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The last of these associates the two density operators with their conjugate measures, which is key to the unravelings
we turn to now.

The Wiener differential unraveling (2.47) and the KOD unraveling (2.61) are state-independent unravelings of
the unconditional quantum operation Z,. State-based unravelings start by applying Z5, in the form of these two
unravelings, to the initial state to get an unconditional, normalized final state Z¢(py). For each unraveling, there are
two ways to proceed, by using unnormalized or normalized states and their conjugate distributions. The result is four
state-based unravelings:

Z2(p0) = | DuldWi.n)) LldWio oo LidWony)' = [ DuldWioy) plaiWiomy|oo]. (2.97)
Z2(p0) = [ DoldWiomy|po] pldWiomy|po]. (2.98)
Ze(p0) = [ dulZ) DoD) Lok = [ du(E) Dr(2) iEipo), (2.99)
Z2(p0) = [ du(L) Dr(L) tr(E'Lpo) p(Elpo) = [ dpr(Lpo) p(Elpo). (2.100)

The first two of these unravelings are differential and thus serve as the basis for developing SDEs for an evolving
quantum state, a development we take up below. The first is a state-based version of the Wiener differential un-
raveling (2.47)—just put pg in place of the ®; it gives rise to linear quantum trajectories and a linear SDE. The
second unravels Zp(py) into normalized states and thus leads to stochastic master equations; notable is that to
get to the stochastic master equation, one must decompose into incremental time steps both the Born-rule mea-
sure Dp[dWi.ry|po] and the normalized state p[dWio ry|py]. We call this second unraveling, that of Eq. (2.98), the
Born-rule differential unraveling.

The third and fourth unravelings are based on the KOD unraveling (2.61). The third is a direct expression of the
KOD unraveling—just put pg in place of the @. It introduces an overall unnormalized linear state,
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preserving term X2 Piling up incremental Kraus operators leads to the overall Kraus operator Ly = L[dW[O,T)],
which is written as a time-ordered product in Eq. (2.41). This product can be reduced to a product of finitely many
exponential factors, each of which, by the Magnus expansion [/, ], has an argument given by a series of integrals
of the operators {X,..., X, X 2} = {.f X 2} and their successive commutators. This is to say that the overall Kraus

operator is an element of the instrumental Lie group G = €%, where g is the Lie algebra generated by the set {X’ ; X 2}.
Below we get to the instrumental groups, both universal and H-specific (or quantum), in two steps, which highlight
the difference between the measured observables and the quadratic generator.

First, however, we bring forward some general properties, which are based on the fact that the real vector space g
is the direct sum of a subspace g, of Hermitian generators and a subspace g, of anti-Hermitian generators:

§=0.9- (2.126)
The two subspaces satisfy

(86 90] € 8o (2.127)

(90,81 € @1, (2.128)

(91, 01] € 8o, (2.129)

thus identifying g, C g as a Cartan pair. Equation (2.127) implies that g, is a Lie subalgebra, which generates
the subgroup G, = e% of unitary transformations within G. In contrast, Eq. (2.129) indicates that the Hermitian
subspace g, is not a subalgebra; g, generates the positive transformations, which are not a subgroup of G, but should
be thought of as a base manifold £ within G. The incremental Kraus operator L; = ¢® is a differential positive
transformation, and the forward generator & is an element of g;. Equation (2.128) says that unitary conjugation of a
positive transformation gives another positive transformation; conjugation of the base manifold £ by an element of
the unitary subgroup G, is a rotation of the base manifold.

The Kraus operators are points in the group manifold G and, at the same time, in the way of groups, they are
also transformations of G. Any Kraus operator has a unique group-theoretic polar decomposition L = WVE, as in
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commutators in the iterative process (2.133) is within the unwversal enveloping algebra U; ol the observable Lie
algebra § [, |; this is the associative algebra that is free of constraints, except for the commutators coming from

f. In general, when one works in the universal enveloping algebra, the iterations (2.133) do not close, so g = AL s
an infinite-dimensional Lie algebra, and the corresponding Lie group G = ¢? is also infinite dimensional. We call G
the universal instrumental Lie group.

Working within A4, yields a H-specific instrumental Lie algebra h and an H-specific quantum instrumental group
, whereas working within the universal enveloping algebra U; gives the Hilbert-space-independent Lie algebra g and
the universal instrumental group G = €. It is instructive to consider the difference between b and g. The quadratic
term is quadratic in the “linear” measured observables, and its matrix commutators generally generate higher and
higher powers of the elements of f. When working with matrices on a finite-dimensional H, sufficiently high powers
are constrained to be related to lower powers by the dimensionality of H, so the iterative process (2.133) closes after

a finite number of steps. This is particularly obvious in the extreme case that § = gl(#, C); then X% is already in f, so
the iterative process goes nowhere and h = f = gl(#, C). In contrast, when working in the universal enveloping algebra
Us, where the associative algebra is constrained only by the commutators coming from f, high powers of elements
of f are not constrained to be related to lower powers, so the iterative process defining g can and generally does go
on forever. This universal iterative process yields the universal instrumental Lie algebra g and the corresponding
Lie group, the universal instrumental group G = €%, which is a kind of universal covering group that unifies all the
‘H-specific quantum instrumental groups. We summarize this as the third perspectival shift: detach the instrument
from Hilbert space and place it in its proper home, the universal instrumental Lie group, where the three faces of the
stochastic trinity can be applied universally.

Only very special instruments have a finite-dimensional universal instrumental group; we call these principal (uni-
versal) instruments. These are pre-quantum [!(/(], Hilbert-space-independent objects that structure any Hilbert space
in which they reside. The cases 1-2-3 of Sec. III are all principal instruments. Universal instruments that are not
principal instruments we call chaotic (universal) instruments.

We need to examine more carefully the relation between the Lie algebras and the Lie groups and between the (H-
specific) quantum and universal realizations. There is an associative-algebra homomorphism 7 : Us — A4, meaning
that the map respects the algebraic properties:

el

Al axs L axa) = 2% ) L vadr(xa) {2 134)
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principal instruments we call chaotic (universal) instruments.

We need to examine more carefully the relation between the Lie algebras and the Lie groups and between the (H-
specific) quantum and universal realizations. There is an associative-algebra homomorphism 7 : U; — Ay, meaning
that the map respects the algebraic properties:

T(z1%1 + 22%9) = 217 (x1) + 227 (x2) , (2.134)
T(x1xg) = A (x1) 7 (xz) , (2.135)
w(x) = #(x)T, (2.136)

for any x;,xo € U; and 21, 25 € C. Restricting the domain of this map to the universal instrumental Lie algebra g gives
a Lie-algebra homomorphism 7 : g — b that projects the universal instrumental Lie algebra g onto the H-specific
instrumental Lie algebra . The kernel of this projection map,

kerm =7 1(0) = {x € g | 7(x) =0} = ¢, (2.137)
is an ideal of g, since [k, g] € & for any k € ¢ and g € g. The Lie group e’ is a normal subgroup of G = €. The quotient

group G/ el is not, however, e” because e” knows that elements of h other than 0 exponentiate to the identity.

To go further, we extend 7 to a group projection map II : G — €”, defined by I1(e®) = ¢™® for any g € g. It is
important to realize that II is the associative-algebra projection map 7 restricted to G:

II(e8) = ¢™(® = ¢(®) — 7(ef). (2.138)
The kernel of this map,
kerll=T1""(1)={ge G |O@g) =1} =K, (2.139)

is a normal subgroup of G, as one sees easily by applying the projection map (2.138). Moreover, it is also easy to see
that the quotient group, H = G/K, is isomorphic to II(G) = e’
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5 . 1
—— = = A[D|(z), with A:£+§zﬂzﬁﬂ, (3.19)

where the derivatives, with underarrows pointing to the left, are right-invariant derivatives.

2. Cartan codrdinate systems for principal instruments

The Cartan or “KAK” decomposition is the universal analog of a singular-value decomposition. More specifically,
every continuous matrix group is a representation of a universal Lie group in which case the analogy is literally that
the singular-value decomposition of a representation is a representation of the Cartan decomposition. What this
means is that the terms of a Cartan decomposition are more about how the dimensions of the Lie group are connected
than they are about the Hilbert space that may carry it. Applied to our three cases, the Cartan decompositions are:

1. For measurement of a single observable, the instrumental Lie group is G = R? of Eq. (3.7). The K in the Cartan
decomposition is K = {1} and

2
: r=e X THXa, (3.20)

The invariant measure is the familiar Cartesian measure,
du(z) = drda. (9:21)
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strumental Lie group is the 7D IWH of Eq. (3.8). The K in the Cartan d

— (D5€¢1¢)€—Hor—1eD;1 |

I

o | 1 .
Da _—_ 1Poq+1Qas ’ with o = —(051 -+ @a2) ,

V2

splacement operator (and similarly for 8). The Haar measure in Cartan codr

d'u(z) = d 'Bdgb dr sinh®r d¢ d_a
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umental Lie group is the 7D ISpin(3) of Eq. (3.9). The K in the Cartan d
and

. —iJ b\ —J l+Ja y—1
x = (Dye )e D",

i, 0 _  —if(J —J, si i : . : o
9710 — oWy coso—Tpsing) —il.d  ith 1 = (sin @ cos ¢, sin 0 sin ¢, cos ¢

I

placement operator (and similarly for /m). The Haar measure in Cartan coor

d
Tp(x) = du(rm) 5 deda sinha du(i).

47
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§; = —J kdt + Tk dW” + J, /K dWY + J,/kdW* .

(3.72)

| cover of ISM is the 7-dimensional Lie group we call the Instrumental Spin Group ISpin(3) = Spin(3, C) x

oints € ISpin(3) can be codrdinated by the Cartan decomposition (3.25), and the Haar measure in

inates is given by Eq. (3.27).

-form SDEs for the time-ordered exponential 3.15), with ISM forward generator 3.72, it is convenient to

aly partially, writing x € ISpin(3) as

72
z=Vel*7 U,
te SDEs for the center coordinate ¢ and the ruler/purity a are

dﬁt = f‘ﬁdt,
da; = kdt cotha, + VrdYy ,’

s for the past and future unitaries U and V, written as MMCSDs, are

1

AL — i(dUtUgl)Q = (=i dYY +iJ,/kdY;) cschay,
_ 1,

vy v, — 5 (@V; V)2 = (—idvEdYY +iJ,/kdY{) cotha, .

(Y aFah ;nnvnmnﬂ+m L\f\‘?f\ +{\ -I'\n T‘(‘n"‘f\“’(\l‘] ;1'1 C“:+11 1"\‘(7 +-l'l.l'\ 'F11+11T‘f'\ 11""\';“"\1"1!’ T/-
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(3.74)
(3.75)

(3.76)

(3.77)
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ie derivatives V ,, the Kolmogorov forward generator is

Y 1
A=J+ (aﬁ +2cothad, +V,V, + vyvy) . (3.87)

have the full solution for the KOD D (x), but we can consider the distribution function obtained by
rer the future unitary,

Dy (Kz) = /K & (V) Dp(x), (3.88)

stands for unitary group SU(2) of future unitaries V. This distribution function governs completeness,
>m the KOD unraveling (3.17),

1= 1) = / dy(z) Dy (z) R(z) R(z) I
ISpin(3)
:/ dp(e) Dr(z) e~ 2t ety
ISpin(3) (3.89)

— /dﬁda sinh®a d®p (1) (f d* (V) DT(x)) e_jzzﬁDﬁerzaD;[L
K

F2
= /dﬁdasinhzadz,u,(ﬁ) Drp(Kz)e ™ *D,e’=* D] .
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