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How does this Compare to the Final Lecture?

We will deal with sums of Feynman integrals, rather than computing the
Feynman integrals individually (global tropical sampling).

The technique applies to to 1Pl (connected and bridgeless graphs) - this
connects it to the Hepp bound.

For simplicity, we focus on connected k-regular graphs (and c;Sk) theory, k > 3.

Like before, a tropical approximation of the integrand/distribution is used to
motivate an efficiently sample-able distribution for importance sampling (i.e.
Monte Carlo).

Further remark: we are interested computing in the perturbative expansion of the
original, non-deformed QFT.
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What are we Trying to Compute?

[

The partition function contains all information about the n-point correlation
functions, constructed using connected or disconnected graphs with n labelled
legs (Feynman diagrams):

210 = [ Dio]exp(-S[®, )

This is defined for an action that stores the possible interactions (we consider
only the scalar QFT):

S[®,J] = fRD dPx %d)(x) @O+ m) o) =3 %Cb(x)k — J(x)®(x)
k=3

Whereas the effective action contains all information about n-point correlation
functions, constructed using 1Pl graphs (€ Gn) with n legs:

M®c] = WJ[S]] — - J[Pc]
where ® is the classical /mean field.
We would like to compute the momentum-space n-point correlation functions:

6!‘!
o
56(pr)...60(pr) |1
v|—(|v|—2)D/2
_ Z ]-_[ve\/(_; (u(l |=(lv|=2)D/ ))\M)
= [Aut(G)|

rn(pli' - 1Pn) ==

IG(pla o ,Pn)
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How do we Deform the QFT?

» The action is deformed by a parameter £ € (0,1] (£ = 1 is the non-deformed
theory):

Sé[o, J] = /RD_E dDEx %Cb(x) @+ m?)E o(x) — ; %Cb(x)k — J6)(x)

» And the Feynman integrals become:

n
"(g;(ply LERE Pn) = M_Zs.wD(G] . g(D&) (Z pl) ) I(E;(Pla aflets apn)a where
i=1

. L(G)=0
Bpr ) =4 T(wp(6)-&) /. (HeEEc"E.[“G(x)]wD(G))gn L(G)>1
PG

r(€)|Ec|(4m)L(G)-D-€/2 Us(x)P/2 | Fe(x)
» where L(G) is the loop number, wp(G) = |Eg| — L(G2)-D

of divergence of G, Pi% is the positive part of the |Eg| — 1 dimensional real
projective space, and (2 is the canonical volume form.

is the superficial degree
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Intro: Tropical Approximation of Symanzik Polynomials

» The Symanzik polynomials U (x), Fg(x) are defined as:

Us(x)= D J]x and Fe(x)= > P(F) IT m—2 Us(®) - D xe

TCGegT FCG e¢F ecEg

» which respectively correspond to a sum of spanning trees T and spanning
two-forests F of G. p(F) is the total momentum flowing between F’s two
components.

Definition (Tropical Approximation of Polynomial). For a polynomial
p(x) =2 keran 1y x'.k", where [ is some set of multi-indices k = (ki, ..., kp)
such that a; # 0 for all k € I, we define the tropical approximation of p as:

(x) = Tg?cHx

The tropical limit £ — 0" produces a well-behaved n-point correlation function,
in fact:

Tt e i JE
I¢(p1,-..,pn) -—Elng+ Iz(P1y- .., pn)

o(G)
ecEq Xe U}";r(x) )
wD(G) fEG U (x)P/2 (}'(t;r(x)) Q ifL(G)>1
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Properties of the Tropical Approximation of Symanzik Polynomials

» Lemma 8. For a 1Pl graph G, any set of external momenta pi, ..., py and
m? > 0 such that all coefficients of F¢ are non-negative, we have

Fe(x) _
= max Xg.
UE(x)  e€Ec

» Proposition 5./Corollary 7. For a 1Pl graph G, any set of external momenta
Pi,.-.,Pn and m? > 0 such that all coefficients of F; are non-negative, we have

dzy - - dz|gg

T&r(pls v apn) = HD(G) — f

o156 UZ(z)P/?

» This is turns out to be very important to describe the tropical approximation of
the probability distribution in practice!
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The n-Point Correlation Function and the Moduli Space of Metric Graphs

» For simplicity, we consider the ¢*-theory, so need only account for the k-regular
graphs:

2(L—1)+n

~ A k=2
r%(plvapn)=72($) r]i'; (Plvapﬂ):
1 ) = (471_)3(!(—2) n

[(wp(G)) [Teceg xe (UG(X))“D{G)Q
| Aut(G)| Jpte Uc(x)P72 "\ Fe(x) .

il

2

Lo = 3

Gegf

» Recall the moduli space of metric k-regular graphs, ./\/[Q’L‘ ,+ consisting of points
(G, x), where G is a k-regular 1Pl graph and x € ]P’i%.

» Then we can re-express the terms of the n-point correlation function:

- 1
9 =/ = f
L,n(Pl Pn) Mat HL,n Z |Aut G| Pi% HG

Gegf

for families of forms on Mgf 5

[lece, xe . (UG(X)) Q.

pin={kGlgegr ~ where g =T (wp(G))

Us(x)P/2 \ Fe(x)
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The Tropical Approximation of the Distribution

We consider the tropicalised analogue, which will ultimately simplify the sampling
process:

tr  _ tr tr __
Pin= {#G}Gegfn where pg =

1 neeEGXe_(ug(x))Q
wp(G)Ug (x)P/2 \ FE(x)

The probability measure we use is then defined by:

tr
N f
~tr 2N k tr
= —— where Zj(L,n) =
lu‘L,ﬂ ZB(L, n)’ D( ’ ) Mgk 'u’L,ﬂ

L,n

Thus, the normalisation factor ZS(L, n) must be computed efficiently to obtain
the n-point correlation function from the sampling process!

Recall that the Feynman integrals in the tropicalised QFT are precisely the Hepp
bound, giving the following relation:

_ Hp(G)
5L = D Au(o)
Geg

L,n
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The Tropical Loop Equation

»>

Definition (Beaded Graph). A connected graph G, with two or more legs,
exactly two of which have a special colour is a beaded graph (G ¢ B) if it is
either a 1Pl graph or if cutting any of its bridges and giving the special colour to
both newly created legs from the cut yields a pair of beaded graphs.

We can also consider edge-pointed 1Pl graphs, i.e. pairs (G, e) such that G € G
and e € Eg.

There is a natural isomorphism between beaded graphs and edge-pointed graphs
(connect or dismanted-into two coloured edges).

Combining with the following relation:

2 .

&b 1Auts(G) 07

Yields the tropical loop equation:
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Recursion Relation for the Normalisation Factor

» In the tropical limit, in the ¢* theory, the effective action can be expressed in
terms of these normalisation constants:

(L—1)+n
, . =
It (ga,o,...,o,)\k,o,...):r; =>> z[‘;(L,n)—l,\k" 2
n>0L>0 L

The generating function for beaded graphs also bears an interesting relation:
—1

1 82F'j; 1 {Pnfz 2(L—1)+n

_ 1 . ¥k = Bk L’ 7}\ k—2

2 ( 82 2 ;; oL ) 5 =2y

where we define a second set of coefficients BE(L, n) € R via

BS(L,m)y= > HolG).

|Aut(G)|
GEB’E,”

By the tropical loop equation, we can obtain:
BE(L—1,n+2)

ZB(Lv n) =
2wi (L, n)

foralln>0and L >1

And also, in fact:

n—2 L
n—2
Bi(L,n) = Zh(L,m) + 3 3 ( y )zg(u, W +2)BS(L— L' n—n)
n'=0L"=0
By using these two recursion relations, we can compute Zg(L, n) in polynomial
time and memory in L, n!
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Basic Idea of the Global Sampling Algorithm

» Theorem 20 We assume that the conditions of Proposition 15 are fulfilled. For
given input L, n > 0 such that ZB(L, n) > 0, Algorithm 18 outputs the pair

(G,z), where G € gf_n and z € [0, 1]EG with probability density

1
ZS(L,n) |Aut Gl , H L{tr(z)D/2

Theorem 21 We assume that the conditions of Proposition 15 are fulfilled. For
given input L > 0, n > 2 such that BE(L, n) > 0, Algorithm 19 outputs the pair

(G,z) where G € B’E ,and z € [0, 1]6¢ with probability density

1 1 H dZe
BE(L,n) |Aut(G)| o) Ur(z)P/2

Lemma 22 For input pairs (L, n) where L = 0, Theorem 20 holds. If Theorem 21
holds for the input pair (L — 1, n+ 2) where L > 1, then Theorem 20 holds for
(L, n).

Proposition 16. If (G1,x1),...,(Gy,xn) € Mg‘g,n are random pairs distributed
independently following the probability density ﬁ'fn on Mgf’n, then we can
estimate

= Zk(L, n) &
ri,n(pl, e :Pn) = DT Z fL,n(Gk:xk)-

For sufficiently large N, the error of this estimate follows a normal distribution
with mean 0 and variance C(L, n)/N, where C(L, n) is a constant independent of
N.
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Algorithm for Sampling a Random 1PI Graph (Alg. 18)

Input: Integers L > 0 and n > 0 such that Z‘g(L, n) > 0.

Output: A pair (G, z) of a 1Pl graph G € gf , and an element z € [0, 1]5c.

If L =0 and n = k, return the pair (V, z) formed by the k-vertex graph Vj and
z=1.

If L > 1, then follow the steps:

. Randomly sample a pair (H,z'") of a beaded graph H € B’L‘_l npo With L —1

loops, n+ 2 legs and an element z" € [0, 1]F+ using Algorithm 19.

. Form a new graph G from H by adding a new edge e’ that connects both special
legs.

. Uniformly draw a random real number X € [0,1] and set k = X/«p(L:n) with
wp(L, n) given as in eq. (21).

4. Form an element z € [0, 1]5¢ by setting ze = & - zX for e € Ey and z,» = k.
5. Return (G, z).

(a) Illustration of the L > 0 case of Algorithm 185.
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Basic Idea of the Global Sampling Algorithm

» Theorem 20 We assume that the conditions of Proposition 15 are fulfilled. For
given input L, n > 0 such that ZB(L, n) > 0, Algorithm 18 outputs the pair

(G,z), where G € gf_n and z € [0, 1]EG with probability density

1
ZS(L,n) |Aut Gl , H L{tr(z)D/2

Theorem 21 We assume that the conditions of Proposition 15 are fulfilled. For
given input L > 0, n > 2 such that BE(L, n) > 0, Algorithm 19 outputs the pair

(G,z) where G € B’E ,and z € [0, 1]6¢ with probability density

1 1 H dZe
BE(L,n) |Aut(G)| o) Ur(z)P/2

Lemma 22 For input pairs (L, n) where L = 0, Theorem 20 holds. If Theorem 21
holds for the input pair (L — 1, n+ 2) where L > 1, then Theorem 20 holds for
(L, n).

Proposition 16. If (G1,x1),...,(Gy,xn) € Mg‘g,n are random pairs distributed
independently following the probability density ﬁ'fn on Mgf’n, then we can
estimate

= Zk(L, n) &
ri,n(pl, e :Pn) = DT Z fL,n(Gk:xk)-

For sufficiently large N, the error of this estimate follows a normal distribution
with mean 0 and variance C(L, n)/N, where C(L, n) is a constant independent of
N.
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Algorithm for Sampling a Random Beaded Graph (Alg. 19) |

Input: Integers L > 0 and n > 2 such that BE(L, n) > 0.

Output: A pair (G, z) of a graph G € Bf , and an element z € [0, 1)5e.

Randomly pick one of 1+ (L + 1)(n — 1) outcomes with different probabilities:

ZE(L,n)

BE(L,n)’

» For each of the (L + 1)(n — 1) pairs of integers (L', n’) where 0 < L’ < L and
0 < n’ < n— 2, pick outcome (L', n") with probability

» Pick outcome % with probability

(n — 2) ZE(L' 0’ +2)BE(L— L', 0’ — n)

n!

Bp(L, n)

Depending on the picked outcome, follow different steps: In case of outcome x:

. Randomly sample a pair (G,z) of a graph G € G{ _ and an element z € [0, 1]%¢
using Algorithm 18.

. Declare the first two legs of G to have the special colour, promoting G to a
beaded graph.

. Return (G, z) as output.
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