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Combinatorial Quantum Field Theory
Ising Model with Magnetic Field and Edge-Bicolored Graphs

Shiyue Ren

Shiyue Ren Combinatorial Quantum Field Theory
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Qutline

@ Edge-Bicolored Graphs
© Ising Model with Magnetic Field

© Combinatorial Interpretation

@ Bivariate exponential integrals and edge-bicolored graphs

e Summary

Shiyue Ren Combinatorial Quantum Field Theory

Pirsa: 25110119 Page 13/25



Goal

Main question: How to calculate partition function of the Ising model of a
random regular graph of fixed Euler characteristic?

Z(G)
Z =
Z |AutG|
Geg*

Edge-Bicolored
i Graphs

Ising Model

A

Critical Points Integral
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Edge-Bicolored Graphs: Definition

Definition
Given two disjoint finite sets S and T of labels, an [S, T]-labeled edge-bicolored
graph is a tuple I' = (V/, Es, ET), where:

@ Vertex set V is a partition of SU T

@ Egs is a partition of S into blocks of size 2

@ E+ is a partition of T into blocks of size 2

Vertex Bidegree
For vertex v € V, the bidegree is deg(v) = (u, w) where:

@ u: half-edges in red set S

@ w: half-edges in yellow set T

Shiyue Ren Combinatorial Quantum Field Theory
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Ising Model Setup

e Graph G = (V, E) with nearest-neighbor interaction J
@ External magnetic field h

e Configuration: 6 = (o,),...,0,m) € {—,+}, and 0; = 7,6 = Oy

Hamiltonian

= —J Z oioj —h Z O (2)

{i,j}€E vi@lev

viddev

(
Z(G) =) exp \BJ > oioj+Bh Y o

_ pIEI)\\VI Z

o {ij}eE

k = tanh(3J), 7 = tanh(Bh), p = cosh(3J), A = cosh(3h)
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Edge-Bicolored Graph Interpretation

Z(G) = plEINIVI Z H (1+ kojo;) H (14 70,4)
& {ijtekE vi@ev
Expand the first product: each term — an edge-bicolored graph, all terms
perfectly match all edge-bicolored graph for the original monochromatic graph.

H (1+ kojoj) = Z H KO0

{ij}cE I {ij}ekEs

Example: @ H=1123456} V=1{1.23) {45 6}]

Expand directly we get 2/El many terms.

H (1+ kojo;) = (1 + ko104)(1 + Ko205)(1 + Ko306)
{i.j}€E

=1+ ﬁ:3010402050306 + KO104 + KO205 + KO30¢6 + ﬁ:2010402cr5 = ﬁ:201040306 =

3c-3 3 212 5) 2
— + K O-V(UO'V(Q) -+ 350\/(1) T,(2) + 3K O’v(l)()'v(z)

There are also 2/%! many edge-bicolored graphs, red edges: 1; yellow edges: KO [0}
Shiyue Ren Combinatorial Quantum Field Theory
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Edge-Bicolored Graph Interpretation

Y - X ¥ o-¥

o mlEl—tt o mEl—tte meld—t)l e mel—tl

Sum over all configuration can be decomposed to sum over each vertex
independently, we transfer the product over edges to vertices:

H (1+ kojo;) = Z H KOjo; = Z H fd,—z H Adeg(v(®)
r videv

{iJ}eE I {iJj}€Es r{ites

w/2 _w
VKO = )\(u,w) — W T ()

Adeg(v2) =

11
vj.(a) )

Fi: Ee=4§{1,4},412,5}}, §=1{1,2,4,5} deg(vi)=deg(v'?)) =(1,2)

H KTi0; = K2 0104050% = H VEO; H )\dog v(2)

{iiiYeEs {i}es v(l) v

Adeg(v(l)) = )\(1,2) — HJO-V(I)
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Vertex Weight

Z(G) |E|/\|VI ZZ H /\deg v(2) H 14+ 70,)

6 viev v(3)

|E|)\|V|ZZ H )\deg V(a) (1+710,4)

& V(

— plEIAVI Z H Ndeg(via)

deV

Megviy = Y. Adea(vin(l +T0y0m)
a () E1ti—}

= Y (L+70,w)E" 2oty = TR* 14+ (=1)" ] + &"2[1 + (-

{+=_}

27.%/2 if wis odd

26%/2 if w is even
Neg(via)) =

Shiyue Ren Combinatorial Quantum Field Theory

1)"]

Page 19/25



Example Calculation

Z H (l+fi0i0j) H (1+Tgv(a)):z H Adeg(v(a))

¢ {ij}eE videV r videv

Example: @

=1+r)PAL+7)2+Q+x)PQL-7) +201—s)P’QA+7)(1-7)
= 4(1+ 3k% + 367° + K37%)

Graph Interpretation

=Nz0Mz0 T MoaMos) T 3N 22y +3M12 a2

= 4 + 4x37° + 12k7° 4+ 122

A(310) - 27 A(271) = 2T\/E3 A(112) = 2%; A(O,?,) = 2’7—)‘{3/2
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Partition function of random regular graphs

— Z(G) e }E\ V|
Z=50 |AutG]| GZ |AutG| WD T Adeseon

cegr, [ vaev

— lEl VI /
500 5 g [

Fecr,

z) ~ Z A,z ",

n>0

Z

e} = o

P (zg(x,y)) dxdy,
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Bivariate exponential integrals and edge-bicolored graphs

Theorem: D is some subset of R?, g is a function D — R fulfilling specific
conditions:

1. the integral /(z) exists for z > 0,
2. D contains a neighborhood of the origin,

3. g attains its unique supremum sup(, ,)ep 8(x,y) = g(0) at the origin,
4. near the origin, g has a converging expansion of the form

Then, for large z,

Shiyue Ren Combinatorial Quantum Field Theory
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Integral Representation of Example

Example: Random 3-regular graph @
Let D = [-1,1]? and define:

X2 2

¥
Bx¥)=—5 — 5+ Vixy)
3 2 2 3
25 +ﬁ1/2TX 14 _|_ny +%3/2T}’_

Vixy) =3 2 > 30

Derivation for Ising models works for all graphs, but there is a good theorem for
integral only works corresponding to regular graph.
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Phase Transition

Theorem:

Xuyw
V(Xa}/) = Z AU,WW

u,w>0
u+w ==k

Let @ be the set of global maxima of the function
Sl={(x,y) eR? : xX° +y? =1} 5 Rsq, (x,¥)— |V(x,¥)l,

let M = k 5 and K = . If all extrema in ® are non-degenerate, then

T nM—|—% n—% xy) :
A~ s kKT (0) S pyeo s i KM € Z,

0 else,
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Summary and Connections

Combinatorial Framework: Edge-bicolored graphs provide a powerful
combinatorial representation of the Ising model, naturally incorporating
magnetic field effects

Integral Representation: The partition function admits a bivariate
exponential integral representation whose asymptotic expansion coefficients
enumerate edge-bicolored graphs

Critical Analysis: Asymptotic behavior is governed by critical points of the
exponential integral, revealing phase transition structure

Physical Insight: This approach yields precise information about Ising model
phase transitions and critical phenomena

Ising Model Graphs Integral Critical Points
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