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From Partons to Strings:

Scattering on the Coulomb Branch of
N =4 SYM
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(CERN/EPFL)
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Introduction

T (S‘ t) __ I(—s)I'(-t) - linear trajectories
Ven|{~, I'(1—s—t) . degenerate spectrum

Known explicit examples of consistent S-matrix with relativistic weakly-coupled

higher-spin massive particles. [Camanho, Edelstein, Maldacena, Zhiboedov, °14]

J(s) Large N QCD

_/

Interesting to study stringy S-matrices that “step away” from these familiar cases.

Scattering on the Coulomb branch of N'=4 SYM in the planar limit

3v]
[1v]
o
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Setup

U(N +4) —» U(N) x U(1)*

(I)r[_h (I}rr“\-"-}-_j a, b = s v ;\?
Pnyip PNyiN4j WY . 4
m; 0 0 0
;’lf_(\f:“’ _ 0ms 0 0O

+i,N+j 0 0ms0
00 0my

zi = 1/my

N D3-branes

- “heavy” W-bosons of mass m; =

- “light” fields of mass |m; —m;

[Alday, Henn, Plefka, Schuster, 2010

Simplest case: m; = m

A= {((x1)i12p1)(xs)23@2)(x1)3,4(P3)(Xs)a1(ps)), I,J#6

with (x7)i; = (Pr)N+i,N+j-
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Weak € strong coupling

TR _ A(=4m?/s,—4m?/t) 2 g;f,\ll\'
](("’f) = 5 . (- = 7435
. Gy St s (4m)=
Weak coupling g < 1 Strong coupling g > 1
X X
\-\\\ "
W
Probye ¢
\ \ : Horizon 0 D3-bran i Boundary
i ] - at x at zpg at 2 (
f(st)=—5+9°(-.)
. : ; 2 +f _ _gs (_ _at
Physics: Coulomb potential (s,1) = — -2 N5 )T ( ”.—:)
' o : f S, - T2ma . gs gt s
Klebanov, Maldacena, Thorne, '06 o I (]7 Pt E z:’i}
Finite g
« Dual conformal invariance u = _,'l”"“'-‘ ) = —amgmg
—s+(my—msy)* —t+(mg—my)=-

- Integrability

- S-matrix bootstrap
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Finite coupling

Meap(9) =2m + ..., g <1

TN/ T
g

“’i.x]!{.{l‘)

/A\

)
=

> Regge expansion [Bruser. Caron-Huot and Henn, 2018]

f(s,t) ~ Zn(s) i)+l ¢ 5 00, 5, m? fixed
i

Bound states can be organized into Regge trajectories
. 9 -
Jim: ) =mn, neisp

1,

The leading jo(s) controls the Regge behavior of f(s,t).
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Regge/cusp correspondence

Arn Mg Ty g Ty m
u = ; A
—s5+(m1—mg3z)?
: m
y = dmoaomy o P D3
—t+(mo—1my)*
m g
Regge limit Soft limit
¢ r : m Pa My =MM3 =My =M
. —y 00, — fixed " . 4 4
m m ma = g — 0
ma —my "y my
m = g
.. . # o R
.. o’ % [Korchemsky, Radvushkin '92
> ™ . n . % -
.l')r]‘ may m
ph muk
M 9 . ) 2 2
m m t-”'\} ] (_‘“‘[‘“) Lsort HIR m _— 3 IR
r"|' r_ |
J'l i COs O i
"‘ m \‘.. I ‘.‘
I' L -
-, ‘\ ‘q
m Hir

—Icuep.0, (@ s = 4dm?2sin?(d/2
1Sp,Un

» Quark lines — Wilson lines + corrections

» integrate out W bosons — insertions Oy,
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Cusped Maldacena-Wilson line

For the leading and subleading trajectories [Bruser, Caron-Huot and Henn, 2018]
Jo(s) +1= —11(-115])(.(}_ (.-"))- J1 (5) +1= _[1<'11.-%p.fbH (g,9),

for Maldacena-Wilson line with a cusp

= ! ‘\ r: ||>|1(!j-0)
W[C] = Tr Pexp (551\'.\[ / (‘4”(&7)(’-1’“ - i‘b|(._z‘)|d.r|)) , (W)~ ( i )
JOC .‘\{7.\.

with CI)H = ] . 7.
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Integrability and QSC

[cusp(g, @) and [“(.“Hp_q,H (g, @) can be computed using integrability of A" = 4 SYM!

Quantum Spectral Curve (QSC): allows to numerically compute them for any g, ¢.

[(‘.-‘I'c'nl'llt)\' et al, 2["[..1}

1 I o 4
> g=1/2
0 Z g=1
= 1 g=i2
i
g=23
0
1.0 /) l
0.5 | ] )
2l i 0.0 0.5 1.0 1.5 2.0 2.5 30
0.0 ) ) i } !J“'\ ) - ) ) 1.0 ) ) ) } |.\ - - - - _\-ll }
> Padé-like ansatz to fit the QSC data
» know the spectrum exactly j;(s) =n, n € Z>q
8 /25
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Leading trajectory

j(l(S) +1= *r('usp({]- C)) 5
Jo(s)

s = 4m?sin*(¢/2)

] I/
—I'ee [r;}lug(f f_)

cusp \. —i+#f3(f})+

o — 0

9/25
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Subleading trajectory

J1 (s) +1= *rcusp_‘bll (9, o)

The insertion of ®| is the lowest-lying state of the 1d dCFT which is not protected.

Q— T
JI(SJA Qap g=>Ge: 1 > 0
\/1—s/4m? :
: > s
vdms
-1 - As(g) :

10 / 2F
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Unitarity € dual conformal invariance

Usually

5 50(: 2t
Fo(s, ) =723 cs(s)P77 P (cosh),  ci(s) >0, s>0, cosh=1+=

T=0 &

Extra symmetry — extra degeneracy : [Caron-Huot and Henn, "14]

+SO(3) + Runge-Lenz — SO(4) bound states
— SO(1,3) scattering states [Fock. 1935]

SO(3) + dual conformal invariance

SO(4) partial waves SO(1,3) partial waves

fols,t) = sT2 6(5) P50 W (cosB),  fo(s,t) = 572 [5° dve, (s)2" " (cosh §)

el — 2t t ~ ’
cosf =1+ -5, ('(J:ﬁh()zl%—%—ﬁ.
2 >
0<s<4dm s> 4m?2
Briiser, Caron-Huot, Henn 2018
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1/g correction in AdS

Consider

£(5,T) = FOS,T) + = fV(S,T) +---
g

such that

fO(s,1) = -

r(-sS)r(-7r)y 1 /'l =51 —2)"7T
I'(l—8—-T) 8+TJs :

We make the ansatz

) 1 =81 — )T
f(s,T) = / : (_ 2 hlS; Tyx)dr
Jo ;1’(1 — .I')

with

) P, (S, T)
hS,Tix)= » ——tHyx)
we{0,1} (b + r)‘-

in analogy with the AdS correction to the flat-space CFT correlator. [Alday et al, '24]

Pirsa: 25110105 Page 13/25



Pirsa: 25110105

Worldsheet bootstrap

The ansatz is fixed by imposing
b ST =FfINTE) = KRBT e)=HiT.51—2)
» h(S,T;x) =~ (co+crx+...)log(x) + regular at £ =0 (and x = 1)

» f(1)(S T) has double poles at S = 1,2,... with residues that can be
expanded in enhanced partial waves

v . . 7
» Absence of intermediate states :
I3 6 .
n=J42 .
» SUSY NR theorem ;
‘ 7= J
) ~ .
f(s,1) =L 4 5 G
i Wt —_— — === _‘ e 1 2 ’/"/ z
b:r 5] 2 . /’/ J2
| S 3 3
. - o 5 . 1t . -
» Behavior at S+ T — 0 and Regge i i i
T 0 . P72
limit e =t i 6 7
n
1.2 25
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S-matriz bootstrap - dispersion relations

» (Crossing
» Analytic properties (spectrum)

» (Enhanced) unitarity

[Caron-Huot, Van Duong, 2020].[Berman, Elvang et al], [Albert, Knop. Rastelli]. ...

G Ls” Py Ls"

TN p’ I e
* e e T B e it ma et A

For t < m;i.“p. lim|g|oc f(s,1) =0 s0

, =0 — f(s,t)+ — =

, 271 s’ —s st

?g' ds' f(s',t) + = 1 /x ds' fs(s',t)

14 / 25

Pirsa: 25110105 Page 15/25



S-matriz bootstrap - observables

The typical observables bounded using bootstrap: Wilson coefficients

i ; .
f(s,t) + = a0 +a10(s+t)+az0(s®>+t?) +az1st+...
s

o
2
L} [ 5 :: =
with agg = “‘!’”l one-loop exact.
Put bounds on dimensionless variables
- An ¢ 2n
G = Meap
ao.0

using
4m?

e +== [ S )
st . m_:_'i;ll)(_r;} }T(,‘i - "’) N— —
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Bounds at g — 0

Allowed region for (@i g.ad2.0) at g — 0: [Bellazzini et al. 2020]

SO(1.3)
q—0
1.0 T - .
I S J
- 18
0.8 - |
0.6 o L | 3 I3
= N I at s 1) J." I 1
o 2 . 1 2 2
04 | z2 /(w |
I B al e | | I
0.2 o - SO(3) unitarity |
s — 0 0
0.0p%----""
0.0 0.2 0.4 0.6 0.8 1.0 0 hin*
.0

N =4 SYM on the Coulomb branch at one loop is extremal!

16 / 25
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Bounds at g — oo

Allowed region for (@1 ,0,ad2.0) at g — oc:

S0(4)

|.(l!

0.6

0.0 0.2 0.4 0.6 0% 1.0 0

¢

The 1/t pole sum rules help to shrink the region

f(s.1) L, g x l
S. —— —_— BERE u —_—— =
= st 6m? t
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Padé model for a,,;

Weak and strong coupling expansions
A(g) = Ao.o + _(}2./4[_]_1 = _q]./-’h_),g + gﬁfh_}‘;g + ..., gkl
A-’)c.'l
g

A(g) = Axc,0 +

Fosy g1

Conformal-mapping: [Dunne, '25]

2 4z (9) V14 16g2% — 1
g° = = 4 z(g) = :
2 V1+16g2 + 1

(1—=.2)

Padé-type ansatz:
)
bo + b1z + boz* 045
-4[2.2] (9) = >
l +ci1z 4 coz lz2==2(g)
Since mgap has log(g): S ass
2n
. Qs P s D i 5 ..
Ap¢ = | ——mzs" | =52 and create a
i ap,0 8P ) mzh,
band

A (g) =AM (g) £ - AA(g)/2 Y

18 / 25
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Bounds at finite g

Compare Padé bands with bootstrap bounds:

1.0
1.0p,
=
[ 1o ot g b X 0.8
! h
0.8/ B St il AT
| R . P ng “-E:,I_:Hi' nsion
| 0.6 X
_ 0.6} _
= =
o = 0
./ el roximation
S --"-\. @;
A 0.2
'\
‘.
0.2 b
|
= . 0.0}
- - > d L
™ 1 2 4 5 6 7 0.0 0.2 0.4 0.6 08 1.0
i g

P Padé band is consistent with bounds

> give heuristic expectations for the finite-coupling result

19 / 2F
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Bounds at finite g
Allowed region for (@ o.a2.0) for different values of g:

g=10.25<g,

0
0.8 - S50(4) SO(1.3
- 1 Jr T | @l £
| 4 ' i-__ 4
0.6 |
i 3 @ s 13
o ."‘ /
3 > o _ 3
0.4 4
1 "-' ,,‘— 11
0 o __'/ 0
0.2 )
- B 7
0 "":—“i‘ Im_’
0.0° 1 1 L
0.0 0.2 0.4 0.6 0.8 1.0
a0

(=)o)

» with the pole constraints the lower kink shifts away from the one-loop value,

» for g > 0. (1,1) is excluded, corresponding to ﬁ
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Bootstrap with Padé bands

1. Consistency: impose that all but one a,, ; forn=1,..., 5,1 < [n/2] are
inside the bands

0.8 v 0,040

0.035

= 0.030

0.025

0,020 ——
0

2. Bounds on other observables imposing that all the @,, ; are inside the bands

= (s, 2 1
flat) = —j( )+ St

0.0
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Bounds on the amplitude at g = 1

f(s,t) is completely-monotonic (CM) if [Henn. Raman

'24]

o0
frni =07 (")i”*i_f(s. t) >0, st<0, Vn,l>0 <& f(s,th= / du(z,y) e sty
JO h;—"
>0

» g < 1, CM is satisfied order-by-order and is sign-alternating (—1)L+1,

» g > 1 super-Veneziano is CM but the 1/g correction it is not.

fools,t=-1) hols,t=-1)

08

0.6

04

0.2 Without Padé

With a,, ¢ Padc
0.0 \ ) \ A ) )
0.0 0.5 1.0 1.5 20 0.0 0.5 1.0 1.5 20
S S

[iv]
(]
(v}
o |
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Conclusions € open questions

» Combined different techniques to study the amplitude at finite g

1. Perturbative techniques and worldsheet bootstrap

b

Integrability — spectrum of bound states
3. S-matrix bootstrap
. Padé approximation

5. Sharper S-matrix bootstrap bounds

Systematic study of CM
Other external states and higher points
Compute l/g'-) corrections

Test and possibly refine the Regge/cusp correspondence (four loops + QSC)

vV v v Vv Y
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Thanks for your attention!
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