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Outline

Is the Post-Minkowskian expansion convergent?
The Schwarzschild metric to all orders
Break: Solving eqgs. of motion with QFT methods

Example: The gravitational metric of a star
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Is the Post-Minkowskian expansion convergent?

@ Since G has dimensions we need to identify a dimensionless
expansion parameter

e It could be GM/r or GM/b or GMm/J or ...

@ Even if these can be chosen arbitrarily small the expansions
may be divergent for any finite values

@ Conventional wisdom: perturbation theory only reliable very
far from the Schwarzschild radius rs = 2GM

= What do we know about it?
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Convergence/divergence of perturbation theory

In Quantum Field Theory perturbation theory diverges

More precisely, expansions are asymptotic

flg)=>_,a8", an~(-1)"n! for large n

There is an intuitive argument due to Dyson for electrodynamics

Dyson published it in a Physical Review paper 1952
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Convergence/divergence of perturbation theory

Physical Review Journals Archive / / . \ b -

Journals Authors Referees Press RSS)

Divergence of Perturbation Theory in Quantum [ ror |
Electrodynamics

E.J. Dyson

Show more v

Phys. Rev. 85, 631 - Published 15 February, 1952 Export Citation

DOLI: https://doi.org/10.1103/PhysRev.85.631

[l 2 Cilations 835 Show metrics

Abstract

An argument is presented which leads tentatively to the conclusion that all the power-series expansions
currently in use in quantum electrodynamics are divergent after the renormalization of mass and charge. The
divergence in no way restricts the accuracy of practical calculations that can be made with the theory, but raises
important questions of principle concerning the nature of the physical concepts upon which the theory is built.
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Convergence/divergence of perturbation theory
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Convergence/divergence of perturbation theory

More history:

Hurst and Thirring independently provided proofs of divergence in
specific theories 1952-53

Others realized that the number of Feynman diagrams grow as n!

Lautrup found a single diagram contributing to (g — 2) in QED
that grows as n!
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Convergence/divergence of perturbation theory

Volume 698, namber 1 THYSICS LETTERS 18 Iuly 1977

ON HIGH ORDER ESTIMATES IN QED

B. LAUTRUP
The Viels Bohr Institute, University of Copenhegen, DE-2100 Copenhagen §), Bentrark

Received | May 1977

In this note it is pointed out that there are single pauge invariant diagrams contributing to the leptonic -2 for
swhich the emplitude grows like l in the #'th order. The leading asymptotic behaviour is estimated.

In a recent sories of publications [1—4] it has been
demonstrated that the field theoretical amplitudes
grow like & factorial of the order of approximation,
This has roughly been attributed to the fact that the
number of diagrams grows like & factarlal, each dia-
gram having an amplitude of the order of 1, In this
note Tintend to demonstrate that there Is a type of
diagram contribiting to the anomalous magnetic
moment of the leptons for which the amplitude grows
like a factorial of the order, The diagram is the
multiple bubhle diagram shown in fig. 1.

For a general vacuum polatization insertion as shawn
in fig. 2 the enomalous magnetic moment can be
written [e.g. 5].

Im [} K(1)

whese m=1 Im [1(¢) is the spectral function of the
vacuum polariz 1 hlob and

1
0 2 (1—x)fm?

is the anomalous magnetic moment of a lepton with
mass m, due Lo the exchange of » photon with mass

Fig. 1. Multiple buble disgram.

Poul H. Damgaard

squared f (fig. 3). This result has been obtained by
means of the dispersion relation satisfied by the vacuum
polarization amplitude [H(K2). Inserting K(#) and once
more 1sing the dispersion relation we got [6]

et - i)
0

For the multiple bubble insertion in fig, 1 we have

G2 = (T ()
where [1(k2) is standard second order vacuum polari-
zation [e.g. 7]

" ¥l 1
M, = '[i -3+ (3 - 6% loz%+ (]
where
=1 —amZ?

For k2 <0, Ijz(ft?’)js negative definite, i.e.

Fig, 2, General blob insertion.
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Convergence/divergence of perturbation theory

But this divergence is due to quantum effects!

Very little is known about the convergence of classical
gravitational perturbation theory

This seems to be an important issue to settle
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Schwarzschild metric in perturbation theory

Florides and Synge made first attempt in 1961
They were shaken when they realized the complexity of the problem
Feynman stopped using diagrams for this problem in his lectures

First calculation using Feynman diagrams by Duff in 1973

Here | will return to using only the classical equations of motion
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Schwarzschild metric in perturbation theory

Einstein equations of motion

1
Ruv — ng,R =87 GT

Metric g, (x) = 1w + hu(x)

Looks simple but we also need the inverse metric g
- an infinite series in the fluctuation field h.

We will work around it
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Schwarzschild metric in perturbation theory

Consider the Schwarzschild metric in harmonic gauge

G2M? xixJ

ds?® = —Ndt® + | F6Y
5 + H———

] dx'dx’

where r2 = xl2 + x22 + xs?, and

r— GM (r + GM)?

N(f):m: F(r)=

r2

Let us choose "gothic" variables,

g’ = /—ggh’ = — B

Poul H. Damgaard Solving the Einstein Equations by QFT Methods

Pirsa: 25110092 Page 13/27



Pirsa: 25110092

Schwarzschild metric in perturbation theory

In terms of the new fluctuation fields,

r+GM)3 i _ G2MPxix
h? = -1 + r(z(r—Gf?/f) , W= r4XX

hOO

Expanding as a Laurent series around 1 we get

R [
r r r

AGM  7G:M? 8G3M3
+ > + 3
r r r

2

00 8( GM\™' _ 4GM  G*M?
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Schwarzschild metric in perturbation theory

Our black hole is sourced by a point-like source:

G / d*x [i v—gR+ %jﬂu(x)g“”(X)

2K2
where j,,(x) is
Juw(x) = Mvw,8(x), v, =(-1,0,0,0)

MvtvY | e X
£
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Schwarzschild metric in perturbation theory

Let us now introduce the generating functional
exp[WU”V]] = th’u‘U EXp [%S[hﬂygjyv]]
so that h&” = (0|H"|0); = SW[j]/dj%"

A "Master Formula" of Fourier transforms:

o0
1 ;
jny _ - v —il15...n°X
h (X) - Z nl w ; Jﬂlfz-”fne
n=1 1,52, y%n

ey -+~ he,][0)

ngléz---fn - <0| T[E#V

—£13...n
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Schwarzschild metric in perturbation theory

We now go between h*” and currents J*¥, starting with

AR = —2jH = —2MvHVY [, ek
Then,

16mM
e = e Jie =0,

M

L s
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Schwarzschild metric in perturbation theory

In general, in harmonic gauge

82h,uu — _J-/_w o ZT#V
n

The >, 74" are the graviton self-interactions.

To start the recursion we need this to order G2. For
00-components:

2 _ 00 52
8h(2) = Bh(l)c‘?h e h ah(l)

Z0:h . 0; h(1) (1)8 h(1)

1 0j
Bh 8h(1) 50ih1)0;

(1)
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Schwarzschild metric in perturbation theory

Using the equation of motion for h*” to order G2 we find

1
00 00
J( 2)|— — |£1|2 ~/£2 |£2| 312 32] J(1)| guJ(l)wga

Jii _ 1/ 12312)_51312'32
£

@)1= ™ |42 4 8 }J(l)l 312J(1)|£2

Even though the source had only 00-components we build up
ijj-components by recursion!

This gives

7M2 . M?2x! x/
JE y tE
h(z) = /e xJ(z)\e =— 5 hy —/ XJ(2)|£ A

Poul H. Damgaard Solving the Einstein Equations by QFT Methods

Pirsa: 25110092 Page 19/27



Page 64 of 109

Schwarzschild metric in perturbation theory

Remember the trouble with gravity?
We need both g"” = \/—gg"” = n*” — h*¥ and the inverse g,

This leads to an infinite series in hi*” — a non-fundamental nuisance

Introduce new variables g, so that g*g,, = ",

Similarly, define §,, = nu + ﬁ,uv

Then do a double recursion, keeping g**g§,, = ¢*, fulfilled
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