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Abstract:

The AGT correspondence and its extensions posit geometric constructions of vertex algebras and their modules from
cohomology of variants of moduli of sheaves on surfaces. Physically, the correspondence has found an explanation through the
holomorphic-topological twist of the six dimensional N=(2,0) superconformal field theories. In this talk, I'll propose a variant of
the AGT correspondence coming from the so-called minimal twist of these theories. Instead of vertex algebras, the natural
algebras appearing will be holomorphic factorization algebras in three complex dimensions. From this data, | will explain how
one extracts an associative algebra and a module which conjecturally agrees with a quantization of moduli of Higgs sheaves on
surfaces. In examples, the pair will admit a Hodge-deRham deformation to the Heisenberg algebra and its action on cohomology
of Hilbert schemes of surfaces, constructed in work of Grojnowski-Nakajima.
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Let X be a smooth, projective surface and let H denote the
Heisenberg algebra on He(X).

Theorem (Grojnowski-Nakajima)
The Vacuum module of H is @, H, (Hilb,(X)).
Many generalizations [Schiffmann and Vasserot, 2012], [Maulik and

Okounkov, 2018], [Creutzig et al., 2023], [Gaiotto and Rapcék, 2018],
[Rapéak et al., 2019], [Butson, 2023]- - -

e Action extends to Vir x H.

e Replacing Hilb, (X) with moduli of rank n instantons, affine
Laumon spaces, spiked/folded/- - - instantons ~» replacing H
with W, algebras, iterated W;-algebras, Gaiotto-Rapcak algebras
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These results can be contextualized in terms of the 6d N' = (2,0)
theory.

There is an Q-deformed nonminimal twist

e Defined on M* x ¥ where M* has a torus action with isolated
fixed points. Described by a 2d chiral CFT on ..

» space of local operators of 2d chiral CFT is the Hilbert space for
5d theory gotten by compactifying on S' C ¥ = C.

Pirsa: 25110069 Page 4/17




Pirsa: 25110069

The 6d N = (2,0) theory also has a minimal twist. This is a
holomorphic field theory in 3 complex dimensions.The (2-deformed
nonminimal twist arises as a further deformation.

Question

Is there a version of the AGT correspondence in the minimal twist?

I will try and motivate a statement in the language of factorization
algebras [Costello and Gwilliam, 2017, 2021].
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Let Z be a complex 3-fold with Wy, W, — Z such that Wi @ W, = Kz.

Proposition ([Saberi and Williams, 2020])

The local observables Obs of the minimal twist of the abelian 6d
N = (2,0) on Z is given by a twisted factorization envelope U (L)
where

e L isthe Z/2-graded abelian dgla

eoen

0° (W; @ W)

0,e o 1,e
QZ ; QZ

*  is the local cocycle k(a1, a2) = [, @100

Pirsa: 25110069 Page 6/17




This factorization algebra has the expected symmetries on flat space.

Proposition

LetZ=C3W; =W, = Kg 2 There is an action of 0sp(6]2) on Obs.

Given (Q, S) € 0sp(6|2)1 such that [Q, Q] = [S5,S] =0and [Q,S] = Ly
where V is a rotation ~ the invariants Obs® is a lower dimensional
factorization algebra supported at the fixed points of V.
Proposition

* Obs® has no sections away from C C C3 and Obs®|c is

holomorphic.

e The vertex algebra associated to Obs®|¢ is isomorphic to the
Heisenberg vertex algebra.
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Let X be a projective surface, L — X a line bundle, and suppose
Z = Tot L. Choose a hermitian metric on L.

V4
A(X; L, Wy, W,) =(m.Obs)(a, b), assoc. algebra
/ ln (m«Obs)p, module

X X RZO = Rzo

Quasi-conjecture

(m«Obs)y is the Hilbert space of the minimal twist of abelian 5d
N = 2 gauge theory in the presence of certain background fields.
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Compared to previous instances of AGT - the "vertex algebra plane"
can be fibered over the surface nontrivially! In the case where L is the
trivial bundle, we can in fact extract vertex algebras

p
X
C I 7 C V(X;L, W1, W;) the vertex algebra associated to p.Obs
" ||
R>p

(m+Obs)g its vacuum module

We have descriptions of these vertex algebras in examples.
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Let W1 = O¢c X Kg and Wy = K¢ X Og.
Proposition (R.-Williams)
The vertex algebra V(X;L, Wi, W,) is quasi-isomorphic to

HIH* (X, Q%)] ® By [H* (X, Kx)] ® Sym(H* (X, Kx)[1])

where the last factor is equipped with the trivial vertex algebra
structure. Its character is given by

) (_1)k+£+lkk,£(x)

2
H H (1 _ (_1)k+£xk+m—1y£+m—1qm

m>1k,£=0

which recovers the formula of Géttsche’s formula for the
Hodge-Poincaré polynomial of the Hilbert schemes of X

DD I XM (—x) (—y).

n>0 i,j=0
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Suppose that W; = 7] L; where L; are line bundles on X. In the
absence of background supergravity fields, the minimal twist of 5d
N = 2 takes the form of a holomorphic-topological BF theory. The
perturbative fields around the trivial bundle consist of:

» BF fields
A e Q' (R) @ 0% (X) ® g[1], B e Q*(R) ® 0%*(X) ® g[1]
e Hypermultiplet fields
€ Q°(R)® Q" (X;L; & Ly) @ g[1]

The action is

|
(BaFA)+ 5/};1><X(¢,dA¢)

5(¢,A, B) :/

RxX
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Suppose L = Ox, L1 = Kx, [p = Ox|[2]. Perturbatively, the phase space
of the 5d theory is given by

—2 =1

0% (Kx) ® g

The above describes the tangent complex at a point in T*(Bung X)poi-
Geometric quantization is (roughly) O ((Bung X)p,), which has a
natural deformation to Hjg (Bung X)
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Now allow the line bundles to be arbitrary, but take G = C*. The
coupling to supergravity introduces a Chern-Simons term

=2 0

0,0
QX

0% (L®Ly)

-

03° (Kx)

Where 6 is a connection on L. Now letting
Mc(X,Ly) = {(P,¢) : P € Bung X,¢ € I'(X,ad PR L;)}

the above describes the tangent complex at a point in a twisted
cotangent bundle to Mg(X, L,).
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Let’s describe the twist. Letting « € H*(BG) be a level, can produce a
symplectic form on Mg(X, L,) via transgression

X x Mg(X, L) L Mqg(X, L)

# w0 = [ 453 (00) Aev'r)
~> X

X x Bung X ¥ . BG
. € O (Mg(X,Ly))
1

~

X

The phase space is T, M¢(X, L,). Very reminiscent of description of
flat bundles on a curve as a twisted cotangent bundle to holomorphic
bundles.
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Conjecture (R-Williams)

There is an action of A on H* (./\7[?; (X5 Lp), ﬁg) where Ly is a
particular line bundle.

A modest test when X = P2, L = O(-1),L; = O(-2),L, = O[2]:

Proposition ([Raghavendran and Williams, 2022])
The character of (7.Obs) as an 0sp(6/|2)-module is given by

PExp (M HEY PO +y +y )+
(1 =119)(1 — y29)(1 — y39)

This matches exactly with the partition function of the relevant
deformation of 5d N = 2 gauge theory, computed via
instanton-counting [Kim et al., 2013].
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e Nonperturbative description of twisted abelian 64 ' = (2,0)
theory via Deligne complex classifying holomorphic C*-gerbes.
Gives a strategy for constructing £,; via transgression in
differential cohomology

* Couple to twist of 64 N = (2,0) conformal SUGRA - described in
terms of a local version of E(3|6), and localizes to Virasoro
algebra.
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