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Abstract:

In four-dimensional N=2 supersymmetric quantum field theories, half-BPS line defects survive the HT twist and are expected to
form a monoidal category equipped with renormalized r-matrices. The Grothendieck group of this category is anticipated to
coincide with the cluster algebra associated to the BPS quiver Q. Starting from such a quiver, we propose a candidate for such a
category - roughly speaking, to each possible framing we associate a bimodule over the Cohomological Hall algebra of Q, and
consider the subcategory they generate. We conjecture that this construction satisfies the expected properties. In this talk, | will

present examples where this approach works and explain why we expect the RG functors to play the role of "categorified
quantum torus charts".
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TL;DR

Let AD (v bl

e 7 —some 4d N =2 SQFT, v
e Q — a BPS quiver of T, )-4 ) %

o o — CoHA of @ (some associative algebra in C'F),

e Co — subcategory of Ho — Bimod(C'R) generated by
{B¢|f € ZDY.

We speculate that

‘The category of 1/2-BPS lines in 7 is described by Cg. |
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What do we want from Cq?
I. 1/2-BPS lines survive the HT-twist, hence Co C Line(7"") and

e 2 top directions = Cq is a rigid monoidal category.
e hol directions = Cg has renormalized r-matrices.
moral: Cg = 1} Cg} ; in chiral setting there is meromorphic
braiding
Ria(z) : h @ 5 =5 D ek
but at a fiber we only feel the leading order
Ri2(z) = 22 (i + 0(2))

but rio may fail to be an iso.

e counting spin in C-directions = Cgq is Z-graded

q~ ®q(1) € End(Cg)
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Il. We know the decategorification
Ko(Cq) ~ Oq(Mp(T)) ~ quantum Cluster algebra of Q
Moreover, there's an injection (cf. [GMN]) into
Ko(CE) =~ Og(Mp(T™)) ~ Quantum torus of Q
One may hope, there’s a (fiber?) functor
RGq :Cq — C&

I If @ ~* Q', then Cq ~ Cq
IV. If T = T¢ g, then Cq = KPP (R ¢ n) (cf. [CW])

coh
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Cohomological Hall Algebra

Stack of objects in Rep:

M = H @ Homg(CY,C%)/ X GL(vi)

veNQ | i—jeQ 1€Q

a convolution diagram

M x M ¢ L

([C],[A]) < [A — B — C] — [B]

Cohomological Hall algebra

Heo ={(H (M), m=9q.2p")
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Bimodules

Let f € Z%. Stack of f-framed objects in Repg: < [f{—, -
@D, Homg(CY (CU)
=TT i omyieme / X GL(v)
vEN% Q’jjf,"ﬁ ‘5.{—"-.1(" ) lie Qo ((C ) ] ieQo

f: >0 ;<0

convolution diagrams
Pk «f.R 9r - , f
M x Mm@ R ot mxom” E- et 2L o

([C],[A]) <+ [A — B — C] — [B]
Resulting CoHA bimodule

B = (H" ("), acth, = (afy1)w o (Pfy0)")
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Explicit formulas

CoHA has some nice elements {e/, € H*(IM|—s.)|i € Qo,n € N};

let &'(2) i= ¥ 50 zf% then?
el(2)el(w) = —el(w)ei(2);  el(2)el(w) = (z—w) =Tl (w)el(2) por
For bimodules B¢|,—o ~ Cbs that satisfies

e gbr = bre), n > max[0, —f]

Prop (WCF): as a right module, Bf ~ H*(9,) @ Ho.
Define Br := HobrHg. We expect similarly Bf >~ V¢ @ Hg

LIff Q is acyclic it's a presentation!
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IR category C'F

Look at a Hopf algebra © := C[a!] x C[J], with

[J,0'] =2na!, A(J):J®1+1®J—|—Z(a6®af6—a{)®a6)
i—f

Define C'R to be a category of ©-modules s.t.

° a:(") and J act semi-simply with integral eigenvalues.
e Eigenspaces are f.d. and eigenvalues are bounded from below*

Prop:

kew __
1. If det xg® =1,

C!R, F.d. ~ PCG;(hO)NC* (GI(C*)WOV?) ~ Lines in IR

2. KO(CIR’ f‘d.) = Z[qi]<X7>/X’7X’?’ - qh’ﬁ,}X’}%"f’
3. Ko(CR) ~ {32, oy mo (@)X, my € Z[a~2, a]]}
4. Hq is an algebra in C'R via
ap - €m = Oijepim, J - €y = (2n+ 1)e; 7
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Chiralization

CoHA is acted on by C, via 7, : €'(2) > e'(z — w).
(w)

One can define new bimodules B, by twisting both actions.

Conj: For w # 0, there’s a rational iso
R(w): B & By = B @ B

s.t. r:= w?R(w)|w=0 is a renormalized r-matrix.
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Example: Q = A

There are five bimodules B; := Br. that should generate everything
fo=1[0,-1], A =[-1,0], L, =[0,1], 5 =[1,0], 2 = [1,—1].
They satisfy

B; & Bjyq = ClizBH-l ® B;
0—+gB;i— By 1®Bi1 & Ho—0
0 Ho—Bi_1®Biy1—q B —0

Prop: There's an injective map Aq(A2) — Ko(Ca,)
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Example: Q = A

O~ ]29
There are five bimodules B; := By, that should generate ever’ythiné#
ﬁ) — [07 _1], fl — [_1,0]7 f2 — [O~]—]7 f3 — [130]3 ﬂl- — []-a_]-]

They satisfy LB’Z-—\-/ L@&H :7-': ] <+ tg‘f/z

Bi ® Biyq =~ ClngH-l ® B;
0—=+gB;i— BiL1®Bi—1 = Hog—0
0—=Hog— Bi-1®Biy1 — qle,’ — 10

Prop: There's an injective map Aq(A2) — Ko(Ca,)
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