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Bootstrapping amplitudes using a vertex algebra

Kevin Costello
Based on work by Roland Bittleston, K.C., Lance Dixon, Victor
Fernandez, Anthony Morales, Natalie Paquette, Keyou Zeng
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This talk will explain a connection between the following:

Q@ Vertex algebras.

@ Holomorphic/topological theories in real dimension 3.
© Holomorphic theories in complex dimension 3.

@ Scattering amplitudes of massless QCD in dimension 4.

© Takeaway: vertex algebras are actually useful for computing
real-world quantities!

© There are many basic things we don't understand about the
structure of the vertex algebras that appear.

Scattering plitudes
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This talk will explain a connection between the following:

Vertex algebras.
Holomorphic/topological theories in real dimension 3.
Holomorphic theories in complex dimension 3.

Scattering amplitudes of massless QCD in dimension 4.

© 0000

Takeaway: vertex algebras are actually useful for computing
real-world quantities!

o

There are many basic things we don't understand about the
structure of the vertex algebras that appear.
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Scattering amplitudes

Gauge theory scattering amplitudes are functions

A((plv Xl: kﬁl)? sy (pm Xna hn))

= K A((pr, X1, h1), . ., (Pns Xn, hn))

where
pi€C* pi-pi=0 hie {+,-} Xeg

These functions are analytic in some domain. A, is computed as a
sum over Feynman diagrams with / loops.
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QCD amplitudes A; are known for (/, n) for

O /=0 alln '
Q@ /=1 alln
Q@ /=2 n<7
Q /=3 n=4

Going from | =2, n=6 to n =7 took 4.5 years. The problem has
roughly exponential growth in n and factorial growth in /.

These computations have been done for matter in fundamental
and adjoint representations of su(/N).

QCD amplitudes are directly relevant for predictions at the LHC.

Page 6/32



Spinor-helicity notation

If we write C* = S ® S_, S spin reps of
Spin(4,C) = SL>(C) x SLy(C) then any null p € C* is of the form

p:)\j\’ AES+ XES_.

After rescaling we can take A\ = (1,z), z € CP'. Amplitudes are
now functions

o~

Ai((z1, M1, X1, 1), -, (Zny Any Xy i)

for h; € {+}, X € ¢

In very very special cases, massless QCD amplitudes with gauge
algebra g and matter representation R are correlators of a vertex
algebra V; gr.

Associativity of the vertex algebra allows amplitudes to be
computed using algebra.

Pirsa: 25110059 Page 7/32



Pirsa: 25110059

There is a map

(X, X) = JE[X, A]

linear in X € g, so that

Ai((z1, M1, X1, h1), - - (20, Any X, hin))
= (I @) - DX, Bl ()

a,R

for z; € CP!.
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This holds in special cases:

O We need matter in a representation R so that

trr(X*) = try(X?)

For example, g = S*u(N),
R=NF®&NF & FRClaF'®Cs

© Low loop number: [ =2, all hy =+, I =1, one h; are —,
I =0, two h; are —.

If N = 3, this means 9 flavours. (Real world: 3 colours, 6 flavours).

Vertex algebra correlators are easy to compute: they are
determined by OPEs, without Feynman diagrams.

This gives new amplitudes predictions. For | = 2, previously only
n < 7 and fundamental or adjoint matter. Now, with this matter
content, we have a closed-form answer for all n.
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Dixon-Morales arXiv:2407.13967
Morales arXiv:2510.20156

After subtracting a universal IR divergence, the vertex algebra
prediction matches the Feynman diagram result for

@ =1a= 1l
Q@ [/ =2, with n =4 and also n =5 for certain amplitudes.
"(Also I =0, all n, but that is trivial).

This is highly non-trivial: the result of many Feynman integrals has
to combine in just the right way to match the vertex algebra
computation, and equivalence relations on amplitudes need to be
used to match the expressions.
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This is all for unusual matter content. What about fundamental

matter?

© Morales shows the chiral algebra encodes particular partial
amplitudes at two loops with arbitrary Ng, Nc.

@ With N, = 3, arbitrary Nf, he shows the chiral algebra
reduces two-loop computations to one-loop computations
(which simplifies computations greatly).

This method comes from twistor theory.

PT = 6(1) ® 6(1) — CP! = CP! x R*.
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There is a map

Ji:gxs_%VQ,R
(X, X) = JE[X, )]

linear in X € g, so that

AI((ZIJ Xl) Xl: hl)} Ty (zrh Xm Xna hn))

= (1D, Xal(@) - 37X, Xal(zn))

a,R

for z; € CP.

This holds in special cases:

@ We need matter in a representation R so that
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This is all for unusual matter content. What about fundamental

matter?

© Morales shows the chiral algebra encodes paiticular partial
amplitudes at two loops with arbitrary Ng, Nc.

@ With N, = 3, arbitrary Nf, he shows the chiral algebra
reduces two-loop computations to one-loop computations
(which simplifies computations greatly).

This method comes from twistor theory.

PT = £(1) ® 6(1) — CP! = CP! x R*.
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This method comes from twistor theory.

PT = £(1) & €(1) = CP! = €P! x R*.

Ward correspondence

Holomorphic BF theory on twistor space = (Self-dual) QFT on R* ‘

SDYM has fields A, a G-connection, B € Q3 (R*, g) and matter
vy €S+ QR.

The Lagrangian is

| tr(BAFA) + -

A deformation gives full Yang-Mills:

[ B AFA) + 1B + gy t(E)
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Self-dual theories from twisting

(0, 1) theory on PT = Holomorphic theory on PT

Putting these together:

Anomaly-free (0,1) gauge theory = self-dual gauge theory on R*. |

(0, 1) vector multiplet becomes SDYM, (0, 1) hypermultiplet
becomes ordinary matter in 4d.

There is no anomaly if the gauge algebra g, matter representation
R satisfy
trg(X4) = trp(X*)

For example, g = sl3, R=9(F & FY), Nf =0.
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Vertex algebra from KK reduction

Twistor space is PT = &(1)?> — CP!.

Holomorphic theory on s2 reductian Self-dual QCD on
S3 x §%2 x Ry = PT \ CP! R*\ 0

153 reduction H:

HT theory on . Boundary vertex algebra
5% x Ry ’ at oo on §?

Keyou showed that the theory on CP! x R+ is the 3d Poisson

o-model for an explicit (very large) Poisson vertex algebra (see
Ahsan’s talk).
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Hilbert space of 6d theory on Hilbert space of SDQCD on
S3 x §° S3

lf I

Hilbert space Eg 3d theory on s Conformal blocks

Theorem (KC, Natalie Paquette)

Assume trg(X*) = trg(X*).
Then there is a bijection between

© Local operators O of self-dual QCD .

@ Conformal blocks of the vertex algebra Vy .

Under this bijection, correlators in a conformal block match
amlitudes of SDYM deformed to first order by O.
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These amplitudes are known as form factors — we see all form
factors, including at arbitrary loop number, are computed as
correlators.

In the special case O = tr(B?), the form factors of the SD theory
are amplitudes of full QCD. This is the result mentioned earlier.

The relationship between correlators and amplitudes is false
' without the identity try(X*) = trr(X*).
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Structure of the vertex algebra

Let g be a simple Lie algebra, R a representation. Consider the
super Lie algebra
gr=gDdg  ®NT*R

where the Lie bracket on RV & R is the natural map RV ® R — gV.

The vertex algebra V; g has a filtration so that

GrVyr = Ueh(gr[M s A3])-

3

Right hand side: Kac-Moody at level zero for infinite dimensional
algebra gr[Ai, As].
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Vg,r is like a quantum group: it deforms a universal enveloping
algebra.

There are states JE[r, s] for t, a basis of g, and M"[r, s], m; a
basis for R, where

1
rls!

= J%[ta, A

> TSN (0

r,s>0

State
J31[r,s]

k J; [rv 5]
M [r, 5]
M [r, s]

A basis for the vacuum module is given by normally-ordered
products of these and derivatives.
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Explicit OPEs

The states J1[0,0] are a Kac-Moody at level 0. The states JF[1, 0]
and J} [0, 1] have OPEs similar to the affine Yangian:

1
Z1 — 2o
1
+ mfabjc [0,0](3(21 + 22))
1 ol — ) e ¢d gc
+ 7 — 2 : Jc [0, O]Jd [0:0] . (Zl) agfebﬁ’
1 - .
9. : M [0, 0]M° [0, 0] : (zl)ge’ekggjf

21 — 22

J3[1,00(21)J5 0, 1](22) = fapd " [1,1](z1)
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Existence: the algebra was constructed by K.C. and N. Paquette.

Uniqueness:

Theorem (N. Paquette, V. Fernandez)

The vertex algebra is completely determined by the OPEs on the
previous slides plus some natural symmetry properties.

Conjecture (R. Bittleston, K.C., K. Zeng)

For a particular example of (g, R) the vertex algebra has an explicit
presentation in terms of BPS states in a certain brane system.

Computation

K. Zeng explicitly computed all OPEs in the case R =g, i.e.

N = 1 supersymmetry. The answer is expressed in terms of the L,
structure on H*(C?\ 0, ¢ ® g) induced by homotopy transfer.
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We know many things about the algebra:

O It exists and computes scattering amplitudes.
@ We know in principle how to compute all OPEs.

© It has some uniqueness properties.
Q@ We know two different associated-gradeds:

® One gives a Kac-Moody at level zero for gr[Ai, As]

® Another associated graded gives an explicit Poisson vertex
algebra (due to Keyou Zeng).

©® Work of Sam DeHority gives tantalizing connections between
algebras like this and enumerative geometry.

Basic open question

We do not have a a clean presentation of the algebra! We would
like a Chevalley-like presentation.

Quantum group structure

We expect/hope the algebra V; g has a vertex-coproduct and R
matrix with spectral parameter.

Pirsa: 25110059 Page 23/32



Dimensional reductions

We expect the associative Zhu algebra of V; ¢ is an affine Yangian
for the Lie super-algebra gg!

The algebra V, g has a C* x C* action where J=[r, s] has weights

(r,s).

We can form the B-algebra of the Zhu algebra for one of the C*
actions (i.e. take the C*-invariant elements and quotient by the
two sided ideal generated by products of elements of non-zero
weight).

We expect this B-algebra is the Yangian for gr (recently studied by
Abedin-Niu).
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Constructing the vertex algebra as a large N limit

The affine Yangian Y(al) is the large N limit of Wyy. There is a
similar (but more complicated) large N construction for the algebra

Vg R.
This allows us to match:

© Scattering amplitudes in a 4d theory, in a background
@ Correlators of some 2d system at large N.

We have two classes of examples:

© An unusual 4d system is related to the chiral algebra of
certain 4d N = 2 theories at large N (KC, Paquette, Sharma:
“Burns space holography”).

Q@ 4d SDQCD is related to a more complicated 2d system at
large N (Bittleston, KC, Zeng)

| will explain the second.
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Consider type | (topological /twisted) string on the Calabi-Yau
5-fold
X=0(-1)® €(-3) - PT.

K D5’ branes wrapping PT engineer self-dual gauge theory on R*
with gauge group sp(K), matter in A°F @ F @ C'9.

Place N D5 branes wrapping ¢(—1) @ ¢(—3) — CP!. The
D5 — D5’ strings give a defect in the theory on the N D5 branes
which supports a vertex algebra.

The vertex algebra consists of bifundamental chiral fermions
coupled to the 6d sp, holomorphic gauge theory.

Let Ay k be the vertex algebra on the defect.

The vertex algebra V,, k) a2FroFgcie is almost the same as
fimp o0 AN k-

Page 26/32



Give the CY 5-fold coordinates wq, wo, z, vj, v, N D5 wrapping
w1, wo, z and K D5 wrapping z, vj, vs.

The algebra Ay i has an explicit description:

@ Fermions W € C?N @ C2?K.
@ b and c ghosts in spy from the D5 brane system.
© Fields &, ¢, in A2C?V, controlling the motion of the D5

brane.
© Fields v from the matter fields on the D5.

All bulk fields can be differentiated with respect to wy, ws.

Ap K is obtained as the cohomology of the vertex algebra built
form these fields.
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An K is constructed in a similar to ordinary BRST reduction, but
quite a bit more complicated.

OPEs of bulk fields are like

1
41(0)83(2) =, OurcOnc

¢1(0) ¢*(z)
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States in BRST cohomology:

@ Tir.sl =i\ ¢, ij=1,...,2K.
@ J;r,s] = VB cOmycet 63V

OPEs are given by Wick contraction and taking cohomology.

Ay &

This contributes
I
22

I7[r,s](0) I [m,n)(z) ~ ST [r+m—=1,s+n—-1](z) (1)
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