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Abstract:

In my talk, | will present a version of the de Rham isomorphism for derived manifolds an
show how the naive version of the de Rham theorem fails for general derived manifolds,
for derived analytic manifolds. The talk is based on a recent preprint: arXiv:2505.03978.
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DERIVED DIFFERENTIABLE STACKS
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Manifolds are not enough

Motivations from physics to enlarge the category of manifolds:

e Consider infinite-dimensional objects like mapping spaces
(think o-models).

e We want to consider non-transverse intersections (think
derived critical loci of action functionals).

e We want to take quotients by non-free group actions (think
gauge fixing).

This naturally leads us to the category of derived differentiable
stacks.
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Examples of derived differentiable stacks

e Any Fréchet manifold is a derived differentiable stack:
Mapsew (M, N) € dStkex

e Given a Fréchet manifold and a function S : M — IR, its
derived critical locus is a derived differentiable stack:

dCrit(S) —— M
1

l lds

o — T"*M

e Quotients by arbitrary smooth group actions are derived
differentiable stacks:

[M/ Diff(M)] € dStkee
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Derived manifolds

e Derived critical loci are supposed to be examples of derived
manifolds.

e Transverse intersections of submanifolds are manifolds, and
should also be viewed as derived manifolds.

e Idea: complete the category Mf 1d of manifolds with respect to
finite limits, identifying transverse limits with the
corresponding manifolds.
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Def: [CS19]
The category of derived manifolds is uniquely
characterized by the following universal property:

Fun'®(aMf1d, C) ~ Fun™(Mf1d, C)

e (C isany oo-category with finite limits

e Fun'® denotes the co-category of left exact functors
(i.e. functors preserving finite limits)

e Fun™ denotes the co-category of functors
preserving transverse pullbacks and the terminal

object
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Derived Differentiable Stacks

We defined the category dMf1d.

We need one more ingredient to define derived differentiable
stacks: Grothendieck topology.

Every derived manifold 771 has an underlying topological
space |171| (calculate the same limit in Top).

Open covers on dMf 1d are the usual open covers on underlying
topological spaces compatible with the smooth structure.

e The category dStke is defined as the co-category of
co-sheaves on dMf1d with respect to the open cover topology.
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Towards the notion of differential forms (1/2)

e Let’s calculate Q! for some basic derived manifolds.

e Consider a derived manifold given by the following derived
fibre: |
m —— R"

=l
[0 e

R° O s R™

e Then Q!

m /Rre 18 given by the complex

Ok pm =1 [OL 1" {
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Towards the notion of differential forms (2/2)

e We are calculating ' for a derived fibre of a smooth map
f:R*" — R™.

e We obtained the complex

" O = 1 [ Qe (df

O gn = CO(R")(dx*, .. dx")[dE,, ..., dE,,),  O(dE;) = df;

-

~"

deg=—1

i* =C®(R")/"(fi, ... fn) oo (mr) —
e Thus, we have

Q}H/IRO = C™(R")[&,
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Derived de Rham cohomology

e First attempt: define derived de Rham algebra as the exterior
(dg) algebra of the cotangent complex

Q;R(m) = A® Iy [—e]
~—

1
Q)H

e Problem: this definition does not have good functoriality
properties. For example, consider

o __ e o
m ~ Qrr @as,, QR

As a derived tensor product of dg-algebras this is always
trivial (~ R)!
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DERIVED DE RHAM COHOMOLOCGY
00800000

Derived de Rham cohomology

e First attempt: define derived de Rham algebra as the exterior
(dg) algebra of the cotangent complex

Q;R(m) = A® Iy [—e]
~—

1
Q)H

e Problem: this definition does not have good functoriality
properties. For example, consider

2L o
m ~ Qrr @as,, QRo

As a derived tensor product of dg-algebras this is always
trivial (~ R)!

e In the category of filtered commutative dg-algebras this is
non-trivial.
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DERIVED DE RHAM COHOMOLOGY
00080000

Idea: define derived de Rham cohomology as a
completion (product totalization) of the exterior
algebra of the cotangent complex with respect to
the Hodge (form degree) filtration.

dRm = Ii?rzn oS" A* Ly [—e]
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Intuition for the filtration

e Define the formal completion of a derived manifold 771
embedded in R" as

(R — coI}im m,

where 171, is the k-th order thickening of 771 in R".

e The derived de Rham algebra is supposed to model
difterential forms on the formal completion.

Thm: ([Bhii], [Ta25]) There is a filtered algebra equivalence

dR;H i ﬁ. ((Rn)}/b)
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7/

7.

Figure: The formal completion of something non-smooth

e Thm:([Ha1966], [Bhi1]) For an affine scheme X over C there is
an equivalence

F(Xan; g) e dRX
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Does this work for derived manifolds?

\[o}
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Any closed subset of IR” is a “principal divisor”. Just take a
smooth function e % yanishing exactly on X.

Take the closed subset of R given by {o} U {i}neZ> . Giveita
structure of a derived manifold as before. /

Its derived de Rham cohomology is non-isomorphic to the

constant sheaf cohomology of the underlying topological
space.

It does not have a good tubular neighbourhood!
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Q: How to fix this?
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De Rham cohomology from stacks

Idea: ([Si96], [ST97], [GR11]) De Rham cohomology should be the
coherent cohomology of some de Rham stack.

Every derived manifold admits a reduction 771 — 171
obtained by killing all nilpotent elements in the structure

sheaf.

Let X be a derived differentiable (pre) stack. Then its algebraic
de Rham stack X“® is:

X®(M) = xX(M™?).
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Thm[Ta25] Derived de Rham cohomology of X is
equivalent to the algebra C>°(XR) for the algebraic de
Rham stack X°R of a derived stack X.
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