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Abstract:

Motivated by recent advances in "non-Lorentzian" physics, | will revisit the light-cone formulation of QFT, which has played a
central role in the quantization of gauge theories. Much of its success can be traced to the presence of an underlying
non-relativistic (Galilean) structure within the light-cone Poincaré algebra. | will show that light-cone Minkowski space belongs to
a broader class of non-Lorentzian geometries, whose isometry algebra accommodates several interesting kinematical
subalgebras—particularly of the Galilean and Carrollian types. These kinematical Lie algebras encode the symmetry
transformations that govern spacetime kinematics and the evolution of physical systems. Finally, | will discuss certain aspects of
light-cone field theories, emphasizing their connection to the hypersurface deformation algebra associated with Carrollian
geometries, as well as their possible implications.
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Motivation

Intersecting Null Hypersurfaces

Asymptotically flat spacetimes

Large-distance or IR behavior of gauge systems
Asymptotic symmetries, Black hole physics
Characteristic IVP, Double-null foliation

Null quantization in GR

Flat space holography:

(Grav)g <— (CFT)jower o

(i) Celestial CFT»
(i) Carrollian CFT3 : BMS, = Ccarrs

BN i T iy i Ly it i TTY: sivim] inivmine  Elasisvdbg (01 A\
Carroll revolution” [Duval, Gibbons, Hovarthy (2014)]
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What iS the Carroll gI’OUp? [Bacry, Lévy-Leblond '62][Sengupta '62

Poincaré group: It’s all relative

y slope 1/¢
xt — ALXxY + a* vk

Lorentz boosts do not commute X

[Ki, Ki] ~ M;

non-relativistic, ¢ — oo ultra-relativistic, c — 0

Galilei group: Absolute time Carroll group: Absolute space

t—t'(t),x' - RixX —vt+4d t—t—bx +a, 8 = x"(x)

Galilean boosts commute Carroll boosts commute
[Bi,B]=0, [H,B]=-P [Ci, Gl =0, [C,F]=2dH

Spacetimes with Galilei or Carroll as isometries: Non-Lorentzian spacetimes

(more details later)

\ alc
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Different routes to Carroll

@ Group contraction method: Ultrarelativistic limit (¢ — 0) of d-dim Poincaré

Kleinschmidt

DETrS, KeIinscnmidt, Luvdal, |

Hamlltonlan actlons for Carroll field theories: necessary and sufficient conditions

enneaux, Salgado-Rebolledo, 2021]
Electric and Magnetic Carroll sectors

Electric: Hg involve  or velocities ¢

Magnetic: Hy, involve spatial gradients 9;¢

@ Intrinsic null geometry: Degenerate metric g, null vector n#, etc.

~hnaff Ciamballi Gamie Friedal Hartona Ohare lina Vandoren Petror
ishoeff, Ciambelli, Gomis, Friedel, Hartong, Obers, Oling Vandoren, Petrof

@ Null reduction method from (@ + 1)-dim Bargmann spacetimes

dS? = —2dtds + U(x, t)dt® + Va(x, )dx*dt + gagdxadx®, n = s

— @Galilean spacetime: Quotient by n (KK reduction)

— Carrollian spacetime: Restrict to constant t surface (Embedding)

20141 IDuval. Burdet. Kiinzle. Perrin (19 -Ni
\ ‘:’J I“/'L..!\“C_":I‘. puraet, Kunzie, rerrin E ‘tl L~ }\:JE I
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Bargmann Spacetimes

Example: pp-waves
dS? = —2dudv — F(u, xM)du? + §ydx'dx?, n=8y

This talk: (d + 1)-dimensional light-cone Minkowski

Light-cone coordinates:

0 a1 0 _ ,d+1 .
XX =X di=1,2,...,d-1)

vz 7 V2

xt =

Metric: A special case of flat Bargmann

dSZ, = —2dxTax™ + &;ax dx’!

Vanilla version of double-null geometries

— Minkowski: flat geometry

— Field theories without gravity
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Light-cone formulation

Light-cone formulation: Formulating QFTs using light-cone time x* or x—
Why light-cone?
@ One possible choice of 'time’ in relativistic dynamics
xT = 0 surface: Largest possible stability group [Dirac '49]
@ Gauge constraints solvable — helps eliminate redundant d.o.f.
@ Non-relativistic or Galilean aspects [Weinberg '66; Susskind'68]
Light-cone Physics +— non-relativistic features
— 3D Galilei subgroup within 4D LC Poincaré

Many successes: QCD computations, String quantization, Scattering amplitudes, Self-dual
actions, Higher spin theories...

L3

Pirsa: 25100204 Page 7/30



Pirsa: 25100204

Light-cone formulation and Carroll Physics

Outline

@ Kinematical Lie algebras
@ Light-cone Minkowski and its isometries
@ Subgroups of LC Poincaré

@ Carroll theories from relativistic LC actions

Contrails forming a light cone!

CPT Marseille, June 20211
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Kinematical Lie algebraS [Figueroa O’Farrill, arXiv: 2204.13609,

Key ingredients:

Say, for a (n+ 1)-dim algebra
{Lab:Pa:Bb:H:Z}s aab::1n2:"'na

@ so(n) subalgebra: [L,L]~L

® Pzand B, vectors:  [Lap, Pe] = 841cPr»  [Labs Be] = d4cBy
@ Hscalar: [Lg,H] =0

@ Zcentral element: [Z, -] = 0 (optional)

The rest defines the type of Kin. Lie alg.
o Galilei: [H,Bs] = —Pz, [Ba,Bp] =0
@ Bargmann: Central extension of Galilei - add [Pa, Bp] = §2pZ
@ Carroll: [Pa, By]l = é6apH [Ba, Bp] =0
Remarks
@ Bargmann unifies Carroll and Galilei

@ Non-Lorentzian spacetimes: these algebras as isometry — Boosts commute!
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Light-cone Minkowski and its isometries

Cartesian coords in R9:1: x# = (x%, x', ..., x9)

2 null vectors: ’ 1
mt = —(-1,0,...,1), ¥ =—(-1,0,..., -1
V3! ) N )

mm=nn=0, mn=-—1

Light fronts:

1 1
X" = nfag, = E(x°+xd), X7 = mbag, = E(X

dS? = ¢, dx*adx” = —2dxTdx~ + ax'dx;

Double-null nature: R9~! xR x R
——
If unhappy, do this:
1
+ _ i S —e
yr=—r. ¥ =X -
Isometry: Len© =0

Poincaré ¢&# =whx” +a*  (duh!)

1
Generator G = a"P, + Ew““MW
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Bargmann structure of LC Minkowski

Poincaré preserves 7/, but

what if we also wanted to preserve one of the null vectors?

n=90y, m=0a_
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Bargmann structure of LC Minkowski

Bargmann structure: (M1, G,,.,, n) such that G(n,n) = 0 — Isometry: Bargmann algebra

2 null vectors in light-cone frame:
m=0_, n=0+
2 Bargmann algebras within Poincaré (P, My, )
@ Len® =0, Lem=0 — by={P.,P_,P,M,M_;}
® Len®=0, Lin=0 — b_={Py,P_,P, MM}
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Bargmann structure of LC Minkowski

Bargmann structure: (M1, G,,.,,n) such that G(n,n) = 0 — Isometry: Bargmann algebra

2 null vectors in light-cone frame:
= Gy N=dy
2 Bargmann algebras within Poincaré (P, M..)
©Len®=0, Lm=0 — by={P,,P_,P,MM_}
@ Len©=0, Len=0 — b_={Py,P_,P, MM}

Recall: Bargmann unifies Carroll and Galilei
Both b contain a pair of Carroll and Galilei subalgebra

E.g. Consider b_ transformations

xT =% (x7), xt=sxt(xtx), x' = X%(x,x)

@ Carroll: Restrict to constant x— surface

xt = xt(xt,x"), x' = % (xf) Absolute space
@ Galilei: Quotient by n = 8

x~ % (x7), x' = %(x,x) Absolute time
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LC Minkwoski to Light front

DARGMANN M AN IFOLD e null veckwt M= 0,
1.e

(ﬁd:*d', ﬂ.pv 4 v\>

¢ Ker T Aefinas Golialim

» Rigging niaM =0, nn=t
?\':.-—%_

Projection x

F 3
N ' ddin
ciet by N=74 /AI/ Ewmb %
el [ L— < %'e,n.tn;c.l:- b oaled

¥ =

A

™

N %1&‘5*

/

b

CARROLL  SuBMANIFOLD
4 00

(CI a ;Ta\-) (le%n\)?“&)

Grurer  Svemani PLD
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Kinematical subgroups within LC Poincaré

by = {Py, P—, P;, Mjj, M_;} b = {Py,P_, P;, My, M, ;}

C

M, ij | M. M,-

xT Newtonian, x— Carrollian x— Newtonian, x™ Carrollian

@ Two copies of d-dim Carroll, Bargmann, Galilei:

+ J—
(nga b+a C+) % (Q—; b*ﬂ c*)

° : Galilei subgroup with light-cone Poincaré [Susskind '68] [Weinberg ‘66
9+
— d-dim non-relativistic system in transverse x’ plane with dynamics along time x*

@ Carroll subgroups c.: Stability group of light fronts at constant x=

— Preserves ultra-relativistic motion on lightlike planes

YANR 102521 IRam~hi Nachikath ©Aani (202411
4UD. 1U324] | Bagenl, Nachiketh, 20Ni {£U£4)
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Qutline

@ Kinematical Lie algebras
@ Light-cone Minkowski and its isometries
@ Subgroups of LC Poincaré

@ Carroll theories from relativistic LC actions

Field theories on light fronts

Consider x* (Carrollian) time and constant x— hypersurface

Relevant subgroups: b = {Py,P_, P;, M ;, M;} and ¢ = {P,, P;, My;, My}
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Lorentzian LC action in (d 4+ 1) dimensions

@ Scalar field action:
S[e, ¢] = L P e, O pd" ¢ = /dx+dx_dd_1x (8+q53q5— %a,-qsa"qs)

@ Hamiltonian formulation:

, 4] -
Conjugate momenta: =« = £ =0_¢ — notrelated to velocities 04 ¢

6(0+9)
= PrimarySCC:x=n—0_¢ typical in LC theories

. - 1 ; :
Canonical Hamiltonian H = nd;+¢ — L = Ea,-qsa’qs —  No d. or mtermsin H

Light-cone Hamiltonian action for scalars

S[é, 7, A = /dx+dx_ d?—1x {wam _H— A — a_¢)}

i = f ox~d? xdyr Adyg, {n(x),6(¥)tes =0(x" —y )s9  (x—y)

If = eliminated, we go back to S[¢, qB] — reduced phase space

{#(x), 6(¥)}pg ~ 0(x~ —y7)67 (x —y)
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Null reduction to d-dim Carroll theories

@ Smearing function to restrict to constant x— surface [Chen, Liu, Zheng, 2023]

(Evaluate S around x~ = x, + ¢, thentake ¢ — 0)

1 X, ° <X <X + £
Sc(x — x5 ) = {e’ b @ v 72
0, otherwise
Assume x— behaviour of fields (Rescaling in ¢ — 0 method)
¢| = ¢m(x",x), | = pm(x", x")

X :XU X— :XO

@ Carroll action:
lim (@S (6, 7] = DScardm, Pm]
E—

@ Only magnetic Carroll scalars obtained

1 .
@Scarlém,pn] = [ ox* " x {pmdim — 3 8i6md'm
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Null reduction to d-dim Carroll theories

@ Smearing function to restrict to constant x— surface [Chen, Liu, Zheng, 2023]
(Evaluate S around x~ = x;, + ¢, then take ¢ — 0)

! X c <X <X + =
de(x—x5 ) = {s’ b 2 ° "2
0, otherwise

Assume x— behaviour of fields (Rescaling in ¢ — 0 method)

¢|x *x _¢m(x X) ?Tlx_:xo_ =pm(x+:xi)

@ Carroll action:
tim @08, [6, 7] = DScar[$m, P

@ Only magnetic Carroll scalars obtained

1 .
DS carr[¢m, pm] = fdx+dd_1X{Pm3+¢m = "2‘3i¢m3f¢’m}

@ No way to get electric Carroll sector for flat spacetimes — no « terms in H
S|m|lar story for Galilean theories from null reduction

ilia, Nicolai '95] [Bergshoeff, Figueroa O’Farrrill, Gomis]
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Resolution [sm, Aniv: 2507.03081

@ Deform L[4, ¢] to break Poincaré invariance by hand
Pick a null vector: n =9, = Relevant subgroup b = {Py,P_, P;, M_;, M;}

. 1 1 .
LBk ¢, ] = 50(046)° +0140_¢ — S 0100’6

@ Going to a general Bargmann spacetime

0 -1 0 0 —1
e, =|-1 0 0] — Gu|-1 -a
0 0 g 0 0

Now, only n = 95 lies in the kernel of G, notm = 9_
@ Change of coordinates to ‘Bargmann LC coordinates’ (x, x5 , x.,)

a _
xt _x+—|—§x :

X, X,
i i
X, X,
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Resolution (sm, Ariv: 2507.03081]

@ Deform L[4, ¢] to break Poincaré invariance by hand
Pick a null vector: n =98, = Relevant subgroup b_ = {P,, P_, P;, M_;, M;}

- 1 1 ,
LEO, ¢, 8] = Z(01¢)° + 0406 — 50,60'¢

@ Going to a general Bargmann spacetime

0 =1 D 0 -1 0
ns,=1-1 0 0 — Gu|-1 —a 0

0 0 & 0 0

Now, only n = 8, lies in the kernel of G, notm = 9_
@ Change of coordinates to 'Bargmann LC coordinates’ (x, x5 , x',)

(8

a _
X x+—|—§x ,

b

X X~
x, = x',
Already known in LC quantization literature!!!

“Near light-front coordinates” [Lenz-Thies (1991)]
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Resolution [sm, Arxiv: 2507.03081]

@ Go to the Hamiltonian formulation

1 1 5.68
£B9 — Ea(3+¢)2 + 04 00_¢ — 56"‘?58}‘:’

m=adid+0_0, %23’9 = l(f,-r — 88 + %a,-qsaqu —» No SCCs

(0]

589 _ f dxtax~ %" x {0, ¢~ HEW), QB9 = f dx—d¥" x dym A dyo

@ Two possibilities that preserve canonical structure

Magnetic Carroll sector Electric Carroll sector

¢ —> b¢my, T=0_¢ — Pnm ¢ — e, T — Pe/e, a—>a/52

EOM: O8.¢m =0, O,pm=00i¢m EOM: 8. ¢m=pe, O1Pm=0

— Momenta not related to velocities ) — Momenta related to velocities
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Resolution [sm, Arxiv: 2507.03081]

@ Go to the Hamiltonian formulation

1 1 -
L% = Sa(D:¢)* +0,60_¢ — 50160’

m=adid+0_0¢, 'Hga’g = l('fr —8_8) + %a,-qsaqu — No SCCs

(0]

589 _ f dxtax~ %" x {0, ¢~ HEW), QB9 = f dx—d¥~" x dym A dyo

@ Two possibilities that preserve canonical structure

Magnetic Carroll sector Electric Carroll sector

¢ —> b¢my, T=0_¢ — Pnm ¢ — e, T — Pe/e, a—>a/52

EOM: 8.¢m =0, O,pm=00idm EOM: 8. ¢m=pe, O1Pm=0

— Momenta not related to velocities | — Momenta related to velocities
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Deformation essential for electric Carroll sector

Lorentzian light-cone action
(d+1)SLor[¢,’ T, ,\]

|

Deformed Bargmann action
(d+1)8Barg[¢, T, n,u]

b e0°, o/ 6™, ™o pn

-

Electric Carroll Sector Magnetic Carroll Sector
(DS, pe) (D81, Prm]
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Proof of “Carroll-ness”
Hypersurface deformation algebra: [Teitelboim (1973)]
Glg*, € = f dTx(EH+EP]), € =bx+a", ¢=uwx+d

Carroll Hamiltonian actions: necessary and sufficient conditions

@ Carroll commutation relations hold
[#°00, #OW)] = 0, [#°00, PP)] = ., [P, PO)]
for both electric or magnetic cases

—  Zero signature spacetimes [Henneaux (1978)]  (Related to boosts commuting)

H:/de’H, P,:dexP", M= xipl B = xH

@ Carrollian actions, Sy and Sg, invariant under

Ser 100 ={¢°, Gle", €}, 6.4 ap® = {p°, GleT, €}
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Proof of “Carroll-ness”
Hypersurface deformation algebra: [Teitelboim (1973
Glet, €'l = f d x (EHE+EPF), € =bxX +a", =uwx+d

Carroll Hamiltonian actions: necessary and sufficient conditions

@ Carroll commutation relations hold
[HO0), #o()] = 0, [HO), PP)] = ., [PO(0), PP)] = ..
for both electric or magnetic cases

— Zero signature spacetimes [Henne (Related to boosts commuting)

H:/de’H, P,:f&xfp", M= xipl B — xH

@ Carrollian actions, Sy and Sg, invariant under

65+,§I’¢'C = {(;bca G[E_!—a EI]} 3 654—151';06 == {pC’ G[£+, ‘EI]}
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Proof of “Carroll-ness”

Hypersurface deformation algebra: [Teitelboim (1973)]

Gle*t, ¢ = f drx (€ HE+EPF), ¢ =bx+a", &=uwx+4

Carroll Hamiltonian actions: necessary and sufficient conditions

@ Carroll commutation relations hold
[#o00, HOW)] = 0, [H°00), PPW)] = s [PPO0, PR)] =
for both electric or magnetic cases

— Zero signature spacetimes [Henn:

saux (1978)] (Related to boosts commuting)
HzfdJ‘xH, P,-:/de'P", M= xipl | B = x'H

@ Carrollian actions, Sy and Sg, invariant under

Sev 9% ={0°,GIE, €}, 6.4 ap” = (0%, GlET, €}

@ Additionally, under Carroll boosts b/,
magnetic: dppm =0, bppm #0
electric: Sppe 0, 6bppe =0
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Same theories, different means

Starting point: Two very different Hamiltonian actions for Lorentzian field theories
— Constraints, IVP, Phase space, etc.

Lorentzian LC theories
l " d+1

dimensions

Deformed Bargmann theories

Null reduction

A J
¢ — 0 limit
Lorentzian theories » | Carroll theories d dimensions

@ Equivalence of Carroll theories obtained from two different methods
@ Works for EM, Yang-Mills, p-form fields, etc. [SM, Arxiv: 2507.03081]
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General p-form gauge fields

@ Lorentzian action for p-form field on Mink%+"

1
A= —A, . dxX"T A AdX*P, F=dA, S°=[ F?
PI HAq Hp ™

@ Deformed Bargmann action
Barg 2 Me .1 Hpiq¥paq
s _fMF +ann n g PP Py gyt Py

@ Null reduction to Carroll:

Restrictto x~ = x;° + ¢, thentake e — 0

Set ‘minus’ component to zero: F_ ., ..., =0 Light-cone gauge

Hp

SCarr - I|m SBarg fF2

Magnetic Carroll sector Electric Carroll sector

F

Fuy...

Scalars: F, — Fi = 8¢ Scalars: F, — Fy =0,¢
EM: F;W — F,j ~ e;jkBk EM: F,uu — F—H' ~ E,

Pirsa: 25100204 Page 29/30



Pirsa: 25100204

Summary and Outlook

Lorentzian LC theories

l - d+1)

dimensions
Deformed Bargmann theories

Null reduction

¢ — 0 limit
Lorentziantheories — , | Carroll theories d dimensions

@ To-do list: Fermions [WIP], Curved geometries, Gravity (Double-null foliation)
® Lessons for Quantum Carroll theories?
For Lorentzian QFTs: hard and cumbersome but possible
(time t or x) Equal-time Quantization = Light-front Quantization
Do quantum properties from the two methods agree?

@ Phenomenology: High-energy scattering, physics of Quark-Gluon plasma, etc.
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