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An old observation, and two problems

Observation: From some angles,
e QM looks like a probability calculus —

e But not a classical one: not all events are simultaneously
testable.

Two Problems:

(1) Extend probability theory to allow for non-comensurable events
(the Framework Problem).

(2) Within this, find probabilistically meaningful constraints that
account for QM (the Reconstruction Problem).

This talk is about problem (1)
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Early milestones (first 30 years)

1927 von Neumann's three 1927 papers. The second of is entitled

=} 1932

1933
1936

1957

Probabilistic construction of QM.

von Neumann's book on QM: identifies P(#) as a “kind of
logic”, and treating QM probabilistically.

Kolmogov codifies classical measure-theoretic PT.

von Neumann/Birkhoff: more on P(H) as a "logic of
experimental propositions”.

Mackey: relatively weak axioms imply the “logic of
experimental propositions” is an orthomodular poset (OMP),
and states, probability measures on this.

Gleason: probability measures on the OMP P(H) arise from
density operators (as long as dim(#) > 2). (With Thms of

Stone and Wigner-Ulhorn, reduces whole apparatus of QM to the
assumption that “logic” of an irreducible system has form P(H).)
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Two frameworks (next 30 years)

Two frameworks evolved from this work, both explored in the
1960s, '70s, and '80s:

(1) Quantum logics: pairs (L, A) where L is an OMP and A, an
order-determining, compact convex set of prob. measures on L.

(2) Cosvex framework: states of a system form a compact convex
set, K. 'Measurement-outcomes correspond to effects: affine
mappings f : K — [0, 1]. (Essentially, “GPTs" in current usage.)
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The Composition Problem

A general probability theory should allow one to describe
composite systems. However,

(1) Compact convex sets have no canonical “tensor product”, but
a range of options bounded by minimal and maximal tensor

products (neither coinciding with the tensor product in QM).

(2) Quantum logics (OMPs + nice state spaces) often have no
reasonable tensor product at all (Foulis-Randall, 1979).

Q
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A myth and a moral

Myth: (2) entailed the “collapse” of QL as a research program.

Similar myth: all dinosaurs went extinct.

Modern decendents of quantum logics do have tensor products —
but, as (1) suggests, not uniquely.

Moral: Composition rules are theory-specific, and not an a priori
part of the apparatus of general probability theory.

Q
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Probabilistic Models

A better framework (Foulis-Randall, 1969-1980s):

A test space is a non-empty collection of non-empty sets M, each
E € M understood as the outcome set of some experiment or
test. (Note: tests can overlap!)

The outcome-space of M is X.:= [JM. A probability weight on
M is a function a: X — [0, 1] With Y, . a(x) =1 VE € M.
Write Pr(M) for the (convex) set of all probability weights on M.

A probabilistic model (PM) is a pair A = (M(A),Q(A)): M(A) a
test space, Q(A) C Pr(M(A)) the state space, of the model.
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Classical and quantum examples

IfcS is a topological space, let B(S) be the set of partitions of S by
Borel sets. Probability weights on B(S) amount to Borel
probability measures on S. A Borel model is any model of the form

(B(5), ).

If H is a Hilbert space, let M(H) be the collection of pairwise
orthogonal sets of projections summing to 1. Any density operator
p on H yields a probability weight on M(#) via p(P) = Tr(pP).
A quantum model is any model of the form (M(H),Q2) where Q
is any set of weights arising in this way.

Note: Similar constructions yield a PM from any quantum logic. Also,
for any compact convex set K, there is a canonical probabilistic model
M°(K) having K as its state space.
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Interpretations between Models

To build a general probability theory on the basis of PMs, we need
suitable mappings between them.

An interpretation ¢ ;.A — B is a mapping ¢ : X(A) — P(X(B))
such that
(i) VE € M(A), ¢(E) == {¢p(x) | x € E, p(x) # (0} is a partition
of some test in M(B), and

(i) V8 € B), ¢*(8) = B o 6 € AA)
Interpretations compose, and every model has an obvious identity

interpretation, so we have a category, Prob, of PMs and
interpretations.
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Probabilistic theories

A probabilistic theory is a functor
M : C — Prob,

where C is a category of (or representing) physical systems and
processes.

Example: Let OUS be the category of order-unit spaces and
positive unit-preserving linear maps. There is a natural functor
M? : OUS — Prob (ask if curious!). Then M°: OUS — Prob is
functorial. Thus, any functor into OQ§ yields a probabilistic
theory. (NB: the self-adjoint part of a C* algebra is an OUS.)
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The Minimal Non-Signaling Composite

Given models A, B, we can define a model A x,s B as follows:
M(A xys B) ={E x F | E € M(A), F e M(B)};

Q(A xys B) consists of all non-signaling joint states: non-signaling
probability weights on M (A xs B) with conditional states in
Q(A) and Q(B). One can show that

Q(A xys B) ~ Q(A) @max (B).

Thus, A x\s B supports entangled states, but no entangled
outcomes or measurements.
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Non-signaling composites

A non-signaling composite of A and B is a model AB together
with an interpretation

m: A Xy B— AB.

This is locally tomograhic iff 7 : Q(AB) — Q\s(A, B) is injective.

Of course, A xys B is itself a NS composite. Moreover,
A, B+— A Xys B extends to a bifunctor

X s . Prob x Prob — Prob

making (Prob, x,s) into a symmetric monoidal category.

Pirsa: 25100169 Page 13/18



Monoidal PTs

If (C,®) is a symmetric monoidal category, a monoidal PT on C is
a PT M :C — Prob, plus a natural transformation

T MxyuM—= Mo®

with components
T M(A) xs M(B) - M(A® B) &\

making M(A® B) a NS composite of M(A) and M(B), VA,B € C.

Example: OUS is a SMC under the minimal or the maximal
tensor product. Either way, the functor M° : OUS — Prob is a
monoidal PT.

Pirsa: 25100169 Page 14/18




Pirsa: 25100169

Explanations

An explanation for a model A by a model B is a model C and two
morphisms ¢ : C — A and v : C — B, with ¢ a quotient mapping
and ¢ an embedding:

Q

G

Note: Explanations compose (as spans), so, constitute morphisms
of a new category.
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Borelification

Theorem: Every probabilistic model A has a canonical explanation
by a Borel model, Bor(A).

In fact, A — Bor(A) extends to a monoidal endofunctor on Prob.

Thus, any probabilistic theory M : C — Prob has a Classicalization,
or Borelification, Bor o M. This is monoidal if M is monoidal.
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Locality

In general, Bor(M(A ® B)) is not locally tomographic, and has
“entangled” (even though {0, 1}-valued!), non-local pure states.

Three equally reasonable attitudes towards this:

(1) Bor(M(A)) isn't physically real — the world is non-classical

and non-local. Q

(2) There is nothing "non-classical” about non-locality — the
world is classical, but non-local.

(3) Locality is part of what we mean by “classicality” — the world
is non-classical only because non-local.
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