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Outline

- PART |: From Axion Theory to Dyon Loops
- PART Il: Dyon Loops as Abelian Instantons

- PART IlI: UV Completion
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The QCD Axion

- The QCD axion @(x) is a (light)
pseudoscalar degree of freedom

« It can simultaneously solve the
strong CP problem and be the
dark matter of our universe.

|Sary! [GeV~1]

* It provides an experimental target.
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Axion limit compilation
by Ciaran O'hare
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The Landscape of Axion Theory

- For such a simple particle, the axion has extremely rich
field-theoretic program.

- Interesting features come from compactness.

O0(x)
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The Landscape of Axion Theory

Quantum Gravity

Topological Defects

Generalized Symmetries

~

|
|
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The Takeaway

AXxions provide a natural contact point
between theoretical developments in
quantum field theory, quantum gravity, and
particle phenomenology.
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The Axion Shift Symmetry

- Today’s phenomena are rooted in the axion shift symmetry

Ju = f?0,0(x)
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The Axion Shift Symmetry

- Today’s phenomena are rooted in the axion shift symmetry

Ju = f?0,0(x)

4+ V(O)
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The Axion Shift Symmetry

- Breaking the shift symmetry generates a potential

d,j, = (symmetry breaking terms)
+ V(O) © %/[7’
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A Brief Primer on Symmetry Defect Operators

. Pick 3-dimensional surface 2. Then define

D nife = €Xp {ia[ *jshift}
%

» Topological and implements symmetry action on axion.

@) shift @D shift
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ABJ Anomaly due to Axion-Photon Coupling
« Suppose now axion electrodynamics

sp = [a%x (L0,00,6 + - prpm 1 K g pus
E— o o KH 4e2 872

- Coupling naively breaks U(1) — Z. The current equation now
reads

0,J, o FHFm

- However, common lore states that there are no U(1) instantons in R4,
Right hand side not realized = no axion potential.
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Non-Invertible Axion Shift Symmetry

* Recently, the anomalous axion shift symmetry is understood
as being non-invertible. Has symmetry defect operator

D, n(Z) = exp [J (ia * Jhife + topological quantum field theory)]
=
- W/ 2 being a 3D manifold
» Choi, Lam, Shao ‘22

/_\
e Auxiliary degrees of
v freedom now live here!
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In Pictures

- The non-invertible SDO attaches a magnetic flux surface to ’t
Hooft lines. ) y

| a ‘ ) * Choi, Lam, Shao 22

Vexp (i% [, F)

- But still acts invertibly on axion field operators
DP/N Z)p/N
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Adding monopoles messes up this picture!

- Adding dynamical monopoles breaks the non-invertible symmetry

Monopole insertion

W
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Adding monopoles messes up this picture!

- Adding dynamical monopoles breaks the non-invertible symmetry

Monopole insertion

W

- Selection rule vanishes: monopoles must play a role analogous
to U(1) instantons and generate a potential!
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Second motivation: Axion mass from monopoles

> Fan, Fraser, Reece, Stout 21

- Use monopole worldline theory, impose periodicity

Monopole Dyon excitation

co TNASS A~ energy
Ve(0) = — D cpe™2m™Mn™Ma cos(£0)
=1

- For a Higgsed SU(2) in the BPS limit
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Second motivation: Axion mass from monopoles

> Fan, Fraser, Reece, Stout 21

- Use monopole worldline theory, impose periodicity

Monopole Dyon excitation
o Mass / energy

Ve(0) = — D cpe™2m™Mm™Ma cos(£)
=1

- For a Higgsed SU(2) in the BPS limit

_ 2752 .
e —2mmylmy — o—877/g" _, BPST Instanton Action?
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The Static Dirac Monopole
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Starting Point

- Maxwell theory in Euclidean R*

o= [ae (Lo
& 4e?

- Plan: add magnetic and electric current loops, agnostic of UV
completion.
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The Static Dirac Monopole

- Begin w/ familiar Dirac monopole b) t
Sy A
A=22(1 = cos9)d
= 2( COS @ o , .
ol
- Has magnetic charge m € Z. W L

- Has Dirac stringat 8 =«

irsa: 25100156 Page 20/53



Monopole Loop Geometry

Dirac sheet

/

//
\ - monopole loop
= — 20

k
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Monopole Loop Geometry

Dirac sheet

20

&
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Electric Current Loop

* Now add additional electric current

Je = P1)T
Regulaﬂzation
- p, smooth charge profile so that

AT |100p = ndTa ’n /4 — JSIAT = 2nn

Proportional to
electric charge
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Together: Dyon Configuration

- Altogether, we have

Dyon L +

Point Monopole Smooth p,

 All very sensible from UV completion point of view.
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Route 1: E- and B-Fields
« Rewrite FA Fintermsof £ - B

1 1 (.
I=——|FAF=——|dxE-B
872 472
1
Electric Flux Integral = —27zn I

; Magnetic Flux Integral = 2zm
(< electric charge) - g

* Intuitively explains why dyon loops carry instanton number.
Somewhat obscures topology.

24
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Route 2: Evaluate topological surface integrals

- Can convert integral to

1 1
S7 37 > (surfaces)

e Have two non-trivial surfaces: Surface around worldline and
surface around Dirac sheet.
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U(1) Surface Integrals

« This approach simplifies integral to

1=$[FAF=_4L7Z2(JSIA)(JSZF) e

/

Integral along Integral on S?
worldline S'! around worldline
= 27n = wm

Pirsa: 25100156 Page 27/53



U(1) Surface Integrals

* This approach simplifies integral to

’=ﬁ[”"”=“%ﬂz(Ll“‘)(LzF) 7

/

Integral along Integral on S?
worldline S'! around worldline
= 27n = 27m

* Neatly ties the instanton number to quantized charges +
Wilson-’t Hooft line description.

Pirsa: 25100156 Page 28/53



U(1) Instanton Number

» Ultimately

1
I=—JF/\F=—nmEZ
12

- So the instanton number is given by
m : Integer measuring (quantized) magnetic charge

n . Integer measuring (quantized) worldline holonomy

(x - electric charge)

27

Pirsa: 25100156 Page 29/53



How is this allowed?

- Standard story says 73(U(1)) = O hence no Abelian instantons.

- However, with monopole loop excision, spacetime is now
effectively R*/S!1

- Allows U(1) gauge field to have non-trivial topology, characterized

by magnetic charge integer m and holonomy/electric charge
integer n.
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Rainbow bagel

I f M
Class of Maps topology)

-

[SIxS! > UDN]x2ZxZ
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Dyon Loop Action

- Naive dyon loop action given by

7*(m? + n?)

82

- Naively, prefers R — 0, but eventually finite-size effects
kick in. Need UV theory.
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Dyon Loop Action

- Naive dyon loop action given by Size of dyon

/

2 = 2 2
+ [“M
s, = 272RM — " ”)+@(—)
g? R

- Naively, prefers R — 0, but eventually finite-size effects
kick in. Need UV theory.
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The Takeaway

A dyon loop effectively carries instanton
number, but Abelian loop defect prefers to
shrink to zero size
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Part Il

UV Complete
Dyon Loop
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The Georgi-Glashow Model

- Take action SU(2) gauge field Adjoint Higgs, breaks
strength SU2) — U(1)
Sg = |d* LGa‘é + Lp @ cpé i(<1>ac1>a — ®})?
E — X 4g2 uv = pv N TH 7 4 0
- Plan:

1) Construct dyon loop topology in UV.

2) Use numerical relaxation on lattice to compute Sg.
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The 't Hooft-Polyakov Monopole

* The 't Hooft-Polyakov monopole is given by

. i k()
D¢ = aq)oh(i") Aia = €azjrj r
 Is a hedgehog
: B . |
A )// W2
~ ™~ 4 k%
/N f




Promote to Dyon

- Can promote 't Hooft-Polyakov to a Julia-Zee dyon by
adding

Ag = D(r)

- The asymptotic behavior of j(7) set the electric charge.
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Embedding in R*

- Embedding dyon loop in R4 proves more difficult because of
the Higgs “hedgehog topology”.

- To avoid singularities, the Higgs must be a Hopf map at
infinity

S3

O

— SU)/U1) = S?
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Cross Section Isospin Map
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The gauge field

- Once Higgs has been fixed, need to gauge match gauge field

a __ abcRNb 3 AC N
Aﬂl—k(r)e P%9, D | + |a”q).

To match Higgs topology Extra “Abelian”
degrees of freedom

- Gauge matching forces configuration into instanton number
—nm sector.

38
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Relaxation

- With fixed ansatz, iteratively relax field configuration until
minimal action is found

Fixed topology
w/ guess field
profiles

Semiclassical solution

»-
Numerical Relaxation on a Lattice to field equations
w/ Fixed Boundary Topology

39
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U(1) E- and B-Fields

* Loop cross sections reveal dyons!
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However...

- At larger radius, the extreme field
configurations want to relax to
something less dyon-loop like

- Tension between instanton and
dyon loop: The UV complete loop
clearly wants to shrink to an
instanton (R = 0).
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Action as a function of loop radius
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Action as a function of loop radius
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