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Abstract:

The ADM and Bondi energies are key examples of observables in general relativity. They
meaning of gravitational energy, and by Noether's theorem, to understand (boundary) s\
importance, they are not directly measurable: their reconstructed values from gravit;

guantities. In this talk I will present thought experiments that provide an operational me
will then argue that the equivalence principle allows us to go one step further than tl
density of gravitational waves at null infinity, that is completely local in space, with nc

comment on a possible quantization of the Bondi energy inspired by results in loop quan
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based on work with Abhay Ashtekar
The Operational Meaning of Total Energy of Isolated Systems in General Relativity

and with Antoine Rignon-Bret C P T

Spatially local energy density of gravitational waves
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Bondis bucket

Bondi: ““Gravitational waves are real because you can heat water with them!”
(Most likely apocryphal)

Outline of the talk:

I Global energy, and its operational meaning
with Abhay Ashtekar

IT Spatially local energy density
with Antoine Rignon-Bret
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Energy in general relativity

General covariance, and specifically the equivalence principle,
prevent the possibility of localizing gravitational energy

A well known property, that has spurred many technical and conceptual developments

& pseudo-tensors, Bel-Robinson, quasi-local observables...

A compelling resolution is to use Noether’s theorem:

in the presence of spatial boundaries, and of isometries of the boundary conditions,
there are non-trivial charges associated with the boundary diffeomorphisms preserving
the boundary conditions

(called boundary symmetries or asymptotic symmetries if the boundary is at infinity)

The ADM energy and the Bondi energy can be understood in this way
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The simple case: stationary spacetimes

Before talking about the ADM and Bondi case,
let us recall the resolution that occurs in

stationary spacetimes
(spacetimes with a time-translational Killing vector) e

‘‘‘‘‘

(e.g. BH mass from Keplerian orbits)

Simple characterization of total energy as surface gravity in terms of the Killing vector

A

It is also possible to write the same quantity as a surface integral using the Komar 2-form:

34 €abea VEE AL A da®
In the absence of Killing vectors, Komar’s expression is useless

There is a long history of looking for alternative surface integrals and quasi-local constructions,
but the resolutions on best footing correspond to global constructions

The downfall of quasi-local constructions is made manifest by the Carlotto-Schoen solutions
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The Carlotto-Schoen solutions
2010

They use gluing techniques to construct regular solutions of the Einstein’s equations which
* have non-zero ADM energy
« are flat everywhere except on a very small cone

any quasi-local quantity
i defined here will fail
to measure the existence
of gravitational energy

This shows explicitly the global nature of the ADM energy
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The ADM energy

Assume flat fall-off conditions at space-like infinity; then

1 ; o o ——
EADM — 167G ’rliﬁolo (Dc Qbc — Db Qac) qac degv

r=ro

First constructed from Hamiltonian considerations, (ADM, Regge-Teitelboim,... )
can be also obtained as :

* a limit of quasi-local quantities (Brown-York '92)
* a canonical generator in the covariant phase space (lyer-Wald '94),
e an improved Noether charge (Harlow-Hu ‘19, Freidel-Geiller-Pranzetti, Odak-Ss, ...)

* No time components appearing!

* No simple operational meaning
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The ADM energy

Assume flat fall-off conditions at space-like infinity; then

1 \ .
li D.aqy. — D sac nbq2y7
167G riﬁolo . ( c Qbe b Qac) qgr

EapMm =

Using only the fall-off conditions and integration by parts, one can rewrite this as (Ashtekar ’80)

1
E -~ lim r (For%7¢ 4R d2v
ADM S A T_TO( T i)

» Time components appearing!

e Simple operational meaning
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The ADM energy

Simple operational meaning because it coincides with the Newtonian expression

1
Eapm = ~ 80 r]i)ngo r (F21%7° 79 Rgpeq) A2V

T=To

Consider some gravitational sources
Spherical distribution of test masses all around the sources
We drop them with zero initial velocity

€ : separation along geodesics normal to the sphere

€ .. 2GM _
= = 7429,0,® = gt O(r 4)
€ s
~a_bnre_d integrand of the ADM
= PO Rapea formula

(:) ADM measures the total radial acceleration, in every direction J

Pirsa: 25100147 Page 9/30



Bondi (aka Bondi-Sachs) energy

Useful when modelling an isolated
gravitational system via the
idealization of asymptotic flatness
at null infinity

It satisfies a flux-balance law the relates its decrease to the outgoing flux of gravitational
radiation, described by the news function N

E(u1) — E(ug) = — /1: N?
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Bondi (aka Bondi-Sachs) energy
Written here in terms of the physical metric, with Q=1/r

1 : -1 aph_cpd —1 _(£) Dy _ac bd] 42
3 913130 Q:QOQ [Cabean®ne* + Q Vo), (Lnoy]) ¢*°¢*] AV

—
' ) ) L radiation piece
NP tetrad Weyl piece, ~1/r"3

(lsn:mam) ]

Eps[S.] =

* Why this strange mix of two terms?

A+ R ) s e
®* ANy {)}3&:‘.! dtional il‘%Q-—;E:!]E‘I%t
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Rewriting the Bondi energy

1
BoslSel =~ dimy ¢ 97! [Capcan®@ne! + Q7' o)) (Lao) 4] &V

n, l

v

Consider a sphere in the asymptotic region and pick two null normals

Codimension-2 Gauss-Codazzi equation, in vacuum:

Clabod n2¢nced — G’é? UEI::) = % (QR I 9(3)9(,,1)) =0

Asymptotically : Q*1£na£ﬂ} = —ag’;) (from the algebraic Bianchi identities)

1 . —-172p 2
> [EBS[So] T L B 1 1 B J

Hawking quasi-local energy ('68)
in the context of dust-filled FL spacetimes
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Rewriting the Bondi energy

Eps[S.] = R + 3(73)9(5)} d2v

lt’in‘ szoaoﬁ Q0

From the asymptotic Einstein’s equations: Oy =—0Q+0(Q°) and ) =20+ O(Q°)

1 2
= g dm, §_ O+ OV

& To measure the Bondi energy we can measure the area of contracting light fronts
(instead of dropping test masses, a thought experiment will measure the contraction of light fronts)

Consider first the example of flat spacetime: ~ t=¢ ! R emm—ce
0 l

1 1, e
9(71) = %9(71) = —dgr=-A ‘\
r 2 * round, static material sphere in
Fgs =10 the asymptotic region, shining light at t=0

® measure: its size; its time variation

Remark: we get zero also at finite distance only if we use a round sphere
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Rewriting the Bondi energy

Eps[S.] = R + Q(n)g( ):| d?v

16?TG szﬁo f;} Q0
From the asymptotic Einstein’s equations: Oy =—0Q+0(Q°) and ) =20+ O(Q°)

1 2
= &G 4% f,_m TV

& To measure the Bondi energy we can measure the area of contracting light fronts

In general curved spacetime there are no round spheres (no good cuts if there is radiation!)

but one can still measure the total area of an initial material sphere, and its variation wrt
the asymptotic time-translation Killing vector
= limiting procedure
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The thought experiments

Tidal acceleration is a natural tool to provide
an operational meaning to the ADM energy,
and we defined a thought experiment to measure it

For the Bondi energy, tidal acceleration is not enough,
because of the term shear”2
—> the thought experiment uses

the expansion of infalling null rays P

Remark: the same thought experiment based on infalling null rays cannot be used for ADM

The global nature of the measurements is manifest, hence no problem with Carlotto-Schoen sols,

but on the other hand necessarily a thought experiment only
(unless of course one is interested in approximations)
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Rewriting the Bondi energy

1
BoslSel =~ dimy ¢ 97! [Capcan®@ne! + Q7' o)) (Lao) 4] &V

n, l

v

Consider a sphere in the asymptotic region and pick two null normals

Codimension-2 Gauss-Codazzi equation, in vacuum:

Clabod n2¢nced — G’é? UEI::) = % (QR I 9(3)9(,,1)) =0

Asymptotically : Q*1£na£ﬂ} = —ag’;) (from the algebraic Bianchi identities)

1 . —-172p 2
> [EBS[So] e il sl bl J

Hawking quasi-local energy ('68)
in the context of dust-filled FL spacetimes
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Quantum Bondi energy ?
An advantage of the new formula for the Bondi energy is to be linear in variations of the area
_ 1 2
Brs = 3G g, jﬂ_gﬁ% HdY

In a quantum gravity theory, the Bondi energy will be a quantum operator with properties

closely related to the area operator
Not enough to use the asymptotic quantization, because it only involves radiative modes,

whereas E contains Coulombic modes as well

In loop quantum gravity (LQG), the area operator has a discrete spectrum !

spin network state whose
links are puncturing the surfacel

Possible future work: define an operator in LQG that corresponds to the Bondi energy,

and compute its spectrum
See also Wieland ‘24, Ciambelli-Freidel-Leigh 24
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Poincare and BMS symmetries

e The ADM energy is part of the Poincaré algebra at spatial infinity
* The Bondi energy is part of an infinite-dimensional extension of the Poincaré algebra called BMS

Usually when we have a symmetry, we construct the canonical generator using Noether’s
theorem and symplectic geometry
This construction is however subtle in general relativity, because:

Noether charges are completely ambiguous

some of the symmetries are not Hamiltonian vector fields

These aspects have a minor impact at spatial infinity, but a major one at null infinity

Indeed, a unique set of charges and fluxes for the BMS symmetry

were first identified using other methods

(Geroch ’77, Ashtekar-Streubel ’79, Dray-Streubel ’84)

and only later related to canonical generators in the usual sense (Wald-Zoupas ’99)
and to (improved) Noether charges (Odak-Rignon-Bret-SS "22)
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ADM charges as canonical generators

The ‘standard’ Noether charge of the Einstein-Hilbert Lagrangian is the Komar 2-form
SL=df je =IO —icL=dge,  dje=0 Ge = €abedVE dx® A dz®

As mentioned, the Komar 2-form is not very useful beyond isometries

On the other hand, the Noether charge is completely ambiguous!

0~60 =0+60—dd e = e +igl — IV

lyer-Wald resolution ("94) : look instead at Hamiltonian generator on X

—Ifﬂzﬁj{ (5q§ - 259
5%

with ADM fall-off conditions, @ — b and then: he = g¢ —ich i

an explicit calculation shows that he matches the ADM charges
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BMS charges and fluxes
lyer-Wald formula as a 3-form  —I.w=d(dqs — ic0)

We can now pull this back on a X intersecting Scri

In this case © in not a total derivative in field space
= some charges not integrable, some & not HVFs

One needs a prescription to select a useful notion of charges
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