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Abstract:

| will present a complex matrix model (CMM) for the computation of protected two-point and three-point correlation functions of
1/2-BPS operators. The model can be efficiently studied in large N limit for huge operators (with dimensions ~N"2). An
advantage of this approach is the direct identification of the distribution of eigenvalues of complex matrix with the shapes of
droplets in Lin-Lunin-Maldacena (LLM) bubbling geometry. For correlators of two huge operators with a small SO(4) symmetric
"probe" operator (with dimension N~0) we established a perfect correspondence with old computations of Skenderis-Taylor in
dual LLM gravity. CMM allows efficient analytic study of certain two- and three-point correlators of huge operators of exponential
and coherent state types and relates these problems to the Laplacian growth and 2d quantum gravity. We also compute
explicitly the correlators of two huge operators with giant magnon operator. In a much more difficult case of 1/4- and 1/8-BPS
operators we make a curious observation of equivalence of a pair correlator of such coherent state operators to the quenched
Equchi-Kawai reduction of the principal chiral model.
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A'=4 SYM: small and huge operators, AdS/CFT and LLM/Matrix dualities

N 7t ;
Ssym = 7_/ d*aTr (F2 + (D®;)? 4 [®;, d]?)+fermions - dual string theory on AdS;x S° background

super-conformal theory with PSU(2,2|4) symmetry

Local operators — words of N X N matrices

O(z) = Function [Tr(DDYVOPDVY .. )| () Anomalous dimensions A

: O(&x) — EAO('\)O(.’IJ)
Operator product expansion,
structure constants, correlators, ...
0;(2)0;(0) = 3 |z| =2~ 2it A% CF; 04(0) +...
k
At N — «:
Little operators: A~ 1 - AdS/CFT,

Giant operators:  A~N

integrability (Quantum Spectral Curve, hexagons, etc)
Huge operators: A ~N?

- still AdS, (e.g. giant gravitons)
-non-AdS, black holes, etc

In general, huge operators are difficult to study. No integrability.

Fortunately, due to SUSY there exists sectors of operators (}2,1/4,1/8,1/16BPS) with protected
(coupling independent) dimensions - integers or “z-integers, and protected correlators
Dual to interesting geometries. E.g. 2-BPS operators are dual to LLM geometry

Can be studied by (sometimes) solvable matrix models
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1/2BPS vs LLM metric

» -BPS operators: any invariant function of a chiral scalar field Z = (y - ® (x)), y-y=0

- GL(N) Character : O g(z,9) = xr (y - ® (2))

' e[UZUT/
- Coherent state Ocs(Z,A) = /[dU]L-’(N)“-"T FzEal

| o parameters

> %n-[z’ﬂ] = % (2)
k>0

- Exponential : O(Z) = exp

» 1/2BPS states in 1IB SUGRA described by LLM metric: R x SO(4) x SO(4)

1 3 ST
i} =% 1422 1=58¢ ..
ds? = ——L__(dt + Vdz + Vd2) + Vi (dy? + dzdz) + yy | ey + | iy
L :
Y bubbling geometry
C(Z,2,y) = v (p22) = 5) &% = :’ ‘
i ®22 T Jo [(B—ZF )z —2)4+-9°° g A
Vo= L[ ED-H =N L a - -
Z,2,y) = — j o '
S T b (G-DG- N+ [z .
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%-BPS character operators in N=4 SYM

Character operators - O, = NR.L- X'Ri(yi (), Y; - y’: —

full orthonormal system of ¥2BPS primary operators

Two point correlators of such operators are protected
2L; — dimension (Size of YT)
)? )

(0;0;) =1 % g, =, (M

(i — x;

Three point correlators of these 2BPS operators define protected structure constants

3 ¢ .
o Yi Yy ! “Bridge” lengths
<£[10.,j> = Z3(R1,R2,R3) x H ( e —)2) iy = By by — B2

i 0

Counting of Wick contractions. Purely combinatorial problem!
Can be studied via interesting matrix integral
Eigenvalue representation:
Z(R1,R2,R3) = ff[l dz; e A%(z) Q1(2)Q2(2)Q3(x)
 Qu@) =

det H T; Wick
A(x) 1<i,j<N h'-?'”( i) contractions

Reduces to solvable (1+1)d Riemann-Hopf fluid dynamics
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BPS correlators via complex matrices

* Gaussian YM functional integral (no YM coupling dependence!)

v ot

5 g 5 g 1.8 —N | trd, e (z)old(z) _
(0P8 (21)08 5 (20) ...) = 5/ [[ Dore 7 Co* d (o?f’s(ml)ogps(xz) )
v I=1

replaced by gaussian complex matrix measure

— / X d2Y 22 e NU[XXHYY+ZZ| 0 (X Y, 2)0x(X, 7, 2) . ..

X =01 + 1Dy
* 1/2BPS 2-point correlator Y =®3 +1iDy

I N o B ,.
(0 0)= & /dZdZ e~Ntl22) 0(7) O(2) Z = ®5 +iP

* 1/2BPS 3-point correlator: two BPS operators and a BPS Probe (Z + Z 4+ i(Y — Y))

(0 0 Prove) = - [ 4747 N7 0(2) O(Z) Forope(Z + 2)

1 7 8 M
where  Fprope(X) = 2 | M e~ 2 ™M?probe (X + “2 )

» Advantage of complex matrices: the e.v. distribution is exactly dual to the LLM droplet
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Eigenvalue representation for %-BPS

+ Schur decomposition for 2-point correlator of exponential operators Z=U(z+T)UT

. N
(Ov, Oy,) = / H dgz6_|zj|“+Vt(z;i)+vf{5j)IA(Z)F
JC 5]

Saddle point equation (Laplacian growth problem!)

(82 82) 7' pl2, 2) = 22 — Vi (2) — Ve(2)

» Solution — constant density of e.v.’s in a spot defined by potentials: dual to LLM droplet!

Shape of boundary (algebraic curve)

(7.2) 1 ,zeD |
pl%,2) = | . ,
0 ,z2¢D oLl for quartic potential V;(z) = toz2 + te2*
cus I
— 3 — supercritical a b
- S - e - N subcritical Z(w) =rw+—+ —,
T~ e —r w ' w3
' where w = €'?, (0 < ¢ < 2m)
-5/
!
pure 2d gravity: log(O O) ~ (t, —t)%/?

« 2d QG interpretation:
Ising + 2d gravity:  log(Q O) ~ (t, —t)7/3

Double scaling limit (Painleve |, mKdV, ...): 2d QG — 10 SUGRA quantum effects !
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1/2BPS coherent state correlator

* 1/2BPS CS correlator reduces to Charish-Chandra-ltsykson-Zuber (CHIZ) integral:

: ; T T : ix det;; eV AN
On 0+ = | 22 du dv ™ tr[-ZZ+AUZUT+AVZVT] _ dUueN trtUANUTA _ ij€
< ANYA T e
: : AN)AN)

A= di‘(lg{)\l,/\gﬁ..”)\j\f}

 But what is the distribution of e.v.’s z; (droplet shape!) ?

It can be written in terms of integrals over z; and solved via saddle point:
| det;; 6)\’2}|2
ANAD)

(OAOR) = /'Hdzzj €%
T

« We can immediately see that for holomorphic moments (EEZ™ = e
But this is not enough to fix the shape of droplet, but it helps to solve the saddle point eqs.

« Examples: circle and ellipse distributions:

G
2 \;"(’.2 — )2

p(A) = ! i —
mc? & N Aj= UcJ L e o .-
) : N
A A A, A
2 2
g2 9 e A =1 ] 616 e2a i
S(Z):(QI)ZCQ\/Z2CQ ( ) oy g +
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Droplet shapes for coherent states

« Mathematicians solved the problem of restoring shape of droplet from moments A, A
for so called “point quadrature domains” obeying

n

(i@ == [ @2 &) =3 ala) = o f._dz G

h—1 2me

n

S =3 - % __ 4 (analytic inside D) Swartz function
k=1%" %k

for 1 <i< ]
. A = (Trz=2al+(1-%) a3
ap forp+1<i<N N

[] > /\:
Example: A; { N

« Conformal map defining the shape of z-droplet  ®(w) =N ( Y )
Sw—1  &Hw-—-1

1 _p 1

7 — 2 g , I - v ] W
with parameters “ = " ((5162 1)2+{512,1J2) =N a1 =N (mg 1+53_1) =™
N2 4127 — + — R =1- F. zp = Nf2(—rq‘; -+ 2 ) =

(8-1)2 " @&-1? N PA\E-1T ak-1

» Change of shapes of z- droplet when centers move away from each other:

as

a5, 232001
rob

0. @309

+ Can be generalized to any number of centers — in principle describes any droplet
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SYM/sugra correspondence for HHL correlators

Skenderis and Taylor computed a few HHL correlators from LLM supergravity,
for generic Little probe operators (up to dimension=4). They matched them successfully

to some (extremal) Little probes on SYM side.
We matched HHL for all such Little probes on SYM side to their SUGRA results

The considered probes are the SO(4) invariant single trace primaries
O, of dimension A and charge k, e.g.

Ono(z) = \/ tr[ZZ — ;Z 32,  Opalz) = Lzu-[z'z]. O 1= %tr[Z(ZZ - ;(I)]

p(f_:, Z) - e.v. distribution in complex matrix model

/)(2. :) - LLM background droplet shape
(On.n)= f Q(A = 2)\/—/0'"’({5{}(”./: 2, A= \/lﬁtr[aﬁl g A [ dedz p(s
(O20) = 12—‘\; dzdzp(z,3) (5 - 7)) ra0 = Naotr [+ -3 (14 5)1] = [ dsazotz, ) (32 - 5),
(031) = ‘— / dzdZp(z,%)2%%, g TN |8 (1 L T) z] % 5 | dedinta ) (72 - 2),
(Oa0) = \2 ://; dzdzp(z,7) (3(:2)2 — 425+ 1), = N“\:Otr [3(25)2 =3 (1 i 32\) BB (1 i ) (1 e %) ]} - %(m)(trf)‘
_ N?ay3 o e [ dzdZ p(2,2) (3(22)" — 422+ 1)
R R - a5 = Ngstr [:35 = (1 4 31,) ;2} = i(tr;)?2 -\ \ [ dzdz p(2,%)22 (53 - 1)

f)U(__]Fi _
gl A

+  Perfect match if we fix normalization by (Oa k)gravity =
_,.\’rfugrw = z(k — 246, 2)./;; =

comparing the coefficients of chiral primary at A=4
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HH-Giant graviton (HHGg) correlators
« HHGg correlator : (x(n}(Z) x(1}(Z) Ocg(A)(Z + Z)) Ogg = xa(Z + 7)

Gg operator E
i r_ i e Herm|te poi !

1 (\/N)r\ A 1 _ N2
CRR’A:\/NE(NA)!Z—g]dUB 2% Hen-— &(\/_o')

1 : Ay ( h;) (_h )
X dzp|“e " FRFk det | z' ) det m
\/ZRZR"/E[ s E . 1:[( +z +)

HH background

» Explicit result for KX N rectangular YT K

v - Af2
Crra=(=1) N T KD (N _ANAR)T T

5 T & A
(N=A) (K+A/]2-1)! (N-A/2)! N(_])%!(l g)‘ “Tv+g) ] N

y=K/N, 6=AJN

» Saddle point calculation w.r.t. o : Gg in general HH background looks like an
instanton in matrix models

Ciana ~ / doe %7 HeN_A(\/N o) exp [’\’ / dzdz po(z,z) log(z 4+ z + (f)]

» Challenge: to reproduce it in SUGRA from configuration LLM metric + D-brane

Pirsa: 25100142 Page 11/16



Explicit results for Heavy-Heavy-Heavy 1/2-BPS correlator

* General approach to HHH correlators of character operators through (1+1) fluid dy.na.mics

« Structure constant for 3 triangular Young tab. (similar to O(n=1) model on planar graphs)

. : _N N |
FEIEEE H dej e 2T AN@P ] (2 +2)°
' ji>k=1
» Exact saddle pomt solutlon in terms of an algebraic curve ]

S(f,w) = 2 = 3r(w)f —2s(w) =0

2 P 6
Cow cAWw calW
ORI ke ol il

dow? + daw?® + (161.'.,16 ;
; s(w) = g
(w2 —1)4 (w? — 1)4 density p(fﬂ)

eNtr (= to M2 4tz M3)

HHH correlator of 3 exponential operators O(M) =
(related to 2d gravity + 3-state Potts, c¢,,=4/5)

P RSy

it N tr [— PR A M;,\g]
(000) = /Hd.-u, e O(M;) O(Ms) O(Ms)
v =1

N / dX 6’7%“‘)(2 ( / dM eV tr[X M— =52 M2+t ‘”3])3
: : density 7(z(z)) = p(Vaz + ¢

*  Similar method of exact solution

Critical regime:  10g (00 0) ~ (tc — t)*1/5
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%- and 1/8-BPS coherent state operators

* 1/8-BPS coherent state operators are given by unitary integral

Op = /[ffg]”f(..w gl PG =193

- function of traces of “words” made of complex matrices {X;. Xo. X3} ={X,Y,Z}
and of traces of various products of diagonal parameter matrices P,

» Pair correlator is a (difficult!) unitary integral
(0pOp) = / dg] etlo'P 9P g e SU(N)

May be possible to relate it to bubbling geometry description for ¥4 and 1/8 BPS states

» 3-point correlator of one 74-BPS with two 2-BPS is protected.

For CS V4-BPS with two exponential 2-BPS it is a (difficult!) complex matrix integral:

) _ o L {’(Z) = .V4Z2 T 7 _ 52 _ =
(Oy Oy Op) = /dQNQZ otM=Z2Z+V(2)+V(2)+PZ+PZ] ) oty th ;_‘t_P 1 =
' P,P] =0 elliptic droplet in LLM (t-1)

* The following operator in B-deformed SYM is protected at least at one loop

Ntr(GTPGX+GT PG i
0y = [1G)syny N WEPEXHFCIRGD) - [py Pl =0,  g=¢'%
— lanar 4-loop D% is known
dilation operator D;‘Lhmp Oy =10 » ¢
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7-BPS CS correlator
as Eguchi-Kawai reduction of principal chiral model

« Two-point correlator of %,1/8-BPS coherent state operators coincides with partition function
of 2D, 3D principal chiral model (PCM) after quenched Eguchi-Kawai (EK) dim. reduction

uniform distribution

; 1 [ dPate(d,e0" ") of quenched momenta in a box
Z‘P(ﬁ.\[ et ['D-q]h‘!"(.\?\ e gy J ¢ rir|d,go” g | i . : 1 " > ]11
. () Pt = diag{p},...,plv}

l ‘([(_:'I') e (inf’r.ry(:i.i"—.r 0 < p-}’;’ < A

7 K -
I)n P* g|[P, f_ ‘/D k2 2 i
Zrea = /[dg] e 911Fu9 /[([J] exp (2)\ Z (" — )" |gn;l ) ‘

k=1 P

* Does it describe the PCM physics (asymptotic freedom, mass spectrum, -étc)?:‘ﬂll_eftwt“o chéck
+ PCM is integrable! Possibility to study ¥2-BPS via PCM (and vice versa)

* Reduced PCM is also integrable, at least classically

[P, 4] P=Pi+iP,

Currents: j = g¢'[P, g] i=g
)

Lax pair:  J(u) = m J(u p—

i[P, J(w)] —i[P, J(u)] — [J(w), J(w)] = O
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Quenched EK reduced PCM in external fields

« External fields are chemical potentials of conserved charges of SU(N) X SU(N) symmetry

iHt

g(z,t) — efltg(z, )it H = diag{H4, H>,...,Hy}

* In reduced version of PCM we take g — SU(NK) x SU(NK) and separate the Kx K
subspace of quenched momenta from N X N subspace of external fields:

—iPt—iPya ~t+iPix

glz) — e g € Fy

Py = diag{p),...,p%} ® Inxn F Ixxx ® diag{H,..., Hy}
P, = diag{pt s« 5 Prt ®Insn
1

« Perturbation theory for educed PCM action: g=¢"* =1+ iA - %/—F - éA3 kil QAA' .

1§ (L _ M 0) _ (0) Py Hy
=3, Z ~ g Z Z logl(py" — p")2 + (B — p{O)2 + (Ha — H,)?]
k=1 k,j=1a,b=1

N
Reproduces well known one-loop result: ; Z + Z (Ha — Hp)? log(Hq — Hp)?
— n b=1 (%_ 1)
« PCM is all-loops integrable for any H! E.g., for partlcular profile of fields  H.= hcos(- ) )
sin N
E 2 m_ _ 4rm
N_z 8_B Il(B)Kl(B) where Z = Bf\l(B), B = X
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Discussion and prospects

Structure constants of half-BPS of “huge” operators of N=4 SYM can be
efficiently computed through the dedicated matrix integrals (saddle point at
N=oo, integrable (1+1)D fluid dynamics, exact solutions...)

For particular huge operators (triangular, rectangular, trapezium Yts, cubic
exponential operators, etc) it is often solvable via algebraic curve methods.

Deformations of LLM geometry in the presence of a probe. Perfect match with
matrix models for small probes. Nice instanton-type formula for large probe —
giant graviton. For huge probes the geometry is not yet known.

Matrix models near criticalities and double scaling can give insight into highly
guantum regime of supergravity.

Generalization to %-BPS and 1/8-BPS operators? Some proposals exist for the
bubbling solutions. Geometry solution for 2D and 3D SU(e<) principal chiral
model?

Page 16/16



