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Abstract:

Important BPS quantities, including central charges, black hole entropy and

the on-shell action, can be computed for supersymmetric solutions of supergravity without ever solving the Einstein equations or
the Killing spinor equations. Instead one exploits the fact that the solutions have a Killing vector and a set of equivariantly
closed forms. This allows one to compute just by inputting some global data and utilising the Berligne-Verne-Atiyah-Bott

localisation theorem. We explain the formalism and illustrate with some examples focusing on computing the on-shell action for
D=4 and D=5 gauged supergravity theories.
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Equivariant Localization in
Supergravity

Jerome Gauntlett

k

with

Pietro Benetti-Genolini and James Sparks

Also with Alice Luscher, Jaeha Park and Yusheng Jiao
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Equivariant localization is a powerful method to compute
BPS observables in supergravity without solving the
supergravity equations of motion just using

|. Certain global data

2. Existence of the solution [Benetti-Genoloini PG Sparks] |

o

Several applications (so far):

L

*Susy AdSp x M solutions of D=10/11 SUGRA, dual to

d =D —1 SCFTs; compute central charge, A of some op’s.

* Susy black hole solutions in AdS ;compute Sz
New version of attractor mechanism

['SCFTS on M with deformations: compute [ = —log Z J
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Susy solutions of supergravity

* Equations of motion for bosonic fields

Einstein equations: R,, = ....

“Flux” equations of motion for matter fields (scalars, gauge,...)

*Supersymmetry « Killing spinors ¢

Vye+ (flux-T),e=0

L3

(lux-Te =0

Susy solutions have a Killing vector: & = €l'*ed,

In examples it is an R-symmetry: Lee = ige
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Results from 20+ years ago: “The G-structure programme”
[Gauntlett,Pakis 02] [Gauntlett,Martelli,Pakis,VValdram 02][Gauntlett, Gutowski,Hull,Pakis,Reall 02][...]

Consider all spinor bi-linear differential forms:

|
F(r) = HFM_”Mdm“l A...dxHr

\IJ(T) = EF(T)E where
¥y =ETL e

L3

The Killing spinor € defines a G-structure
< Algebraic and Differential relationson ¥, , \iJ(r)

< Equations of motion for susy solutions (may need gauge eom)

New Focus:
* Consider equivariant exterior derivative: dg¢ = d — i¢

Satisfies (d¢)* =

* Consider subset of bilinears ¥,y with LV =0
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* Construct polyforms ((I) =&y, + Py +... @0]
which are polynomials in the supergravity fields and spinor

bilinears W (,) = €l'(,)€ that are equivariantly closed:

[dg(b =0 J where [dg — g — ig} i.e. d®gyy,_o = 1¢Po, etc.

Remarkable facts:
* Typically several @ exist (why?!)

* Several physical quantities are given by f ® and hence can be
evaluated using localisation i.e. the BVAB fixed point theorem.
The topology and R-symmetry is enough information: don’t need

to solve SUGRA pdes

* Structure is partially off-shell - only need to impose a subset of
the equations of motion
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Berline-Vergne-Atiyah-Bott (BVAB) theorem

* Fixed points are where £ =0 onclosed My,

( de® =0 J on complement to fixed points & = d, ¥

(2m)"

f][cbgv% 3 iicl(L@-)]

1<i<n—1 °

e ¢1(L;) Chern class of normal line bundles
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Simple example: G2

ds® = df? + sin® 0d¢?

® = sinfdf A\ d¢ + cos b

de® =0
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Example |: D=4 Gauged Supergravity and on-shell action

e Consider a d=3 N=2 SCFT with an AdSs dual

* Put SCFT on Euclidean M with a curved metric and other
deformations in such a way that supersymmetry is preserved

(Z D

* Goal: compute ZSCFT(aM)

* SCFT side: use localisation of the path integral to compute the
partition function - could be multiple saddles.Take large N limit
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* Gravity side: construct susy solutions to Euclidean supergravity
associated with a smooth filling of OM with appropriate
boundary conditions

Could be multiple ways to do this:

o €9

* Compute the renormalised on-shell action / in gravity.
Carry out the precision holographic test:

I =—log Z°“**(0M)
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Minimal gauged supergravity in D=4
1
=~ / d4$\/_g[R+6—F2]+f [LGHY+£CT+£FCT]

M

Arises from a consistent truncation of e.g. D=11 SUGRA on SE;
- results valid for any d=3 SCFT with AdSy x SE7 dual

Killing Spinor eq:  (V,, — A4, + 37, + % ; vy Ty e =10

Bilinears: S =¢ P = évse & = —ieyHyse
Ui = 1€Y,0€

Equivariantly closed forms: de¢® =0

dF)=F_p

&) = (3voly + FA+F) +(U+SF —Px F) - SP
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Fixed points, £# =0, in D=4:  [Gibbons Hawking]

z»
-

-
* “Nuts” - isolated points o

*“Bolts” - topologically >, (or spindles)

* The spinor has fixed + chirality on the fixed point set
S = €e P = evyse §2cx82—P2k
th=0 & P=4S & s5e=e

* On-shell action

I:—L d4m\/79[R+6F2]+-/;)M

1
= ) =1 I
167rG/ FPJr/ag/
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(blebz
foe 2. (@

boltst

;ﬂ_/EiF:/Ei[:t;cl(L)}(lg)

L3

* Simple example - Euclidean AdS, ~ R?

Isometry SO(4,1) D SU(2), x SU(2)_

Pick R-symmetry vector U(1l)x C SU(2)+ & by = £bo

There is a single NUT at the origin = [ = e

2G4
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* N =2 D=4 gauged SUGRA coupled to n vector multiplets:
Metric: Guv
n+1 gauge fields: A!

n complex scalars: X7 (2%)
parametrize special Kahler manifold

Holomorphic prepotential F(X7)

FI gauge parameters (r

Euclidean theory:  x1 5 x{ [Freedman,Pufu 13]
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* Use BVAB to evaluate on-shell action

» Result:

T 1 2)? . : ;
I— GJ > rp i)+ Y (- oniFdel 2 iFd) [ i cl(m)]

nutsL bolts 4

L3

T (X

X! ;X7

I —
u, = =
= F ?
X,

ar L aF' = [ [£qa@] -9

27T 38

* Boundary terms again exactly cancel - this now also involves a
Legendre transform for the scalars!
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* Can also relate fixed point data to UV data:
use BVAB to integrate fluxes on non-compact R? that

intersect the boundary and end on fixed point

/ FI:/ AL = &t
R? SL

de(F!' + @) =0
S Al+ifol =ul
where © o determine real mass deformations of SCFT

Note: ¢! and A! can depend on which Sl butsum is
constant!
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* Consider STU model, dual to ABJM theory
3 vector multiplets, F = v X0X1X2X3

Recover known sugra results of:

* ABJMon §3 with mass deformations [Freedman, Pufu 13]

* AB[Mon S!' x X, (“black saddle” solutions) [Bobev, Charles, Min 20]

Can also consider

L3

* ABJM on a Seifert manifold: sugra solutions not known

But find exact agreement with SCFT for special cases [Toldo,Willet |

* Entropy of rotating black hole solutions  [Cabo-Bizet,CassaniMartelli, Murt
Plus general charges and spindle horizons [©2ssaniFapini 19]

* Also have a vast generalization: eg closed formulae for
arbitrary D=4 toric manifolds!

* Can generalise to arbitrary SUGRA model (other SCFTYS)
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Find that the on-shell action can be expressed given
the following dressed toric data:

I I
00,Ys 01,91

—

Vo Lo (%]

I Fluxes through the various S*

p

0, = x1  Signs that fix the chirality of spinor at the poles Za

—0q0a+1

T I T
Yys,y = Ag+mg
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Example 2: D=5 Generalisation
(Also see [Cassani,Ruiperez, Turetta 24][Colombo,Dimitrov,Martelli,Zaffaroni 25] )

We consider D=5 gauged supergravity coupled to n vector multiplets

1 - ]
k= —].Gﬂ'G /d‘t:c\/—g[R— gz-j@ab""@qéj -V - GIJFIFJ — éC]JKFI /\.FJr /\AK]
Everything is more subtle:

* On-shell action is not gauge invariant

* Holographic renormalisation not developed in general:

* Known in minimal gauged supergravity for computing
Casimir energy 9M = S' x M;

[Benetti-Genolini,Cassani,Martelli,Sparks |6]
* Otherwise use background subtraction

* Very few known solutions

* BUT we have D=5 equivariantly closed forms and can localize!
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Strategy:

* Consider D=5 solution with Susy Killing vector K™

and another Killing vector /™

* Dimensional reduction along ¢™ to D=4

Obtain a D=4 gauge supergravity with 1 4+ 1 vector
multiplets with

L Crin X! X' X%

6 XP

FlxT) =

D=5 susy KV reduces to D=4 susy KV ¢+

Now deploy D=4 localization results...
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D=5 on-shell action:

I:IM5 —I_I@Mg,

:IM4+M+/I“"5/ dAs =0

But A4 not gauge invariant

nor globally defined in general.
BVAB . 4 =

Irpu, ‘|'/I&M4/

Examples: for some choices of y we find that there is an exact

cancelation of ALL boundary terms but not for other choices
(why?!)
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Examplel: compute Casimir energy for d=4 SCFT on S! x §3
=,

get fixed point contributions only

{=0-+q0y get contributions from boundary too

Recover r'esult of [Benetti-Genolini,Cassani,Martelli,Sparks |6]

Example 2: on-shell action for D=5 susy rotating black holes

i OLDJ DK
0 =118, + n20,, I = 2 Cpyx 02020

L5 [

[Hosseini,Hristov,Zaffaroni 17] €1+ €9 — CI(I)g — +1
[Cassani,Papini 9]
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Final Comments

* New technique for computing BPS observables for susy solutions
in SUGRA - allows one to obtain results for solutions that will never
be constructed in closed form

* Very powerful for computing D=4 on-shell action - more to
understand for D=5

* Several other set-ups have been considered eg can compute

central charge for AdS5 x Mg solutions of D=11 SUGRA.
...but more cases to explore

* Why does it work?
* Can we go beyond the large N limit? Localize PI?

* Technique is predicated on solutions existing.
Can we find (and prove!) sufficient conditions for existence?
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Examplel: compute Casimir energy for d=4 SCFT on S! x §3
¥ =

get fixed point contributions only

{=0:+q0y get contributions from boundary too

Recover r'esult of [Benetti-Genolini,Cassani,Martelli,Sparks |6]

Example 2: on-shell action for D=5 susy rotating black holes

i L DI DX
0 =118, +n20,, I = 2 Cpyx 02020

€1€2

[Hosseini,Hristov,Zaffaroni 17] €1+ €9 — CI(I)g — +1
[Cassani,Papini 19]
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