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Motivation

* The gravitational path integral has proven to be a powerful tool to
analyze quantum gravity.

* Many applications involve Euclidean problem: Euclidean black holes,
Euclidean de-Sitter.

* This is an old subject, but the successes of replica wormholes and
other applications have prompted renewed efforts.
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The main example is the partition function for
Euclidean de-Sitter.

Euclidean de-Sitter = sphere

But we will also discuss other cases.
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The sphere partition function is

A
[SD] = e*oN Zone— loop — €4GN @D+2 (positive)
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Gibbons, Hawking Polchinski Anninos, Denef, Law, Sun

Our goal in this talk is to discuss the i°*2) factor
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Outline

* Review Polchinki’s computation.
* First we make two conceptually disconnected points:

* 1) Discuss a similar phase factor in a simpler problem and understand
how it should be viewed there.

* 2) Include the observer and argue that the phase factor (mostly)
disappears from the quantity we would more naturally interpret as a
count of states.

 We will also discuss the case of SP x S¢
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The sphere partition function is

A
[SD] = e*“N Zope— loop — 64GN ZD+2 (pOSitiV@)
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Gibbons, Hawking Polchinski Anninos, Denef, Law, Sun

Our goal in this talk is to discuss the i °*2) factor
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1
NS J——— R—32A oA = (D —1)(D -2 ras =1
Initial action: 1B /\/g( ) ; ( )( ) ds
Expand metric around the unit sphere: ds* dssphere T huudﬂf‘udﬁy
& 1 &
Consider the gauge fixing condition fV — Vu,hlf, = ivyh 5 h = hi (De Donder gauge)

Use the usual Fadeev-Popov procedure, and add a term f?2 in the action with a suitable coefficient.

I =— IGWGN/JR 2A) + af? + ghosts

|

In principle, this can have any value, but we choose a value that
simplifies the final action.
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For a general Einstein manifold, as opposed to the sphere we have a simple change:

4 =

1 i . i — 2 A )
64nCx / Vi {f‘*w(‘v? +2)9u = (4—}3)’*[42 —2(D = 1)]h +b,[-V2 - (D - 1)]&}
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647rG / va {(b‘“’ —V? +2)$ —

— _DIR[-V2 —2(D —1)]h+b,[-V? - (D — 1)]("“}

i
Positive operator,
No negative or zero modes
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\
Zero modes: isometries. Do not integrate and divide by
volume of SO(D+1), which is finite.

Negative modes = appear as positive contributions since we
should consider absolute value |det (—V? — (D —1)].

Polchinski checks this by changing the gauge to situations
where the number of negative modes changes.
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(1-3)

h[-V2 —2(D - 1)]h + b,[-V? — (D — 1)]0“}

1 i )
i 647G N / Ve {CPW(_VQ A _

I
v

Negative kinetic term.

A problem !

This is a problem that arises around any solution
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't is called the “conformal factor problem in
Euclidean gravity”.

More generally, the Euclidean gravity action is not
bounded below.

In fact, the action is negative for the sphere and
that is why we get a positive entropy!



6471’G

/\/_{%V (V2 1 Db —

il

o)

h[=V? = 2(D = 1)]h + by[-V? — (D - 1)]5"}
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+ [21-V2 -2 -l

4

Positive Negative
So the low lying spherical harmonics might be negative modes. There are two:
£ = 0 This is the constant mode, the overall size of the sphere.
and
£ =1 Thisis the model with angular momentum one. Degeneracy: D+1 .
These modes can be written as arising due to special conformal killing vectors.
They are zero modes of the Einstein part, but negative modes of the gauge fixing part. The fact that they

get a non-zero action is part of the gauge fixing procedure.

The rest are all positive (no zero modes).

Each of these modes givea +i — (4i)P*?
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Conclusion

A direct evaluation of the one loop partition function gives

Zone loop = (::?,)D 2 % (positive)

(We will later attempt to fix the + or — sign)

This is puzzling for two reasons:
1) We wanted to interpret this as a count of states.
2) It looks like the norm of the Hartle-Hawking state. <—— | will not say anything about this issue in this talk.

See Cotler and Jensen for a discussion

(Note that the sphere partition function of the norm computed at late times.
for any QFT is positive due to reflection positivity)
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Before we continue this discussion, we will
make a side comment about the A < 0 case
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After h - iy
— /’Y[_vz o 2(D - 1)]7 ForA > 0

= /’)/[—VZ—I—Q(D— )]~y For A< 0

Manifestly positive action after contour rotation
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But there can be negative modes from the traceless part for certain
solutions.

For example, for small Schwarzschild black holes in AdS. There is a
single negative mode. It is interpreted as an instability of the
thermal ensemble.
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Massive particle propagating on a sphere S°

Limit of a large mass, mR>>1, m>>1 (setting R=1).

We can use the semiclassical approximation.

Classical solutions = move along a great circle.

Small off
shell path

Classical solution
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Expanding around a classical solution
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Classical solution

ds? = cos? 8dr? + d#* + sin® dQ3,_,

Expand around this classical solution.
Expand around 8 = 0

f:2wm+% dr[(0.0)2 -+, f6<1

Negative sign.
~ D-1 negative modes (constant functions of 7 )

o
/
/
/
[

log Z D -+ (£i)P~Le™™ x (power of m) + - -
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Are these terms present in the actual answer?

(:l:i)D—le—Qﬂ'm

For D odd -> just a + or —sign, seems possible.

For D odd - some i = seems impossible since log Z is real due to reflection positivity!
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Massive particle propagating on a sphere S”

We can calculate the sum over path exactly using the techniques of quantum field
theory.

' COSh%
log Zﬁeld s /E ?mg cos vt , P= \/?71,2 — (D — 1)2/4 ~ T -

Most of the contribution (including the divergences) come from small paths.
Small off These are off shell paths. Not associated to a classical solution.

shell path
The contribution from the classical solutions are exponentially small corrections.

Classical solution
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For that purpose we will rewrite the exact
answer.

log Zfela =

v=1|v|(1—1ie)

C.F
(s
£1Y G
e C, ' C,
D odd - D even
(a) (b)
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D odd case (simpler)

© dt coshi
oEdm = / DN T v=ym?—(D-1/4~m

it

1 coshi
t (2sinh £)P N

/c+ dth(t) +/ dth(t) , with  A(t) =

dt coshi :
log Z = (simple) + il 2 vt t
. i /C, t (2sinh £)P J
/’/, 2
Includes e 6,

. | move
divergencies
‘r:-_{__r__,__,--f-""" Cvf
. pDP-1 L
log Z = (simple) + (:I:'i)Dlezm’m + -, D = odd : y -
! ") .
T D odd '
This is real for odd D (a)
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D even case

In this case the function has an infinite (asymptotic) series expansion in 1/m.

The exponential corrections are subject to the Stokes phenomenon and can have a discontinuous coefficient at large
|m| when we change the phase of m.

Real m is precisely at a Stokes line, where the coefficient change and switches sign, going from i?~1 — (—=i)P~1

We can see that the semiclassical approximation depends on the phase of m.

]
v=[vl(l-ie) v — |v|(1—ie) or m = |m|(1 — ie)
1 Z _ : Cn ND—1 —27mv VD_l
og ﬁeld—;F-F(—L) e (D——1)1+
\ C+
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fd@(imng? s /deeﬂml(l—if)ﬂg — —i /-d,}/e—ﬂ'lifnl*yg S

] /
vd
) | elml(l—i €)62
¢ Direction of maximal increase.
{ w’ Prescription: avoid it!
e \ e'2

Now we have a match between the expansion of the exact answer and the semiclassical answer.
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Conclusions

* The classical geodesics are giving small corrections.

* The leading order answer comes from the sum over small loops,
which do not correspond to classical solutions of the geodesic
equation.

* The precise phase can only be determined by an analytic continuation
of the phase of m.

* For real m, we can say that there is no exponential correction, or that
such a correction is not well defined.
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Lessons for gravity?

* Not clear.

* If the sphere is a small correction to something else, what is the
something else?
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We will now recycle the computation we did for a
massive particle on a sphere to make a second
point.
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In Lorenzian constructions of the Hilbert space of
de Sitter space it was necessary to include an

O bse rver wi t h dC | OC k Chandrasekaran, Longo, Penington, Witten 2206.10780

Then an operator algebra for observations by that
observer was discussed.

q

A type Il entropy was discussed. R .
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That notion of entropy had an undetermined
overall constant.

In the full theory, we expect that overall constant
should be given by the area.
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't would be nice to obtain that entropy from a
Euclidean gravity computation.

The advantage would be that one would be able
to determine the overall additive constant, which

might be instrumental in finding is precise
meaning at finite G .
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Observer + clock

As in CLPW, we will model the observer as a massive particle that carries
a clock degree of freedom.

We work in the regime 1/Gy>>m>> 1,

A rav
10 = ZED Zpartgcle chock
1 4 |

o

Zo bs — €XP

We need to
discuss it

The one loop gravity partition

_ _ ; The partition function of a
function which contains a phase.

semiclassical geodesic, which
also contains a phase.
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We first discuss the clock.

The conclusion will be that this part does not
contribute any factors of i :

O/ =EOO
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The clock partition function

By, = / DTDE exp (z / TE - / 5)

S
energy of clock

Time of clock

This partition function is infinite due to the zero mode of the clock time.

d&yd
Z o = f ;ﬂ_% exp (—5&) Looks like a standard phase space integral.

O/ BQO
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We regularize this infinity assuming that the clock
has a finite dimensional Hilbert space with some
total entropy.

oo

d&od Ty .
ZCIOCk = / gﬂ. - exXp (_850) = /(; dg()pclock(g()) exp (_680) s Pclock(gﬂ) = Gédc’d‘

k

Conclusion: There is no phase associated to the clock.

O/ =EOO
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A,

Z by = €Xp ( e

S

grav
) Z Z part*icle chock

S

No phase

P+ (-

=|m|(1—ie)
Observer + clock Y

D-1 factors of i could cancel between the de-Sitter
computation and the clock

O/ =BOO
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This implies that D-1 factors of +i cancel
between the observer and the gravity
computation.
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Is this reasonable?

Do they cancel or they add?
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As a simple check that they should cancel, consider the
dS; case. Instead of a light particle consider a heavy
particle = conical singularity.

We can adjust it so that the opening angle is %ﬂ . This is

a Zy quotient of the 3-sphere => projects out precisely
two of the negative modes, as expected for D=3.
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Conclusion up to now

Zohs = —1 X (positive) . with —i =14

3

We want to explain this last factor of i. It is dimension independent.

O/ =EOO
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We will argue that the Euclidean action contains
an integral over S that should be turned into f =
is to transform it into a constraint on the sum over
energies. Then dff = i ds in the measure.
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The CLPW discussion suggests that one has three Hilbert spaces and one imposes a constraint on the
Hamiltonian. (This is not exactly what they do, this is ill defined, what they do is well defined).

Lorentzian: Three Hilbert space + a constraint on their energies.
0 = Hgs + Heock + Hparticle = Has + Helock + v We can view this as the Hamiltonian
constraint the position of the observer
Euclidean: :
Zubs = / (J,BZPai.tC'll(/3)Z1)art.icle(48)Zciuck(ﬁ)
' 3E gy v
Wlth ZPii-iL‘ll(;':.g) == ] dEpPatch(E)ﬁi‘l s Zparticle(.fj) =g W (D — 1)[

1ELd T 0 :
ZLasue = [ : 2( 0 exp (—3&) = [ dEopeock(E0) exp (—BE0) +  palock(Eo) = e ock

27 JO
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Lorentzian: Three Hilbert spaces + a constraint on their energies.

0 = Hys + Helock + Hparti('le = Hgs + Helock + v wk

Euclidean:

Zobs = / dBZpatch(B)Z, particle (8)Zelock (5 )

Zobs = fdﬁeﬁg(EpatCh+EC|0Ck+u)pPatch(Epatch)pclock(Eclock)pparticle

We can think of this integral over § as the integral over the length of the circle along the observer trajectory.

It looks like it wants to impose the constraint **

But there is a slight difference. To impose the constraint we would like to set § = S, + i s and integrate over s.
This produces an extra i.

Pirsa: 25100128 Page 44/58



Getting the overall sign in front of the final answer
requires a more careful discussion.

The overall sign appears to be negative.
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Conclusion

 After including the observer, we got a real answer for the quantity
that is supposed to have a counting interpretation. ‘&

* But its overall sign appears to be negative. ‘&

6—271'1/1/1)—1

(D—1)!

Has particle and clock contributions.

_ Sdas ,Sclock
ZCount = _ev groene

Naive dS answer (without the phase),
but including the full one loop quantum corrections.
Anninos, Denef, Law, Sun
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One might be somewhat surprised by the way the
last i went away.

It is useful to remember a similar mechanism that
was present in some computations of JT nearly-
AdS, gravity.



- The JT partition function is positive.
- It is related to a particle in AdS, in an electric field.

- This last problem contains an i from Schwinger pair creation.
_ —Bm+1 [ A
ZSchWinger — E € & /
paths

Overall i . [ is integrated over as part of the sum over paths,
the length of the path.

p(Eyr = /dse_ﬂm(E)”fAejL’gm(E’)]5:50+is
f

Microcanonical JT partition function. Has no i.
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FAQ

* Q: What if we consider many particles rather than one?

* A: The present discussion applies to the center of mass degree of
freedom. The relative degrees of freedom are unstable and give rise
to i’s that should be present in the final answer since we are
computing the partition function of a systems that has some physical
instabilities. Namely the particles will want to move away from each
other. In other words, the extra i’s have a simple physical
interpretation.
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One can similarly consider the case SPxS4

https://arxiv.org/abs/2504.00920 by Ivo, JM, Z. Sun
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We will not discuss the details, but the factors
of i are:

Zgrav

_ ,,;p+2(_2-)f\f _ ,,;q+2(_i)N’ —1

’ Z grav | Fa N
/
/"/
Associated to physical instabilities or Associated to physical instabilities or
negative mass squared fields in dS, after the negative mass squared fields in dS, after the
KK reduction on S KK reduction on SP

Each negative mass squared field can give rise to several factors of —i
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Factors of i that appear in bubble nucleation
geometries

V. Ilvo

In this case there is an extra factor of —i
relative to the pure de-Sitter answer.

ZBubble . .
= —i(positive)
ZSphere
Bubble wall ]
Decay rate

irsa: 25100128 Page 52/58



Future

* We could replace the particle by a small near extremal charged black
hole.

* Now there is a smooth gravity solution after we take into account
backreaction.

* How many negative modes here. The present discussion suggests that
we should geta —i .

* |t would be nice to check this...

Pirsa: 25100128 Page 53/58



Think of the observer as a boundary

q

P

O/ =EOO
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