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Abstract:

Unimodular Henneaux-Teitelboim (HT) Gravity provides a fully diffeomorphism-invariant route to unimodular gravity by
promoting the cosmological constant to a conjugate variable with an associated “unimodular time”. | will present two
complementary applications. In 4D minisuperspace, starting from the connection representation, unimodular Hartle-Hawking
wave packets yield a unitary inner product and normalizable states whose peaks track classical FRW dynamics. This work
reframes “creation from nothing” as the emergence of a semiclassical Universe from interference of incident/reflected packets
near the bounce, without invoking Vilenkin’s contour. In parallel, | will introduce a 2D cousin obtained via a centrally extended
JT/KSY construction. In de Sitter quantum cosmology, superposing Lambda-eigenstates produces unitary evolution in unimodular
time, controlled interference near T=0, and sharply separated WKB branches at late times. The same mechanism naturally
accommodates transient quantum deformations of global dS and suggests a topology change interpretation in which
contracting/expanding branches play the role of Universe/anti-Universe pairs.
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Outline

@ Unimodular Gravity and Henneaux—Teitelboim (HT) Formulation

© Einstein—Cartan Formalism and Reduction to Minisuperspace

© Unimodular Hartle-Hawking Wave Packets

O 2D HT Unimodular

@ Graviweak Teaser
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Unimodular Gravity

@ Diffeomorphism invariance gets restricted to volume preserving
transformations: /—g = 1.

e It is equivalent to GR and it redifines the cosmological constant as
a constant of motion as A behaves like a Lagrange multiplier

5= [ ds(v=gR - 24(y=g - 1) (1)

2

e Equations of motion are those of the trace-free Einstein equations

L
Rﬂ'y — EQFWR ={

8,A =0

This did not bring any new insight on the cosmological constant
problem.
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HT Unimodular Gravity

Henneaux and Teitelboim (HT) constructed a fully diffeomorphism
invariant theory of unimodular gravity by introducing a vector density

TH:

8= /fwfx 2M+/fm¢ﬂi (4)

The EOMs are Einstein’s equations with a variable A, constant only
on-shell and the extra unimodular condition

1
R'u‘y - §gMVR =0
9A =0

8,T" = Vg
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HT Unimodular Gravity

Introduce the so-called unimodular time defined by

T — fg BT (8)

T behaves as a ”flux of time”, meaning we have a good observable to
define the flow of time.

On-shell it can be identified with the spacetime volume of the past of
>+ down to a conventional time-zero X

AT = T(Sy) - T(So) =
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HT Unimodular Gravity

This ”deconstantization” can be generalized to the other constants of
nature, defining a generalized set of parameters a and introducing the
corresponding densities 7', mimicking the HT prescription

S =80+ / d'ra - 8, TY (10)

Each o; has then an associated conjugate pair 77, a physical time
observable that gives a flow of time for the given parameter.
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Finstein-Cartan Formalism
Tetrad maps spacetime metric to a local Lorentz frame

a b
gw/ — epeunab

Metric
ds® = gudrtdz” = nabeaeb

Tetrad: e = eﬁdm“
Curvature 2—form:

1
% = ERadeac“ Adz"” = dw® + w®, A w

Spin connection 1—form: w%, = w,%dx*
Tetrad postulate for metric compatibility:

a a _b p _a __
ouey, +wupe, — I, €,=0

Riemann tensor: R%g,, = ege%Rabw
Torsion free condition:

T% =de®* + w% Ae® =0
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Einstein-Cartan in MSS

Read tetrad from metric:

e = Ndt, e'= %dr
e? = ardh, €3 = arsinfdo

Use torsion free condition to obtain w?,:

Tazde“-l—wab/\ebzo,

Curvature 2—form

Rab — dwab + wac /\ wcb.
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Einstein-Cartan in MSS

The action is then

3]
2] _ @ 4 o
SﬂGO/dt[ b— Na( k- +2d)|, (18)

b=a/N, wi,=2¢

1 " . |
= 93AL B9 — (NH + N°H, + N;G" 1
S IBWGO/dtdac[\saz (NH + N°H, + N;GY|,  (19)

where H, H, and G* are the Hamiltonian, diffeomorphism and Gauss
constraints.

Ashtekar connection: Af = w® — L¢t W’ &

Lapse function N is a Lagrange multiplier.

02
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Wheeler-deWitt Equation

Hamiltonian constraint:

K7 ,
H_S'JTGONa —(k+b%) +

A o] _ 3Ve
3(1. _87TGO

NaH =0

Upon quantization
2
ol
3Ve
o’ = —1H0p

b,a%] = ib

We start from the connection representation.
WdAW equation:

Hy=0 = —(b2+k)—z'bj;§b s =0 (23)
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Solutions

General solution is a plane wave in the ”linearized” variable X:

0s(0,9) = Nyexp | £6X 1) (24)
X=/(b2+k)db=£+kb (25)

3
¢ =3/A (26)

This is the Chern-Simons state in MSS.

Unimodular gravity introduces a physical time variable, a unitary inner
product and normalizable waves packets.

The natural variable to ”deconstantize” here is ¢.
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Wave Packets
Unimodular in MSS

Commutators:

Full wave function:

»(b,T)

A) - (29)

The peak follows the classical trajectory: X=T
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Inner Product and Probability

We define an inner product with two states 1; and 1) as

(aibs) = [ 0 A3 () Az($) = / XY, (b, T)  (30)

Guaranteed unitarity since it is defined in terms of time independent
variables.
And a probability density given by:

dxX

P(b) = I?P(b,T)\z% = (6, T)[*(b* + k)
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Unimodular Chern-Simons State
For a Gaussian amplitude the state is

e~ 5 ?0(X=T)

]

exp [—

"p(baT) =

(2mo2) i
The equations of motion are:

a’

$2
a

¢

T={T,H}=N
b={b,H} =N

With group velocity given by

_db b ¢
Al (35)
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Vilenkin vs Hartle-Hawking

Im(b)
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Unimodular Hartle Hawking Wave
Packets

[1] Bruno Alexandre and Joao Magueijo. “Unimodular Hartle-Hawking wave packets and their probability
interpretation”. In: Phys. Rev. D 107.6 (2023), p. 063501. doi: 10 . 1103 / PhysRevD.107.063501
Bruno Alexandre and Joao Magueijo — Imperial College London
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Fourier Transform

The CS state is the Fourier dual of the HH wave function when the
connection is real

Vs(a?,¢) = b g (36)

s (b, ) oy (37)
(38)

And for the full wavefunction:

(a®, T) 'r‘i (39)

%(6,7) e (40)
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Inner Product and Inversion Formula

The inner product and the inversion formula for amplitude in the
metric representation

Wil = [ da(kgia Tiala 1)

—00

520,29 (a®, T)D22(a?, T))

For an eigenstate of ¢ the amplitude can be written as

a2
A($) = / da® % g3, T)p(a®, T)
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Wave Reflection
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Wave Reflection
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Probability

P(a’) = kltp(a®, T)[* + §2|0p2(a®, T)|?
/da2 P(a?,T) =1
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Probability

— P(a*)(T = 100)
— PHT=0) ) ]
: ' [¢[*(T = 100)

[T = 0) "2
[&'|H(T = 100) ]

'
tH e bt At et TP,

20 40 60 80

2
a

o Interference between incident and reflected wave for |T'| < o
e Real wave function at T'= 0 (bounce) (standing wave)
e Nothing special about a? = 0

@ The gradient term dominates in the semiclassical limit
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Probability

— P(a))(T = 200) ] —— P(a’)(T = 400)
———e (T = 200) ] o3l [w2[*(T = 400)

- [W'|A(T = 200) 1 [&'|*(T = 400)

e Unimodular packets are propagating waves localized in a?

@ We do not need the Vielenkin contour to obtain these travelling
waves

o Packets get sharper as |T| increases
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Semiclassical limit
For a? >> a?:

¥(a®,T) = C(¢o, a) (¥4 (a*, T) + ¢_(a*, T))

: (XegFT)?
Tpi(a’gy T) = e_%(¢O¢P(a2’¢O))e_—4§.23ﬂ—

OP
Xeff = %Lﬁo

No interference at this regime and we have X g = £7T'.
Classical trajectory, i.e., Friedman eq.
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Nature of Nothing

@ There is nothing special about a = 0 in the theory we are
considering.

In the connection representation, the canonical pair is (b,a?) , so
both b and its conjugate a? range over R; accordingly, the dual a?
representation must include the Euclidean sector a? < 0.

Consequently, a = 0 is not a “no-boundary” point but the
interface between Lorentzian and Euclidean regions, undermining
creation-from-nothing and no-boundary proposals in this setting.

Our “Euclidean” means allowing a? < 0 (with real ¢, N) and
evaluating the exact evanescent wave—unlike HH, which
Euclideanizes 0 < a? < a2 via t = it for semiclassical tunneling.

Since the a? < 0 sector is evanescent and off-shell, no link to
classical Euclidean GR is expected; this is consistent with real b
and real T'.
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Unimodular Quantum Creation

e Adopt a Gaussian state with o(¢)/¢po < 1 (or any other sharp
function) and evaluate the probability for such “quantum
creation” directly in terms of the wave function and the associated
unitary probability, rather than propagators (which may hide
issues of normalizability and probability).

Equate “quantum creation” of the Universe with the process by
which a semi-classical state at a® > a, emerges from the full region
—00 < a? < a2, at time |T| ~ o7, which should then be seen as the
“initial state” of the Universe.

This small probability, associated with the evanescent wave inside
the full infinite wall, should be associated with the probability of
quantum creation of the semi-classical Universe.
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Creation out of the Wall

a? (o)

—0CO
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Creation out of the Wall

e This probability is a function of time = time exists even before
the creation of the semiclassical Universe in this scenario.

T is a purely quantum variable when |T| < o7, and can only be
identified with unimodular time (i.e. acquire its on-shell
expression) once the Universe enters its semi-classical regime, for
|T| > o

Hence o7 is the “time” it takes to create the Universe in this
scenario.

The contracting Universe can be seen as the time reversal (the
“anti-particle”) of the expanding semi-classical Universe. The pair
can be created without a supply of the energy because the whole
system has zero energy throughout.

A pair of time-reversed Universes is spat out of the wall by purely
quantum effects.
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Conclusions

= Achievements are of two types: origin and late-life of the Universe

@ We do not need the Vilenkin wave function to obtain a late-time
outgoing wave function (corresponding to a pure expanding
Universe) once an unimodular extension is implemented.

The unimodular Hartle-Hawking wave packets are complex and
already contain pure outgoing and a pure incoming well-localized
and non-interfering waves, with one suppressed and the other
dominating in their respective epochs defined by unimodular time
(T'>0o0r T <0).

e The two waves only mix around the bounce (|T'| < o), producing
a temporary standing wave. Obviously, setting o7 — oo (i.e. fully
fixing A) yields the standard result.
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Conclusions

e Starting from the connection variable led to a natural unitary
inner product in the metric representation which is not the naive
Born |1|?, and this is most relevant precisely in the semi-classical
regime.

Shed new light into the possibility that our Universe might have
been created as a quantum fluctuation out of nothing.

If we are going to accept quantum creation, the whole forbidden

region, including the Euclidean section (—oco < a? < 0), must be
involved for unitarity with respect to the inner product to be
preserved.

With exact solutions and an inner product in our armory we can
then evaluate the probability for a semi-classical Universe to be
created which can be seen as the creation of a pair of
Universe/anti-Universe, popping out of the full forbidden wall.
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Motivation

JT gravity has gotten a lot of interest in the past decade for three main
reasons:

@ Captures the low-energy behavior of strongly coupled fermionic
systems, such as SYK model, making it an essential tool for
studying quantum chaos and holography

When coupled with matter, provides a simplified model that helps

us analyze quantum effects that become large for higher-
dimensional charged black holes at low temperatures

JT gravity has provided crucial insights into the BH information
paradox, showing that spacetimes with non-trivial topologies (like
wormholes) are essential in resolving these puzzles.
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From KSY to HT5 Action

SKsy = /dZIL‘ \/_ ( - ) — ZA) (52)

The Lie algebra is 51(2, R) 22 s[(2,R) @ u(1), with
[Pa, Py) = —Xeapd + €apI, [P, J]| = —€P, (53)

We consider a BF' theory: the connection, corresponding curvature,
and B field are

A=e"P,+oJ+ Al (54)
F=dA+AANA=T°P,+(R-AE)J+ (F+X)I (55)
B = B*P, + BJ + BI (56)

with 3 = %eabea A el

ST, = / (B,F) = / BT, + $(R— ) —A(F+5)  (57)

SHT, = ;/dzx V—gp(R —2)) fd%c V—gA (8,4, — 1)
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Quantum cosmology in de Sitter KSY gravity
(A=1)

Sksy = / #(R—3%) — AT (58)

ds? = —N%dt* + a*d¥? = —dt* + cosh?(t)d6* (59)

Geometrically, this describes a universe that is contracting at early
times and expanding at later times, with a minimal length a(0) =1
reached at ¢t = 0. The dilaton field is

o(t) = ¢gsinh(t) — A (60)

KSY action in MSS

Sksy = —/dt (%a + Na(¢+A)) (61)

Conjugate momenta:
(62)
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TO - a(t)zTA,

Ty () = /2 dt a(t) = sinh(t), VteR.

> T

Figure: Schematic drawing for the on-ghell unitary time evolution of global de
Sitter geometry in unimodular time.
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Graviweak Theories

With Stephon Alexander (Brown University), Jodo Magueijo (Imperial
College London), and Max Pezzelle (Brown University)
e Formulate GR in a way that mimic the chiral structure of the
weak force = Complexify SO(1,3) and use Self-Dual (SD) and
Anti-Self-Dual (ASD) decomposition
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Graviweak Theories

e For some two-form X,p, it may be split into chiral parts:

1 i
x = - (Xab 4 Eeabcdxa’l)

where (—) is the right-handed part and (+) is the left-handed part.

@ The scalar potential is

@ Once ¢ acquires a nonzero vacuum expectation value, this
symmetry is spontaneously broken.
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The Graviweak-Higgs System

@ We now turn to our graviweak model with the Lagrangian

1

bed _ 4 =
‘—327rG e?%e, N ep A (e a"’bRgd) -+ ea‘j’R((:d))

>

Etotal -

Y

Einstein—Hilbert term

é [ R A R 4 =24 RG) A b))

-

Quadratic term

1
—Edgb A xd¢o — %ea“dea ANep N e: N ey

- 4

"

Scalar kinetic and potential terms

@ This Lagrangian is symmetric under the combined parity exchange
() — (F) and the sign flip ¢ - —¢
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After Symmetry Breaking

e After spontaneous symmetry breaking, the Lagrangian becomes

1
327G

1 -
— 5 *€a DDy

1

17 F; A xF*

Eﬁgtal = gobed eq N\ ep A Rgd_)

@ Reality conditions:

W) + W) =wl ), A= (A)*

a

@ The right-handed part of the spin connection concerns the
gravitational interaction

@ The left-handed part concerns the SU(2) gauge interaction
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Thank you!
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Einstein-Cartan in MSS

In MSS (homogeneous and isotropic space, FRW metric):

2

ds? = —N(t)%d#? + a(t)? [ ar

K0r)? + 72(df? + sin? 9d¢2)} , (13)

where K(r) =1 —kr?, k=0,—1,1 for a flat, closed or open universe
respectively, N(t) is the lapse function and a(t) is the scale factor.
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