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Phase Diagram of the Two-Flavor Schwinger Model at Zero
Temperature

Xinran Su

October 17, 2025

Ross, et al. "Phase diagram of the two-flavor Schwinger model at zero temperature.” Physical
review letters 132.3 (2024): 031603.
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Definition

The Lagrangian density is

1
L=—-——5F, — Y ¢ F,
4g2 H 41

where [) = v#(0, + iA,). There are N¢ fermion flavors with masses m,,, with oo =1, ..., N¢.
We take Ny = 2. The parameter € plays the same role as in the one-flavor Schwinger model:

it represents a background field. When N¢ = 1, the theory reduces to the massive Schwinger
model with a € term and coupling e = 1.
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Symmetry

0 i
E(SP’V w + (;1 wa (ID — ma) llim

When 6 = 0, 7, the model is invariant under the charge conjugation symmetry C
S TEs
A oAy, YV, — vV,

For any value of 6 and with m, = m for all o, the model is invariant under an SU(/Ny)
symmetry, under which the fermions transform in the fundamental representation. When
m = 0, the symmetry is enhanced to a chiral SU(N¢) x SU(N¢) symmetry.
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One very massive fermion

Now let us focus on the scenario where one of the fermions is very massive.
The phase diagram should be invariant under m; — mo. So we take my/g — oc.
Integrating out @, yields the effective Lagrangian

£t o [ Py AN (x - y) + O(AY), (1)

where 5" is the one-loop vacuum polarization. By calculation we find

1
Mo(x) =~ — 26(2)(x). So the effective Lagrangian becomes the one-flavor model with an

omms
effective gauge coupling:

(2)
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One-flavor model

Recall the one-flavor model at 6 = w. The bosonized Hamiltonian is given by

H. = %I’I2 + %(8@)2 + %gbz + C—TT cos(2y/m ¢).

\/_

When m is small, the potential has a single minimum at ¢ = 0. For large m, two degenerate
minima appear at ¢ = +¢g, where the charge conjugation symmetry is spontaneously broken.
Therefore, a phase transition occurs at a critical mass m... Numerical studies show that this
transition belongs to the Ising universality class, with m¢. ~ 0.33 g.
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One Very Massive Fermion

When my/g — o0, the two-flavor model effectively
reduces to a one-flavor model. Consequently, the
critical mass is given by

Mer = 0.33 8eff -

charge conjugation

This corresponds to the asymptotic behavior in the brlka

phase diagram.

Ising CFT
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m = 0 regime

When both m; and m» are very small, as in the one-flavor case, we can take the equivalent

description obtained through bosonization. The fermions are bosonized into two scalar fields
¢1 and ¢,, which can then be reparameterized as

br =272 (g4 g2+ 3r2), oo =273(p1 - a).
Restricted to m; = mo = m, the bosonized Lagrangian is

1 G 1 > 1 2
‘CbOS — _4g2 Fp,v o \/% & F,Lw 1 5(8#G5+) + E(aﬂgb—)

) o =
1 % my/fi fi— NH+COS(V AT = 5) N“—COS( 2m5—) ’

Xinran Su
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m = 0 regime

1

1
2 2 2
‘CbOS — _@pr ¢ 2(8#¢+) + 5(8M¢)—)

L 0
-+ % L V/TENTE thcos(\/%qﬁ — 5) NM_COS(\/%QL) :

For m = 0, after integrating out the gauge field, we can see that there are two parts:

Q@ ¢ has mass y = \/gg.

@ ¢_ is massless. By definition there is an identification ¢_ ~ ¢_ + v/27m. So this part is
the ¢ = 1 self-dual scalar CFT.
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Small mass regime

After integrating out the gauge field, we can integrate out ¢, order by order in m:

1
Lpos = 5 (aﬁﬂ)ﬁ )2

.927 2
—|— Imm [J,f

Ot = N, cos [\/ﬂgm - g} : O_- = N,_ cos [\/ﬂqb_} :

When 0 # m, (O4) = cosg gives the effective theory

Lpos = ;((‘Lqﬁ_)z + m\/ﬁu_e; cos gNﬂ— cos [\/ﬂqb_} + O(mz). (4)

This is the self-dual scalar CFT deformed by the operator cos(\/27r gbf) of dimension % which

triggers an RG flow to a gapped phase. The mass gap is of the order ~ ‘mcos(g) ‘2/3 gl/3.
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Small mass regime

When 6 = 7, we need to further evaluate O(mz) term. The Lagrangian is

e3Vl.m?
872 #2

1
£bos — E(aﬂﬂb_)z +

(2me 2 (0up—)*) + U2 N, _ cos(\/g qﬁ_) + 0(m*).

It is that of the sine-Gordon model, a two-dimensional boson with interaction term ~ cos(3¢)
with 3 > 0. By rescaling the boson to have canonical normalization, we have 32 < 8. For
m < g, 3% — 8m, and the scaling dimension of the cosine operator approaches 2.
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Small mass regime

Up to first order in the bare parameters a and § = ﬁ—z — 1, the sine-Gordon model is defined by

7(6,&(?5) /. COS V8T o). (5)
32

The one-loop beta functions for the running couplings & and ¢ are

da d(5 1 _,

Pa =M = as,  f5= M~ 322

where M is the RG scale. For our model,

¥ 2
o — 8e’lsm” _ _85.
dg?

yd@+80) oo 8(312 2)_01

One can check that

dM
which means the RG trajectory is SU(2) invariant.
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The B-function for the running mass parameter m can be inferred from (6) and (7):

dm eVl _

Thus the theory is asymptotically free, and has a mass gap

—_AE 2e 7
Egap ~ @ m2’ A —

~ 0.111.

S

where the interaction strength diverges.
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e3v . m?

1 2
£bOS - E(aﬂqb—) T 87T2u2

(2me 2 (0u0—-)?) + U2 N, _ cos(\/8_7r gzb_) + O(m*).

) 55 1 1
s el F,Lw + E(aﬂ¢+)2 + E(a,u‘;b—)z

1
Lhos = ——=F2, —
bos 4g2 157 \/%

i) 0
+ % my/ g fh— Nu+cos<\/27rq5+ = 5) NMCOS(V 27T¢’) ;

That charge conjugation symmetry is spontaneously broken for any m > 0. Indeed, in the
bosonized description at § = m, the charge conjugation symmetry C acts as

Ay — —Ay, Oy — —y, Qe = —.. @ (9)

This is clearly a symmetry of the Lagrangian and also of the effective Lagrangian. However,
over the range of one period ¢_ € [0,+/27], the potential ~ —cos(\/87r gb_) has two minima,

one at ¢ = 0 and one at ¢_ = /7/2. These minima are exchanged by the symmetry C.
Semi-classically, we thus have two vacua in which C is broken spontaneously.
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charge conjugation
broken

Ising CFT
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Numerical results
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