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Irreversibility of RG flow

Zamolodchikov (1986) proved that, in 2D QFT, there is a function
c(g') of the coupling g', decreases monotonically along RG flow:

dc(g)
og'

dc

dlnp = 7(g)

<0. (1)

This is c-theorem — RG flow is irreversible

c is defined by

¢ = 224(T(x)T(0), (T}) = —%R is the trace anomaly in 2D (2)

Is there a c-theorem in 4D7 Cardy's (1988) conjecture of a-theorem
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Proof of a-theorem

idea of this paper:

Conformal symmetry of a CFT is spontaneously broken by the trace
anomaly (T//) — there is a Goldstone boson: the dilaton 7.

The effective action of the dilaton encodes the anomaly difference
between the UV and IR:

S[7] = (auv — ar) /‘(4pt vertex of 7) 4 - -- (3)

J x

The positive definiteness of 2—2 dilaton scattering cross section gives
ayv — aRr > 0
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Trace anomaly of CFT

© Classically, a theory S[¢, g] with traceless energy-momentum tensor is
invariant under Weyl transformation g, — g],,,,e—%:

05 = / v—8& Tu.ogh" ~ / (g TII:U =0 (4)

@ However, the corresponding effective action W(g| = —iln Z may
obtain a nonzero (T}//). This is the trace anomaly as a quantum
effect.

© In 4D curved space,
(THY ~ (cWapeg WP — aE4 + bOR)
/

© SSB of conformal symmetry
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SSB and Goldstone bosons: Mexican hat

with the potential

Spontaneous Symmetry Breaking V(X) _ )\(|¢‘2 o v2/2)2. (7)

The full theory is invariant under
Global U(1), but the vacuum

(®) = v /2 chooses a specific phase
when v # 0.

So the symmetry is spontaneously
broken: the Lagrangian is invariant,
but the vacuum isn't.

Under global U(1), ® — e'®®,

T — T+ «/v to compensate for the
broken U(1).

V(9) =~ + Ag*

Mexican hat potential
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Wess-Zumino's trick in a-theorem

© |If we start from an original CFT that is invariant under Weyl
transform, but its trace anomaly in the VEV (T//) breaks the
conformal symmetry spontaneously

@ There is a Goldstone boson of this SSB, namely the dilaton 7, whose

variation of effective action under g, — g;u,e_z" reproduces the
variation of action due to trace anomaly

5nrsanomaly = / d4x\/ *gU(CWabcd Wade — ak4 + b,DR) = QS [T]
(8)

© Along the RG flow: CFTyy — CFT g + dilatons
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Theory of dilatons

20

Under Weyl transformation: g, — gue <7, 7 — 7+ 0, so that

Euy = 6_27’&_;.1, is Weyl invariant. The kinetic term of dilaton is obtained
by constructing a Weyl invariant theory using g, up to two derivatives:
/

T / d*x\/—gR ®"="" f2 / e (0r)°. (9)

There are also conformal invariant interaction terms constructed from

K2 EA4. Wabcd Wabed Byt none of them contributes to the leading order 2
to 2 dilaton scattering.

The anomaly term of 7, by using Eq. (8), is

Sanoma/y — —a / V —g(TE4 o 4G'[”}0;,T0,,7' = 4(07’)2D7’ -+ 2(0T)4)

‘B C/ \/—gTWabchade (10)
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Matching anomaly

The anomaly is constructed by a local functional of curvature invariants.
— total anomaly is determined only by UV physics and does not change
from UV to IR. (t'Hooft, 1980).

This does not mean the coefficients a, ¢ in the trace anomaly do not
change from UV to IR. It means that their changes must be compensated
for by the dilaton:

1, [ —a
Sirlg] :CFTIR[g]+_6'f2/ v —&R

~ (2w = 2ig) / —g(TEy + 4G 0,70, — 4(07)°Or + 2(07)*)

+ (Other interaction terms), (11)

a)p = IR + ascalar, Where agcyj5r is the anomaly contributed by the dilaton.
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2 — 2 dilaton scattering

In flat space, the IR action becomes

Sir =CFTr + / (F2e™27(97)* + (auv — ajR)(4(97)°Or — 2(a7)*))

J X

+ (other terms), (12)

so the leading order of 2 — 2 dilaton scattering only depends on the
ayv — a}R term:

on shell 2(auv — ajg)

d
A(s.t) = =~ =

s+ O(s%),
(13)

/
— d
= R(s®+t2+u?)+-

/ f4 . / ImA optical theorem\
ayvy —agr = — ds 3 >
T Js'>0 S
f4 v (J’(S’)
/ g C
a(p)=ayy — — ds'—= < ayv
T Js'>pu S
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Deformed CFT

If the CFTyy breaks conformal symmetry explicitly by adding relevant
operators \;O; to the UV CFT, where [O;] = A; < 4. (Operatorial

anomaly)

Smatter —= Smatter[cbi- M:] (15)

Prescription: Remove operatorial anomaly by coupling dilatons to the
matter field: Q; = e™ 7, M; — M,Q2;, and add a dilaton kinetic term, so
that the theory becomes Weyl invariant

0

S' = Spatter[Pi, M) + F2 / (09Q)2. (16)

X

Now S’ is free of operatorial anomaly and has T}/ = 0.
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Matching anomaly in deformed CFT

Set M; << f, so that the coupling of dilatons to the matter field is
arbitrarily weak.

— Thus, we recover the original theory that is only perturbed by an
infinitesimal coupling to the dilaton field. (M;/f — 0)

Then everything becomes the same. We obtain the same S;r[g] as before.
Note that

@ a); is replaced by ajr, because now we also have dilatons in UV theory

@ (ayv — ajr) is the coefficient after integrating out the matter field:
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