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Abstract:

Putting continuum QFT (not just TQFT) onto the lattice is important for both fundam
practices. The traditional way to do so, based on simple intuitions, however, does no
topological configurations of continuous-valued fields---the most prominent example b
Yang-Mills instanton in the practice of lattice QCD.

In this talk, I will develop a more systematic way to relate continuum QFT and lattice QF
anafunctors, so that the topological operators in the continuum can be naturally defi
formulated formally, is physically very intuitive---we want to effectively capture the dif
may interpolate into the continuum. Therefore, the higher categorical concepts devel
naturally involved. Via this formalism, we solve the long-standing problem of defining in
Yang-Mills theory using (a variant of) multiplicative bundle gerbe.

Notably, when the continuous-valued fields in our formalism become discrete-valued
Dijkgraaf-Witten and Turaev-Viro theory, so we hope this formalism to be a good starting
more comprehensive categorical understanding of QFT that can encompass both continu
applicable both to IR and to UV.
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Category theory in physics, but want:

from IR TQFT/CFT to generic QFT at generic scale
from symmetry/kinematics to dynamics
from discrete d.o.f. to continuous d.o.f.

Numerical simulation
of Yang-Mills instanton

Relation between lattice QFT and continuum QFT
~ route to make sense of continuum QFT(?)

motivation, principles & math: JYChen [2406.06673]
more explicit model: with Peng Zhang [2411.07195]
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Category theory in physics, but mindset shift

NOT to explore what all the interesting possibilities are out there in the IR
through rigorous mathematical consistency.

Our mindset is more of a “traditional” one: Given a model that is known to
describe physical reality (QCD), how may we better extract its non-trivial
physical implications?
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topological operators spoiled
when putting continuous-valued d.o.f. on lattice in traditional way

S' nlsm (XY) S d.o.f. on each vertex

e —
| -

x -,

.\./ .—-b.—’

we feel windings w=I w=0

But configs continuously deformable to each other!

(§1)# vertices _y 7 discontinuity

config space top classes
connected discrete
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topological operators spoiled
when putting continuous-valued d.o.f. on lattice in traditional way

SUN) YM g1 € SU(N) d.o.f. on each link
Dg,, holonomy around plaquette

g14y A

g2

2 2r 2w

) . 1 F F
continuum instanton 7 := -tr [— A —] , I:= / I eZ
M

and we feel F ~1nDg,

But configs continuously deformable to each other!

SU(N)#lnks _, 7 discontinuity (all current approaches)

config space top classes
connected discrete

similarly in group cohomology
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topological operators spoiled
when putting continuous-valued d.o.f. on lattice in traditional way

Very general problem:

H X — topological number

local

connected discrete

discontinuity
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topological operators spoiled

when putting continuous-valued d.o.f. on lattice in traditional way

S’ nlsm (XY): winding, vortex
[N

U(1) gauge: Dirac quantization, monopole,
abelian CS, abelian instanton

S?% nlsm: Berry phase, skyrmion, hedgehog
53 nlsm: WZW, skyrmion, hedgehog
SU(N) gauge: CS, instanton, Yang monopole

... Whatever ...

71 physics
solved by Villainization

72 physics
solved by
spinon-decomposition

7T3 (or higher) physics
need systematic picture
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Idea Rooted in Villain Model

Mathematically Natural Practically Useful
Cat Theory Necessary Physically Intuitive
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S nlsm (XY): Villainization

we feel:

Continuous deformable to each other
(only on lattice, not in continuum)
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S' nlsm (XY): Villainization

® — —

If link embedded in continuum,
how does 4 interpolate?
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S nlsm (XY): Villainization
.

If link embedded in continuum, ) highest weight y
how does 6 interpolate?

,Yl E R ei’n - ei(()v;—f?v)

277 part unfixed V1 = Ov — 0, + 27y
sum over all possibilities with suitable weights
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S nlsm (XY): Villainization
.

If link embedded in continuum, ) highest weight y
how does 6 interpolate?

,Yl E R ei’n - ei(Gv;—Gv)

277 part unfixed V1 = Ov — 0, + 27y
sum over all possibilities with suitable weights

Z 'Yl/ 2 = Z m;  winding well-defined

[l onloop l

Pirsa: 25090046 Page 13/50



S' nlsm (XY): Villainization

" dfy id0
- H/— QWIHWXY(e e \/W\

do

Villain Z= H /_ ‘;i] [H Z] ]:[Wl(%) jﬂ H\K

' mpyek

i

after summing out m in V1 = O — 0, + 2my \ /N /\ / \ J
' ~db,
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S nlsm (XY): Villainization

. refines

Villlain 1‘[ / ] L MJ S TTwew J/\K

l

i

/\ A
[ |
after summing out m in V1 = O — 0, + 2mmy \ / /\ / \/ \ /

~dp,

before summing out m w := Z /27 = Z my

l on loop
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S' nlsm (XY): Villainization

and we can do more in 2d and above:

dp
2

winding around a plaquette — vortex

Upi— =dm, € Z

2= [/ %] LS T s

U my€eL

can introduce a generic vortex fugacity

2m
which manifests dual (d-2)-form U(1)
and mixed anomaly with 0-form U(1)

forbid T d¢'p iPpv
or forbid vortex by W = —= e'¥r¥r
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S' nlsm (XY): Villainization

Berezinsky invented Villain model to discover BKT

Villain invented it for numerics

Including vortex fugacity facilitates renormalization:
will flow in coarse-graining; effectively Symanzik improvement.

Also allows explicit derivation of boson-vortex duality

Jose, Kadanoff, Kirkpatrick, Nelson 1977

Forbid vortex — 2d boson-vortex duality becomes T-duality
Gross, Klebanov 1990
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U(1) lattice gauge theory: Villainization

S! field on vertex — now U(1) gauge field ** on link
R interpolation on link — now R gauge flux F on plaquette

\ highest weight F

Wilson loops of
increasing sizes
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U(1) lattice gauge theory: Villainization

S! field on vertex — now U(1) gauge field ** on link
R interpolation on link — now R gauge flux F on plaquette

winding in 1d — now Dirac quantized flux in 2d

vortex in 2d+ — now monopole in 3d+

.y

“delooping of cat”

Einhorn, Savit 1978 and others
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U(1) Villain gauge theory revival in recent years
in purview of symmetries and anomalies

lattice abelian instanton, dualities  Sulejmanpasic, Gattringer [1901.02637]

lattice FQH in doubled U(1) CS JYChen [1902.06756]
JYChen, ZY Han [2107.02817] [2208.13785]

lattice chiral U(l) CS-Maxwell ZA Xu, JYChen [2410.11034], another to appear soon

Related to:

Peng et al [2407.20225]

Jacobson, Sulejmanpasic [2303.06160]
DeMarco, Wen [1906.08270]

gnddeg:  Zps = |k VR eV with R-torsion=1

: 27 sgn(k)ox
grav/framing anom: A= 24g1(;)

fracton models  Gorantla, Lam, Seiberg, Shao [2103.01257]
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what we will do will be conceptually the same
— retrieving the interpolation info

primarily, naturally captures topology

but also, improves renormalization
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Mathematically Natural

Cat Theory Necessary
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topological numbers

"traditional" fields
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recovering the desired
homotopy information
in the continuum

"new" fields,

some discrete
° deterministically

i coupling,

! i.c. joint weight - tOpOlOglC&l numbers

-
-
' -

[ -
[ ]

"traditional" fields

e /probabilistically
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"new" fields,

some discrete
° deterministically

recovering the desired + coupling,

: . WG T topological numbers
homotopy information i 1. joint weight e

in the continuum : - :
- _ -~ probabilistically
"traditional" fields

-

in known examples, the d.o.f. form principal bundles
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S' nlsm (XY): Villainization S? nlsm: spinon-decomposition

Berry curvature

Berry connection
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seems for S° (pion) nlsm / SU(N) YM, we want

baryon / instanton

/ /WZW curvature / instanton density

Qﬂ-Z — R WZW connection / CS

m™ L
NS U)o
1 ¢
=Y
9 \L

'\g SU(N)

T3
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