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Abstract:

We discuss NSphere, a new numerical algorithm for evolving spherically symmetric sel
six-dimensional phase space to three, providing orders-of-magnitude efficiency gains
enables rapid exploration of halo evolution both in the collisionless case and when ne\
matter (SIDM), is included. | will describe the method, its recent extension to SIDM, al
velocity distributions. These results show that anisotropy can alter gravothermal collap

two, underscoring the importance of velocity structure. For isotropic velocity distribu
existing work
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Collaborators & Publications

* Gravity & Method: arXiv:2504.13996

‘Evolution of self-gravitating spherical dark-matter halos
with and without new physics’ KS & Marc Kamionkowski.

Code: “https://github.com/kris-sigurdson/NSphere’

* SIDM Case: arXiv:2506.04334

‘Numerical evolution of self-gravitating halos of self-
interacting dark matter’ KS, Marc Kamionkowski & Oren Slone.

Code: “https://github.com/NSphere-SIDM/NSphere-SIDM®

* Anisotropy with SIDM: arXiv:2509.vwxyz

‘Gravothermal collapse of self-interacting dark-matter halos with anisotropic
velocity distributions® KS & Marc Kamionkowski.

Code: “https://github.com/NSphere-SIDM/NSphere-SIDM" (new version)
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Supersymmetry

Theories of
Dark Matter o\

Thanks to Tim Tait
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Gravity via The Boltzmann Equation

* Dynamics of a collisionless self-gravitating
systems are governed by the Collisionless
Boltzmann Equation (CBE).

 The CBE describes the evolution of the phase-
space density function, f(x,v,t)

0
a—{+vaf_vX®va:O

* Expresses the conservation of phase-space
density along particle trajectories.
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N-Body Challenges

* Initial conditions or new physics breaking static
equilibrium require dynamic simulations.

e Standard method is a direct full N-body simulation.

— Iy
By = Gm;m ' :
Z i ‘I‘ — I'3|3
JF
 Computationally intensive and can involve significant

numerical challenges, especially with SIDM physics
[e.g., Palubski et al. (2023); Mace et al. (2024)]
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Our Approach: Spherical Symmetry

e Under spherical symmetry the phase-space
distribution function (DF) reduces in dimensionality
from 6 to 3 dimensions:

f(x,v) = f(r,vr,{)

* The gravitational potential is purely radial. Force
determined by Newton's Shell Theorem (1687).

* A simulation tracks orbits of particles on N spherical
shells representative of the spherical initial
conditions to samples the DF evolution.

* Described for instance in Hénon (1964) for stars.
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Equilibrium Initial Conditions

e Beautiful stable equilibrium solution to the CBE can be
found for a static spherical system.

* Eddington's formula (1916) determines the required

distribution function, f(E) , for a given density
profile, p(r) and isotropic velocity distributions.

1 d dd  dp
f(E)_\/éWQdE/\/mdcp

* This gives a self-consistent self-gravitating halo model
to use as the simulation's initial conditions.

[e.g., Binney & Tremaine (1987)]
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Spherical Jeans Equation

d(p(v;)) 28, 9\ _ a
o T TP(’Ur) =P

« 2" moment of CBE. Relates density, velocity dispersion, and
gravitational potential

* Anisotropy term: (2B/r) modifies radial force balance
* Three-dimensional dispersion: (v?) = (v .2)(r)[1 + 2B(r)]

* Observational tool: Infer (v?) B from phase space data of
stars and solve for ®@. (Draco, Sculptor, Saggitarius w/Gaia)

[Reference: Binney & Tremaine, stellar dynamics foundation]
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Dark Matter: Self-Consistent Halos

1 4 [f d¥ dp
m,V8n2 d€ Jo E— T d¥

¢ Constructs phase-space density f(€) from density
profile p(r)

F(€)

* Self-consistency: Same p(r) in static equilibrium
2

* Energy £ = ¥(r) — % (relative energy)

* Integration over potential ¥ from 0to £

* No angular momentum dependence means isotropic
velocity distributions ( = 0).
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Rosetta orbits
(constant E and L)

Self-gravitating static
distribution function
and potential implies
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NSphere Algorithm

The NSphere algorithm implements this approach numerically in a
fast iterative loop.

Initialize: N particles of increasing radius in a stable density-DF pair
via Eddington's formula or otherwise with chosen initial conditions.

Step 1: Advance each particle using its 1D radial equation of
motion:

GM_(r;) 2
T s

Step 2: Sort all particles by radius. Mass enclosed is proportional
to the rank of each particle in the ordering.

Repeat!
Quasi-independent evolution with N logN computational

complexity. Always nearly sorted which improves efficiency.
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NSphere Timestepping

* 8 Integration Routines implemented; Almost always use
Adaptive Refinement Leapfrog.

* Quasi-independent: only apply adaptive timesteps to particles
that require it.

* Use a Levi-Civita transformation is used (dynamically) when
low angular momentum partlcles undergo close encounters
at local pericentre.
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NSphere Levi-Civita Coordinates

al? dt 0

Tcrit = GM(’I")’ Q—\/Fa %_T_Q
do 1 dv GM(o) /2
— = =P, = = — + —
dr 2 dr 0? o*

e Adapted from Celestial Mechanics

* Removes stiffness at pericenter for eccentric orbits in Kepler Problem
* Each particle evolves as Kepler independly after sorting

 Critical radius: r_; = a%GM,,, with a = 1/20; r < r;,
* Sundman time reparameterization: dt/dt = r = p?; Like "conformal time".
e Source: NSphere Appendix C
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NSphere Disadvantages

* |t'sonly 3D instead of 6D!
 Can't track anisotropic instabilities.

* Modeling Merging/Tidal Stripping is difficult. Maybe post
event?

A tool not a replacement for N-body codes!
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NSphere Advantages

It's only 3D instead of 6D!

Performance: e.g., 100000 particles in ~5-10 minutes (8 core M4)
1000000 particles in ~60-100 minutes
Further optimizations forthcoming.

SIDM Overhead: 'Only tens of percent' slower than collisionless

Scaling: O(N log N) per timestep vs O(N2) naive N-body

Memory: 3D phase space vs 6D - factor ~N? reduction

Higher Effective Phase Space Density

Challenges Avoided: Force softening, energy conservation simpler

Convergence: Stable results with modest particle numbers
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NSphere Particle Trajectories

= \

250

50 1

(0] 2000 4000 6000 8000 10000
Time

» Particle trajectories in NSphere simulation
» Radial oscillations in spherical potential
» Demonstrates 3D phase-space evolution
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NSphere Particle Energies

Energy vs. Time (Random Sample)
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NSphere Particle Energies
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NSphere Total Energies
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Total System Energy Diagnostics

System Energy Evolution
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Example: Stable Evolution

Phase Space Distribution Evolution
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=439,
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Example: Outer "Tidal" Stripping

Phase Space Distribution Evolution
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NSphere with New Physics

* The framework is easily augmented to include
new particle physics or astrophysics.

* For Example:

o Decaying Dark Matter: A velocity kick.

o Growing Supermassive Black Hole: A central mass grows,
causing the halo to contract adiabatically and form a dense
'spike' (Gondolo & Silk 1999).

o Disappearing Dark Matter: uniform decays to hidden radiation.
(Degenerate with decreasing Gravitational Coupling)

* Many other possibilities!
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Number of Particles

Pirsa: 25090042

Decaying Dark Matter

Evolution of mass distribution with decaying dark matter

40000 im B
t = 4000
35000 1 —— t= 8000
— t=12000
. —— t=16000
— t=19900
25000 1
20000 |
15000
10000 1
5000 1/
0 : ; . — - |
0 100 200 300 400 500

Radius

« Halo expansion due to particle velocity kicks
e NSphere capability: non-equilibrium evolution
e Example of 'new physics' implementation
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Supermassive Black Hole Growth

Evolution of NFW-like mass distribution with SMBH growth

— t=0

L = 4000
t = 8000
L= 12000
£t = 16000
L= 19900

102 4

107 5

109 4

Number of Particles

10! 102
Radius

« Density cusp formation around growing central SMBH
e Expected r~# spike development, work in progress.
e Galactic center physics application
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Outer 'Tidal' Stripping Evolution

Evolution of mass distributions after tidal stripping

50000 1 i
t = 1600
—— = 3200
—— t=6400
40000 - =
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30000 -

20000

Number of Particles

10000 A
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e Response to sudden removal of outer 40% mass
* Relaxation to p(r) o (r* + b*) ° profile in outer regions
e Non-equilibrium dynamics demonstration
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Focus: Self-Interacting Dark Matter
* Anisotropy with SIDM: arXiv:2509.vwxyz

‘Gravothermal collapse of self-interacting dark-matter halos with
anisotropic velocity distributions™ KS & Marc Kamionkowski.

e A key application is modeling Self-Interacting Dark
Matter (SIDM) [Spergel & Steinhardt (2000)] .

 SIDM is a leading candidate to resolve small-scale
structure puzzles.

* In SIDM, particle scattering transfers kinetic energy
(heat) from the halo outskirts to the core. This heat
flow drives a long-term evolution, culminating in
gravothermal core-collapse.
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Modeling Self-Interactions

* We add a stochastic scattering step to the NSphere algorithm.

* The probability P for a particle to scatter is calculated at each

timestep.

At m
Pl (7“1? vy, 691) — ? / dSU’é f(Tz'a Uy, CQ@)Utot (Urel,z') ﬁvrel,?}

* Microscopic Phase Space Density

Fr,0,60,8) = 5= 3 5007 = r)3n(w — v)dn(co — ¢0)60(p — 49
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Modeling Self-Interactions

* This integral is efficiently approximated by coarse graining and
integrating (summing) over nearby particles in a radial shell.

r+Ar
(Ar)~! / d f(r, v, co, )

r1+Ar
P(T W ) At( my ) O-tot(vrel,i)v
1\"1, V1,60, ) — —5~ 2 E rel,
2 \4rriAr m

T:=T1

* A scattering partner is chosen randomly from the shell and,
using rejection sampling, collision kinematics are applied.
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SIDM Scattering Kinematics

Vi + Vo
Vem = 12 , Vi = v = [vi— vy

Center-of-mass velocity for identical particles

Relative velocity magnitude conserved in elastic scattering

Outgoing directions from angular distribution do/da; a is
Polar Angle (0, on last slide)

Isotropic case: cos a uniform [-1,1], ¢ uniform [0,2rt]; Modify
here for more general angular dependence.

Frame transformations: COM - lab - spherical coordinates
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NSphere-SIDM Total Energies

Total System Energy Diagnostics

System Energy Evolution
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SIDM Density Snapshots
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SIDM Density Evolution

35001 —— with r<0.02 kpc (x15)
—— with r<0.2 kpc
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Core Collapse

t=7.06 [Gyr]

r 30

r25

r20

-
(%]

vr [kmy/s]

Counts per bin

=
o

/A0

Pirsa: 25090042 Page 34/46



Pirsa:

25090042

/A9 O

v, [km/s]

Core Collapse: Zoom

Core Region: t=13.9 [Gyr]
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Beyond Constant Cross Sections

* Benchmark Model:
Isotropic, velocity-independent, o/m = 50 cm? g™’

* Velocity Dependence: o(v) « v™" (light mediator models)
* Full Angular Dependence: e.g., Forward vs backward scattering

* Implementation:
"Single line of code" change in NSphere-SIDM; TBD

* Recent Work: Yang et al. (2023), Gad-Nasr et al. (2023)

* Phenomenology: Different velocity scaling = different collapse

/A9 0
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Focus: Anisotropic SIDM

SIDM Case: arXiv:2504.13996
‘Numerical evolution of self-gravitating halos of self-interacting dark
matter’ with Marc Kamionkowski & Oren Slone.

Cosmological Simulations: B ~ 0.3 atr = 0.2 rs (e.g., Lemze et al. 2012)**
Galaxy Clusters: B ~ 0.4 at all radii (e.g., Wojtak et al. 2013)**
Spherical Infall Expectation: Radial preference at large radii

SIDM Constraints: Must account for realistic B(r) profiles in gravothermal
core-collapse.

**(with CDM)
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Anisotropic Distribution Functions: Constant Beta

f(E,L) = L~*Pf1(€)

* Generalization from f(&) to f(&,L)
 L?Pangular momentum weighting
* B >0:Suppresses high-L orbits

e B =0:L°=1isotropic recovery
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Initial Phase-Space for Different B Values

Initial Phase-Space Density for Different B Values

B=-1R2 g=0
20
200 200 200
a4
£
ik
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o i i o
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s ¢ 2 2
ol o] vl 0
> 100 100 100
[
B -10
o
50 50 50
-20
0 0 ‘ 0
0 2 4 § 8 0 2 4 6 8 0 2 4 6 8
Radius Radius Radius

» |nitial particle distributions for B =-1/2, 0, +1/2
* Anisotropy effects on velocity structure
* Henquist case shown
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Anisotropic Collapse Evolution

5004

3¢ w B
o (=] [=]
o (=] (=)

Number of particles with r<0.02 kpc
=
o

Time (Gyr)

» Central particle evolution for different constant p models from tangential to radial dominated

» Factor ~2.5x variation in collapse times
» Source: Anisotropic SIDM paper, Figure 2
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Anisotropic Distribution Functions: OM Models

1 P2 r?
Q=% 30 1+ 51-12), Br) -

2 2
2 a als o ]

1 d [ dv d =
K (@‘\ﬁswzmpd@fo N [”E}p

e New conserved quantity Q replacing £

e Variable anisotropy: B(r) = r¥(r* + ra?)

e Center(r=>0):B>0-> Largeradii:p—> 1

e Inversion/Sampling Similar to Isotropic Case
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Anisotropy Collapse Time Comparison

12
2 ) Mean: 9.45 Gyr
114
. F
i
10 4 ©
s f
9,
)
9] @
45
7_
@
6_
5—
@
0.0 0.1 0.2 0.3 0.4 0.5 0.6

B(rs) - Anisotropy at scale radius

» Collapse times vs anisotropy parameter at scale radius for OM models
» Quantitative demonstration of B effects
» Source: Anisotropic SIDM paper, Figure 3
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Preliminary: Anisotropy Generation during Core Collapse

Comparative Analysis: OM vs Constant Beta Models
OM Models: Central Density Constant Beta Models: Central Density
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Consistent James' results and 3D simulation Moritz et al.
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Summary

* NSphere is an efficient and robust tool for
evolving spherical self-gravitating systems.

* Speed: Orders of magnitude faster than
traditional N-body simulations. Complementary.

* Accessibility: Rapid exploration of models in
hours/days on personal computers and laptops.

* Simplicity: Avoids technical N-body challenges
(force-softening, energy conservation).

* Flexibility: Easily augmented to include a wide
variety of new physical phenomena.
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c 25 github.com/kris-sigurdson/NSphere
O Product ~  Solutions Resources Open Source ~ Enterprise Pricing Search or jump to... Sign in | Signup :

& kris-sigurdson/ NSphere Pubiic L1 Norifications Y Fork 2 £ Star 1

<> Code (%) Issues {7 Pullrequests (=) Actions [ Projects (D) Security |~ Insights

¥ main - P h © Tags o) le <> Code - About

Fast N log N solver for spherical self-
gravitating systems—dark-matter
haloes, star clusters, and numerical
new-physics experiments.

% kris-sigurdson Mult 1g, macOs, and Virtual Environ v bd2e210-3monthsage YD) 3 Commits
.github/workflows ability, Buil mental 3 months ago
devitoals/scripts n Stability s, and Documentat months age
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Img
licenses/third_party/Quadsort
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3 tags
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Y CITATION Tt Multiprocessing, mac denties, and Virtual Eny.. Packages

kages publish

L LICENSE

1 MANIFESTin ing, macOs, Dep s, and virtual Envi.., i months age Languages

[ makefile

Original Version: https://github.com/kris-sigurdson/NSphere
SIDM Fork: https://github.com/NSphere-SIDM/NSphere-SIDM

Public and Open Source.
Please use and improve!
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