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Quantum Transport of Chiral Fermions using
Wigner Formalism

Alex Short

Perimeter Institute

September 2025
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Quantum Transport Theory

Paper: Complete and consistent chiral transport from
Wigner function formalism
by Huang et al.

» Many-body physics of fermions has a wide variety of
applications in different areas of physics

» Natural framework for out-of-equilibrium situations is the
kinetic theory based on transport functions

» Discussion of fermions must include relativistic and quantum
effects

» There are also challenges with Lorentz invariance and frame
dependence in the calculations
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Quantum Kinetic Theory

» The Wigner function for the Dirac field ) with charge Q is
defined as
d* ,
Waslox.) = ([ 52 ™M+ DALl - 2)) @)

N |

» The kinetic equation that describes our transport system is as
follows:

1
(vHm, + Eifh/“v# —m)W(x,p) =0 (4)

» The Wigner function is a 4x4 matrix meaning sixteen

equations need to be obtained in order to fully describe the
theory
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Clifford Decomposition

» Clifford Algebra Generators: [,~v*, i, y*y>, ot

» The Wigner function components are labeled according to the
generators of the Clifford Algebra:
> V,: vector
» A,: axial vector
» F: scalar
» P: pseudoscalar
» LMY antisymmetry tensor

1

W= -
4

1
(F +i P+ 5+t A 50""”13#1,) (5)

» The components are then found via the trace, for example
F =Tr[W], and V,, = Tr[y, W]
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Physical Quantities

» The components of the Wigner function can be used to make
different physical quantities

) = () = [ dT Wixp)l = [ d*pVi(xp)  (6)

TH(x) = / d* pp” V¥ (x, p) (7)

» The current density and energy-momentum tensor are the
most recognizable, but each of the 16 components is
associated with a physical quantity, such as the axial current
density
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Solving the Components

» The decomposed Wigner function (5) can be substituted in to
the kinetic equation (4) to find the equations describing the
system of transport

ol (’Y” K.F + iv" v K, P + "y K.V, + 7' v KA,

1
+ E’Y#O'UUK“EUG-) — mW
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Kinetic Equations

» The equation can be simplified and separated into the full
kinetic equations for the Wigner function

mF = "V, (8)

2mP = hVH A, (9)

mV, = 7, F + %hV”LW (10)
2mA, = —hiV, P + €40 LP (11)
e = %hV[HVU] + €’ AP (12)
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Conclusion

» The authors then analyze the m = 0 case, which greatly
reduces the complexity of the equations

» the Wigner function is a powerful tool to convert the quantum
system into a phase space representation in which the kinetic
theory can be applied.
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Quantum Kinetic Theory

» The Wigner function for the Dirac field ¢ with charge Q is
defined as
d* ,
Waslox.) = ([ 52 ™M+ DUIAN(x— 2)) @)

N |

» The kinetic equation that describes our transport system is as
follows:

1
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» The Wigner function is a 4x4 matrix meaning sixteen
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