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Abstract:

In this talk | will discuss one of the frontiers of both theory and data analysis in gravitational wave astronomy - understanding
the ringing of black holes and probing them from real data. | will review past efforts started from Chandrasekhar, Detweiler, et al
in analyzing modes of black holes and explain what we currently understand in both linear and nonlinear wave properties, as
well as the corresponding detection aspect. At last | will show a few pressing problems and where we will be heading.
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Black Hole Ringdown
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How to describe the ringing of a black hole

» The ringdown of a bell (perturbation of the bell couples to the sound wave
in the air )

» Black hole ringdown requires the understanding of dynamics of spacetime
perturbations near a black hole.
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The perturbations of a Schwarzschild black hole

PHYSICAL REVIEW VOLUME 108, NUMBER 4 NOVEMBER 15, 1957

Stability of a Schwarzschild Singularity

Turrio REGGE, Istituto di Fisica della Universild di Torino, Torino, Ilaly
AND
Joun A. WHEELER, Palmer Physical Laboratory, Princeton University, Princeton, New Jersey

(Received July 15, 1957)

It is shown that a Schwarzschild singularity, spherically symmetrical and endowed with mass, will
undergo small vibrations about the spherical form and will therefore remain stable if subjected to a small
nonspherical perturbation.
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nonspherical perturbation.

VoLUME 24, NUMBER 13 PHYSICAL REVIEW LETTERS 30 MARCH 1970

EFFECTIVE POTENTIAL FOR EVEN-PARITY
REGGE-WHEELER GRAVITATIONAL PERTURBATION EQUATIONS*

Frank J. Zerilli
Physics Department, University of North Carolina, Chapel Hill, North Carolina 27514
(Received 29 January 1970)

The Schrodinger-type equation for odd-parity perturbations on a background geometry
has been extended to the even-parity perturbations. This should greatly simplify the
analysis for calculations of gravitational radiation from stars and from objects falling
into black holes.

Pirsa: 25080041 Page 8/32



The perturbations of a rotating black hole

THE ASTROPHYSICAL JOURNAL, 185:635-647, 1973 October 15
© 1973. The American Astronomical Society. All rights reserved. Printed in U.S.A.

PERTURBATIONS OF A ROTATING BLACK HOLE. I. FUNDAMENTAL
EQUATIONS FOR GRAVITATIONAL, ELECTROMAGNETIC,
AND NEUTRINO-FIELD PERTURBATIONS*

SAuL A. TEUKOLSKYT

California Institute of Technology, Pasadena
Received 1973 April 12

ABSTRACT

This paper derives linear equations that describe dynamical gravitational, electromagnetic, and
neutrino-field perturbations of a rotating black hole. The equations decouple into a single gravita-
tional equation, a single electromagnetic equation, and a single neutrino equation. Each of these
equations is completely separable into ordinary differential equations. The paper lays the mathe-
matical groundwork for later papers in this series, which will deal with astrophysical applications:
stability of the hole, tidal friction effects, superradiant scattering of electromagnetic waves, and
gravitational-wave processes.

Subject headings: black holes — gravitation — neutrinos — relativity — rotation
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Solving for the modes

Black holes are like imperfect cavities. _
h(t) x ™™, w=wpg —iws

These decaying oscillations can be decomposed into eigenmodes: black
hole quasinormal modes. Chandrasekhar and Detweiler [1975] first
solved for a few modes of Schwarzschild black hole.

(02 + 02+ V)Y =0
— t

Horizon Infinity
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Solving for the modes (rotating black holes)

* For rotating black holes, the BH oscillation modes (quasinormal modes)
are characterized by (1,m,n): angular, azimuthal and radial node number.
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 The modes (for Schwarzschild) were first computed by Detweiler and
Chandrasekhar. Leaver greatly advanced Kerr QNM calculation.

The quasi-normal modes of the Schwarzschild black hole

By S.CHANDRASEKHAR, F.R.S. AxD S. DETWEILER
Uniaversity of Chicago, Chicago, Illinots, 60637

(Received 6 December 1974) 10
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Black hole spectroscopy

* The oscillation mode spectrum represents a type of fundamental properties
of black holes within GR or modified gravity theories.

* Measuring the BH spectrum -> BH spectroscopy: a way to probe BH
spacetime and test GR.
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The ringdown SNR for GW 150914 is about 8, the dominant mode (22) with

The analysis of GW150914

lowest damping rate is detected.

Inspiral-merger-ringdown test is performed using the inferred final black hole

mass and spin [LVC PRL 2016]
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The search for sub-dominant modes

* Other sub-dominant QNMs usually have much lower SNR.

* The ringdown SNR depends on the starting time of the fitting: earlier starting
time means larger SNR. However, choosing earlier starting time may face
contamination from nonlinear effects, etc.

T T T T
Inspiral Merger Ring-

— Numerical relativity
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The debate on overtone detection

* There are claims about higher overtone might be important in early ringdown,
e.g. [Geisler et al. 2019]. Later studies claimed to find the first overtone in
GW150914 by fitting from the peak [e.g. Isi et al. 2019].
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 Other studies questioned the data analysis method, i.e. the sensitive
dependence on the starting time [Cotesta et al. 2022]. It is inevitable that
other effects are fitted into QNMs for early starting time.
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Stacking Method for Black hole Spectroscopy
The statistical significance of subdominant mode may be amplified by

combining information from a set of events.

How to stack events?: Use the information from inspiral waveform
measurement and estimate the QNM phase and frequency. Then stack
them coherently.

A factor of 2-3 amplification for the SNR of 33 mode!
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The early development of 22¢ QNM

Earlier work on second order perturbation of Schwarzschild may be traced
back to Gleiser et al in 1996.

The first calculation on Schwarzschild 2" order QNM was performed by
Nakano and Ioka in 2007 (on the coupling of even-parity modes); later
work by [Bucciotti, Juliano,Khagias, Kuntz, Riotto, Trincherini...]

0@ = 5(1/,(1),1/,(1)) .

w"

Quadratic quasinormal mode: mode (w) X mode (w) = mode (2w). The
amplitude and phase of the quadratic mode is uniquely determined by the
underlying linear mode.

18
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Quadratic mode at infinity

* Quadratic quasinormal modes e B ..l o
are indeed found in numerical = 1
simulations [Mitman et al., ; ; i } JT
Cheung et al. PRL 2022]; L
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Quadratic mode on the horizon

* Black hole horizon geometry may be described by the shear and other
quantities.

o(1.0.9) = S Appe @imli-ta)tibmn v, (0, )

[>s.m.n+t

* We have prepared a set of numerical simulations with head-on collisions of
non-spinning black holes [Khera,.. HY, PRL 2023].

* We have searched for quadratic modes in the horizon shear and indeed we
found them
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Mode-mode couplings in Kerr

* To describe general mode-mode couplings in Kerr, one needs to classify the
mode couplings and derive the wave equation: 22 order Teukolsky equation
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* It turns out there are plus and minus channels due to parity considerations.

Ma, HY. PRD 2024

Khera, Ma, HY. PRL 2025
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Perturbation theory calculation

* For nonprecessing systems the reflection symmetry implies that A_; =
(—1)11A;, which suggests that
Rtotal = A_Q :R++ 3 (_1)6"QR+_ 23 (_1)51R_+
A1 As
* For Schwarzschild black hole R, ,~0.137 (computed with both approaches),
R, ~0.0165, and Rt ~(.1534 096787 consistent with [Bucciotti et al.]
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Future detectability

* With the theoretical mode couplings we forecast the detectability of various
2nd order QNMs for 3 generation ground-based detector and LISA.
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Beyond black hole spectroscopy

* Various mode and non-modal signals will be measured.

* Beyond black hole spectroscopy: a full ringdown waveform that includes
various linear and nonlinear signals may be possible, expressed in mass-ratio
expansions.

@O

* Theory has to catch up!
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The decomposition of linear signals

The linear signal can be decomposed into three parts (Green function):
QNMs, Direct part, and tail.

QNMs are well understood, but the other two parts still requires more
quantitative understandings.
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The discovery of direct waves

* The direct wave is now found in an EMRI plunging setup and in numerical
relativity simulation (SXS) for comparable mass-ratio BH binaries.
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Oshita, Ma, Chen, HY, in preparation SXS
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The SNR of direct waves

» The SNR of direct wave is significant. Waveform and Pipeline are needed
for direct detection.

Direct part .
_10M, —5M, oM, & Post-peak

o1 LL 5.6 20 11 172 3.9
H 6.2 22 12 196 9.2

LL 135 4.7 2.6 384 152
O3 H 104 3.8 2.0 314 16.2
\Y 3.9 1.2 0.6 14.6 5.2
L 19.0 7.1 3.9 54.6 24.6
vV 119 4.5 24 347 15.9
O5 A+ 353 133 7.6 98.7 45.0
V  26.5 96 5.9 783 32.6

CE 367.1 132.2 92.2 1530.7 404.0
ET 251.0 81.7 48.0 813.1 297.0

04

Oshita, Ma, Chen, HY, in preparation GW150914 53
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Classification of nonlinear signals

» The graphic representation of the Green’s function:

= + weseesesveswe + TSy
Total Direct part QNM tail

* Second order: mode-mode as the focus of this talk.

e Third order: future efforts.

P

29

Pirsa: 25080041 Page 30/32



A “complete” ringdown model

* Black hole spectroscopy targets the QNM spectrum of the final black hole,
where the ringdown signal contains more information: the amplitude and
phase of modes, non-mode content, various nonlinearities, tail, etc.

* A complete ringdown model may be constructed by incorporating all the
major linear and nonlinear effects.

* This complete ringdown description may work from the very early stage of
ringdown!

30
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Conclusion

Black hole ringdown is a major evolution stage of binary black hole
merger.

The linear theory of QNMs is (more or less) well-understood.

We are starting to understand no-modal part of the GW signal and various
non-linear signals.

At the end we will have a complete ringdown waveform that starts from the
merger peak: beyond black hole spectroscopy!

31

Page 32/32



